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1 Introduction

The purpose of this note is to clarify the implication of Fudenberg and Levine’s approach
from a “no-regret test” point of view. Fudenberg and Levine (1999) propose the concept
of “conditional consistency” as an optimality criterion, taking into consideration regular-
ities of opponent behaviors, and they show “universal conditional consistency theorem”
(abbreviated to UCC theorem): for any learning rule (under plausible assumptions),
“conditional smooth fictitious play” on the rule passes conditional consistency against
all opposing strategies. Noguchi (1999) develops their approach by constructing optimal
learning rules, on which conditional smooth fictitious play passes stronger optimality cri-
teria against many opposing strategies. Those works evaluate a player’s strategy from an
optimality point of view: they directly check whether a player’s strategy performs well
against opponent strategies.

On the other hand, there is an intimately related research line (Lehrer (2001), (2003),
and Sandroni et al. (2000)) in which the performance of a player’s strategy or prediction
is indirectly evaluated by carrying out tests. They consider that a tester obtains a real-
ized infinite sequence of actions after an infinitely repeated game ends, and then checks
whether the infinite sequence passes a given set of tests.

Especially Lehrer (2003) introduces no-regret test about time-average payoff: a no-
regret test defines periods and alternative actions such that in the defined periods, real-
ized payoffs are compared with alternative payoffs that would have been obtained if the
alternative actions had been played. The test is passed at a realized infinite sequence of
actions if averages of the realized payoffs are eventually at least as good as averages of

the alternative payofts.



He insists that Fudenberg and Levine’s approach is quite restrictive from the no-regret
test point of view: their strategy (i.e., conditional smooth fictitious play) can only pass
a finite set of “time-dependent no-regret tests.” The main result in Lehrer (2003) is a
generalization of their theorem in the no-regret test direction: he shows that there exists
a strategy which passes a wide range of no-regret tests in the following sense: a tester
gives any probability distribution over the set of all no-regret tests. Then, after playing
an infinitely repeated game, the tester obtains an infinite sequence of realized actions, and
then stochastically chooses a no-regret test according to the given probability distribution,
so that the sequence of actions always passes the stochastically chosen test. That is, for the
infinite sequence there exists a support of the distribution such that the infinite sequence
passes all tests in the support.

This result does mot assure that the strategy almost surely passes all tests in the
support of the distribution against any opposing strategy. An important fact, however,
is that in the case that the distribution over no-regret tests has a countable support, the
result has a strong implication: the strategy passes any countably many no-regret tests
simultaneously against all opposing strategies with probability one. Therefore, his result
is the most significant in the countable support case.

In this note we shall show that conditional smooth fictitious play may be extended to
obtain the significant result by using a method in Noguchi (1999). It may be meaningful
because a simple strategy such as conditional smooth fictitious play has the same property
as the strategy in Lehrer (2003).

Finally, we remark that a general class of adaptive strategies in Hart and Mas-Colell

(2001) may be extended to conditional strategies just in the same way as smooth fic-



titious play, and those conditional adaptive strategies also have (generalized) universal
conditional consistency (Noguchi (2002, unpublished)). Thus, all results in this paper
also hold for the large class of adaptive strategies.

The paper is organized as follows. In Section 2, we give a model and basic notions. In
Section 3, we show that Fudenberg and Levine approach works for any countably many

no-regret tests. Section 4 concludes.

2 The Model

2.1 The basic model

We focus on one player who plays an infinitely repeated game against one opponent; the
opponent might be a machine, Nature, or multiple players. A player’s payoff at a stage
game is denoted by u(a,y), where a is a player’s action in a finite set A and y is an
opponent action in a finite set Y. The set of all mixed actions over S is given by A(S).
Let u(A, 7) denote the player’s expected payoff of mixed actions A € A(A) and 7 € A(Y):
u(A, ) =3, ula,y)Aa]rly]. A finite history (up to time T') in the repeated game is a
sequence of actions, denoted by hr := (a1, y1,- -+ ,ar,yr). An infinite history is denoted
by heo := (a1, Y1, a2, Ya, - -+ ). We write H for the set of all finite histories including the null
history hg := (), and H is the set of all infinite histories. We denote a behavior strategy
of a player by o : H — A(A) and that of an opponent by p: H — A(Y') respectively. Let

(o) designate the stochastic process over H* induced by playing o and p.



2.2 No-regret test

Following Lehrer (2003), we define a replacing scheme as a function g : H x A — A and
an activeness function as a function I : H x A — {0,1}. A replacing scheme prescribes
alternative actions, and an active function indicates periods when realized payoffs are
compared with alternative payoffs; if I(hr_1,ar) = 1 for a realized history (hr_1,ar), we
say that [ is active at time T. A pair (g, I) of replacing scheme and activeness function is
called an alternative or a no-regret test. Let I (hr—1, ar) designate the number of times that
I has been active (up to time T): I(hr_1,ar) == 31—, I(hi_1,a;). We say that a strategy
o is universally as good as {(gx, I))}aea, or that o universally passes {(gx, Ix)}rea, if for

all p and all (gy, I,\), if In(hr_1,a7) — oo,

T
lim inf thl I)x(ht—la at)[zi(ata yt) - u(gk(ht—la at)7 yt)] > 0’ ,U/(o. = Q.5
T'—oo In(hr—1,ar) o’

This inequality means that conditional averages of realized payoffs on I are eventually
at least as good as conditional averages of alternative payoffs on I, (with probability one)
if I is active infinitely often. It is not difficult to show that there is no player’s strategy

that is universally as good as an uncountable set of alternatives in general.®

2.3 Conditional smooth fictitious play

We consider conditional (categorical) smooth fictitious play. A classification rule R, which
is a player’s learning rule, is a partition of H x A.2 An element in R is called a category,
denoted by ~; note that v may be considered as a subset of H x A. If a realized history
(hi—1,a:) € v, we say that time ¢ is a y—effective period, or that v is effective at time t.

Each category has prior samples, which is represented by a vector dJ; the prior sample



size for 7 is defined by ng := >~ dg[yl.

When time T is y—effective, a player collects observed opposing actions in past
vy—effective periods, which is represented by a vector dJ._;: each component dJ. ;[y]
is the number of times that y has occurred in ~y—effective periods up to time 7" — 1.
Let ny. | := Zy d}._ly]. Then, the player obtains the augmented empirical distribution
DJ._, of observed and prior samples: D}._, := dJ}._, /#}_, where d}_, = dJ + d}._, and
iy

1= ng + n%_l.

An effective category may be endogenous in the sense that which category is effective
in a current period may depend on which player’s action is realized in the current period
while which action is realized may depend on which category is effective. Then, following
Fudenberg and Levine (1999), we define conditional categorical smooth fictitious play o
on R as follows: suppose hr_; is a realized past history up to the last period. Let 7,
be the category that is effective at time T if a player’s action a is realized at time T
(hr—1,a) € 7,. Then, for each a, a player obtains a smooth approximate best response
BRY(D}" ) to the augmented empirical distribution DJe .3 Let Z be a matrix whose
columns consist of the best responses: Z := [BRY(DJ*,)]aca. It follows from Perron-
Frobenius Theorem that there exists a unique mixed action A € A(A) such that ZA = \.

Then, let o(hr-1) := A

2.4 Class

In this paper a subset of H x A will be called a class, generically denoted by 5. When a
realized history (h:—1,a:) € (3, we say that time ¢ is a f—active period, or that (3 is active

at time t. Especially, if § being active does not depend on player’s current actions at



all, i.e., § = X x A for some subset X of H, then it will be called an uncalibrated class.
Given a history hr, let ng denote the number of times that 3 has been active (up to time
T) and Dj’q denote the empirical distribution of opposing actions observed in f—active

periods (up to time 7).

3 Implication of Universal Conditional Consistency

3.1 Passing infinitely many replacing schemes

Lehrer (2003) characterizes Fudenberg and Levine’s UCC theorem (1999) (Fudenberg and
Levine no-regret theorem in his terminology) by the following statement: for any finite
partition on the set of all positive integers, say { B;}!=*, there exists a strategy o (precisely,
conditional smooth fictitious play) such that o is as good as ((a* | B;),1) for all a € A and
all 1 <7 < k. A replacing scheme (a* | B;) means that a is taken as an alternative action
at periods in B;, i.e., (a* | B;)(hp-1,ar) = a if T € B;, and (a* | B;)(hr-1,ar) = ar,
otherwise. An activeness function 1 means checking all times, that is, 1(hs_1,as) = 1 for
all (hs—1,as) € H x A. But Fudenberg and Levine’s universal conditional consistency has
a much stronger implication. We shall first state Fudenberg and Levine’s UCC theorem
precisely. Given a history hr, let K be the number of categories that have been effective
(up to time T'), n; denote the number of y—effective periods (up to time 7°), and D7,
denote the empirical distribution of opponent actions observed in y—effective periods (up

to time 7). The maximum payoff against 7 is given by V' (7) := max, u(a, ).



Proposition 1 (Fudenberg and Levine (1999)) Suppose that a classification rule (R, (dj)~)

satisfies the following two assumptions:

Krp
(A1) lim = =0 for all hoo € H®, (A2) supn] < oo.

T—o00 o
Then, conditional categorical smooth fictitious play o on R passes conditional consis-

tency for all opposing strategies: for all p

T

lim supz TV D7) — Z u(ag, y) <0, p, ) — a.s.

T—o00

veER =1
Proof. See Fudenberg and Levine (1999). m
In UCC theorem, averages are taken over payoffs in all current and past periods, so
that an activeness function must be 1. However, we never have to restrict replacing
schemes to a type such as finite time-dependent replacements {(a* | B;)}acai<i<k. Pre-
cisely, conditional smooth fictitious play universally passes any countably many replacing

schemes. We shall show this as our first main result.

Theorem 1 Let {g;}'=° be any countable family of replacing schemes. Then, there exists
a classification rule (Ro, (d}),) such that conditional categorical smooth fictitious play on
Ry is universally as good as {(gi,1)}i: for all p and all g;,

limTinf Zthl[u(at’ yi) _;(gi(ht—laat):yt)]

>0, a.s.

Proof. Our proof is based on that of time-average optimality in Noguchi (1999). Fix

any countable family {g;}; of replacing schemes.

Step 1: Define a finite partition P; of H x A for each replacing scheme g; by the following

equivalence relation on H x A:

de
(hs 1,0 )NPZ h// _1, Qg <:£gz s 1,0 gi(h;/—laa;/>'



Thus, any class in P; is characterized by b € A, so that we denote a class in P; by [3,(b):
B;(b) = {(hs—1,as) € Hx A | gi(hs—1,as) = b} and P; = {5,(b) | b € A}. Further, we

define a finite partition D; of H x A as follows:
(hoor, as) ~p, (v, aly) € (hoiy, as) ~p, (R, dly) for all 1 < j <.

D; is finer than P; for all 1 < j <4, and D, is finer than D; for all i}

Step 2: Based on {D;};, we construct a classification rule Rg, which represents the fol-
lowing player’s behavior: the player takes conditional smooth fictitious play on D; first,
after some periods he switches to a finer partition Dy and plays conditional fictitious play
on D, for a while, and again switches to a finer one D3, and so on. That is, he switches to
finer and finer partitions. We introduce an index function i : H x A — N which prescribes
the timing of switching those partitions:® let i(hg, a;) := 1, and

D,
T i(hT_l, CLT) ’

i(hT, CLT+1) = i(hT_l, CLT) —+ 1, if
i(hr,ars1) :=i(hr—_1,ar), otherwise,

where # denotes the cardinality of a set. Then, a classification rule R is defined as

follows:

S/

(hom1y as) ~ry (By_yyal) Ei(hr,ag) = i(h_y,aly) and (By-1, as) ~py, (W_y,dl)

where iy := i(hs_1,as) = i(hl,_y,al). Take prior samples {d]}, arbitrarily such that
sup., ng < 00, where ng := " d[y].

Step 3: It is easy to show that the classification rule (Ry, (dj),) satisfies Assumptions
(A1) and (A2) in Proposition 1; its proof is given in Appendix A. Thus, by Proposition

8



1, conditional smooth fictitious play on Ry has the universal property of conditional

consistency on Ry: for all p

T
lim;l_l)go W;O %V(D%) - %tzlu(at,yt) <0, a.s.

Step 4: By the definition of Ry, Ry is eventually finer than any P; for all ho, € H*: for

all P; there exists T; such that for all v € R there exists 3 € P; such that for all T > T,

if (hr_1,ar) € 7, then (hr_1,ar) € (. This, together with the convexity of V(-), implies

that for all 7 and all h,, € H*,

o
lim sup Z TV (DY) — Z —TV(DW) 0.

T
T=o0 gep, vERo

Step 5: Finally, we prove that conditional categorical smooth fictitious play on Ry is uni-
versally as good as {(g¢;,1)};. Take any (g;, 1). As defined in Step 1, 5,(b) = {(hs—1,as) €

H x A | gi(hs—1,as) = b} and P; = {5,(b) | b € A}. Thus, for all ho, € H*>® and all T,

S [ulae, y) — w(gi(he-1, ar), i)

T
1 T
= UY Y a0 - Y aw)
beA (ht_1,at)€,@i(b) t=1
1<t<T
B;(b) T
n (b 1
= > —ulb, D5 ) = =3 T ulae, )]
beA t=1
e sy 1
= _[Z T V(D) = T Zu(atayt>]
beA t=1
n 1 <
= 1Y VD)) - 23 ulan )
BEP; t=1



Combining this inequality with universal conditional consistency in Step 3 and the

inequality in Step 4, we obtain the desired result. Indeed, for all p,

Z?:ﬂu(at, ye) — u(gi(he—1, a¢), yi)]

i ;
> —lim sup Z TV(DT) -7 Zu(atayt>
T—o0 BeP; t=1
| n} RN
> —lim sup Z ?V(D%) — 7 Zu(atayt>
T—o0 ~ERo t=1
> 0, a.s.

3.2 Passing infinitely many no-regret tests

In the last subsection, an activeness function must be 1: payoff comparison must take
place all times. Noguchi (1999) gives a classwise generalization of universal conditional
consistency, which may remove the restriction: we may freely select periods when realized
payoffs are compared with alternative payoffs. In other words, we may arbitrarily choose
activeness functions as well as replacing schemes. To do so, we extend categorical smooth
fictitious play to “weighted smooth fictitious play.”

For any countable set 2 of classes, we obtain a weight function wq : H — R#, which
will be defined precisely in Appendix B.” Then, conditional weighted smooth fictitious
play o on R is defined as follows: suppose hr_; is a realized past history up to the last
period. Let vy, be the category that is effective at time 7' if a is realized at time 7"
(hr—1,a) € v,. Then, for each a, we obtain a weighted smooth approximate best response
wa(hr-1)[a] - BRY(D}=,). Let Z be a matrix whose columns consist of the weighted

best responses: Z := [wq(hr_1)[a] - BR*(D}*,)]a. Moreover, let J be a matrix whose

10



diagonal elements are the weights wq(hr_1)[a]’s, and whose off-diagonal elements are all
zero. Then, there always exists a mixed action \* € A(A) such that Z\* = J\*.® Finally,
let o(hr—1) := A*. Note that conditional categorical smooth fictitious play is a special
case that all weights are equal at every period.

To obtain a classwise generalization of UCC theorem, we impose several assumptions
on a classification rule (R, (d}),) and a countable set €2 of classes. The first assumption

requires that a classification rule be eventually finer than any class.

Assumption (B1) For all hoe € H® and all § € Q, there exists Ty such that for all

v € R, either

forall T > Ty, if (hr-1,ar) € 7, then (hr_1,ar) € 53,

or for all T > Ty, if (hp-1,ar) € 7, then (hr—1,ar) ¢ 5.

The second assumption is that the number of effective categories grows quite slowly
in active periods of any class. Given a history Az, let K;@ denote the number of categories

that have been effective in f—active periods (up to time 7).

Assumption (B2) For all ho, € H*® and all § € Q, if ng — o0 as T — oo, then

7
A = =0

The third one is that prior samples are uniformly bounded.
Assumption (B3) sup, ng < oc.

Under the assumptions above, a classwise generalization of UCC theorem obtains

for conditional weighted smooth fictitious play.” Classwise conditional consistency for a

11



countable set 2 of classes requires that conditional consistency hold in active periods of
any class in  (if that class is active infinitely many times). To describe it precisely,
we say that time ¢ is a Oy—effective period, if a realized history (hi—1,a:) € 57, i.e.,
time t is both f—active and y—effective. Given a history hr, let n?ﬁ denote the number
of pry—effective periods (up to time 7'), and Dj’gﬁ denote the empirical distribution of
opposing actions observed in Gy—effective periods (up to time 7).

We shall state a classwise generalization of UCC theorem as follows.

Proposition 2 Suppose that a classification rule (R, (d}),) and a countable set Q of
classes satisfy Assumptions (B1), (B2) and (B3). Then, conditional weighted smooth
fictitious play o on R passes classwise conditional consistency for  against all opposing

strategies: for all p and all B € ), if ng — 00 as T — oo, then

By
llmﬁl_l)go E n—ﬁV(DTw) — n_ﬁ E u(at,yt) S 0, /J/(O.7p) — a.S.
yeR T T (hi—1,a:)€B

1<¢<T

Proof. See Appendix B. m

Remark 1 Let Q) be a countable set of uncalibrated classes; recall that (3 is an uncalibrated
class if 8 = X x A for some subset X of H. Then, Proposition 2 holds for conditional
categorical smooth fictitious play because all weights are equal in that case and conditional
weighted smooth fictitious play is reduced to conditional categorical smooth fictitious play.

(See Appendiz B for details.)

Making use of the classwise generalization of UCC theorem, we show our second main
result: conditional smooth fictitious play is universally as good as any countably many

alternatives.

12



Theorem 2 Let {(g;, I;)}i be any countable family of alternatives. Then, there exists a
classification rule (Rq, (d})~) such that conditional weighted smooth fictitious play on Ry

is universally as good as {(gi, I;) }i-

Proof. Our proof is based on that of conditioning-class optimality in Noguchi (1999).

Let {(gi, ;) }: be any countable family of alternatives.

Step 1: For each (g;, I;), we define a finite partition P; of H x A by the following equivalence

relation:

(hs1,0.) ~op, (g1 0) & gihacr, 0.) = gs(ooy,aly) and Tihao,as) = Ti(hlyy, ).

Thus, any class in P; is characterized by (b,7) € A x {0, 1}, so that we denote a class
in P; by 8;(b,7): B;(b,7) = {(hs—1,as) € H X A| gi(hs-1,as) = b, [;(hs_1,as) = 7} and
P, = {B;(b,7) | b€ A, 7 € {0,1}}. Define partitions {D;}; in the same way as in Step 1

in the proof of Theorem 1.

M: We construct a classification rule Ry based on {D;};; in Ry the player switches
classes, instead of partitions. To define R, precisely, we introduce functions j : Hx A — N
and f: H x A — |J, D;, where |J; D; is the set of all classes in {D;};. Those functions
describe a player’s selection of classes in {D;};. To define j(-) and 3(-), we introduce two
other functions N : H x A — N, and M : H x A — N. They are all defined recursively

as follows:

j(ho,a1) = 1 and B(hg,a1) := (3, where (hg,a1) €  and § € D;. Further, let

N(ho,al) =0 and M(ho,al) = 0.

13



e Suppose that j(hs_1,as), B(hs—1,as), N(hs—1,as), and M(hs_1,as) are defined for 1 <

s <T — 1. Then, let

N(hp_1,ar) = #{(hs=1,as) | (hr-1,ar) € B(hs—1,as), (hs—1,as) < hr_1}

where (hs_1,as) < hr—1 means that (hs_1,as) is an initial subhistory of hp_;.

If N(hy-1,ar) =0, define M (hyp_1,ar) := 0. Otherwise, i.e., N(hr_1,ar) > 1, let
M(hr-1,ar) = max{j(hs-1,as) | (hr—1,ar) € B(hs-1,as), (hs—1,as) < hr_1}.

Define j(hr_1,ar) and B(hr_1, ar) as follows: if N(hr_1,ar) =0, let j(hr_1,ar) :=1,

and

O S
N(hT_l, CLT) M(hT—la aT) ’

j(hT_l, CLT) = M(hT_l, CLT) + 1, if

Jj(hr—1,ar) := M(hr_1,ar), otherwise.
Finally, let

B(hT—la CLT) = B, where (hT—la CLT) € B and B € Dj(hT—l#lT)'

Given j(-) and 3(-), we define a classification rule R; as follows:

(heor, @) ~ry (Wo_y,d) G j(he_y, as) = j(h_y,al,) and Blhy_1,as) = B(R.y_1.d.).

Note that each category v € Ry has its corresponding index i(y) and class ((7):
i(y) := j(hs—1,as) and B(7y) := B(hs—1,as) for all (hs_1,as) € 7; note that v C B(¥)
and B(7) € Djw). Further, the correspondence is one to one: v # ' = i(y) # i(y') or

B(v) # B(y'). (Take {dj}, arbitrarily such that sup, ng < co.)

14



Step 3: Define a class 3(i) := {(hs—1,as) € H x A | I;(hs—1,as) = 1}; note that 3(i) =

Upea Bi(0,1). Let  := {B(i) | ¢ = 1,2,---}. Then, it is not difficult to show that R,
satisfies Assumptions (B1), (B2) and (B3) with €;; its proof is given in Appendix A.
Thus, by Proposition 2, conditional weighted smooth fictitious play on R; universally

passes classwise conditional consistency for €2;: for all p and all 5 € €}y, if ng — 00, then

1
lim sup Z ny! —L_v(DBy — — Z u(at, y:) <0, a.s.

Tmoo vERL nT i (h¢—1,at)€p
1<t<T

Step 4: Ry also satisfies Assumption (B1) with the set [, P; of all classes in {P;}; see
Appendix A. Recall that 8(i) = (J,c4 5;(b, 1) for all i. These, together with the convexity

of V(+), induce that for all i and all he, € H*, if ng(i) — 00,

1
©yeRry T T (ht—1,at)€8(7)
1<t<T
1
= lim sup Z 0] Z u(az, yt)
T=o0 Rﬁ(z) T (he—1,at) €B(0)
1<t<T
ey 8,(b.1) !
> limswp } e {VIDr™) - 5y ), wlanw)}
T=oohen M T (h1,a0)€B;(b,1)
1<t<T

where R/f o 1s the set of all categories that have been effective in (i) —active periods (up
to time 77). The first equality holds because R, satisfies Assumption (B1) with §;. The
second inequality holds because 3(i) = (Jyc 4 3;(b,1) and R, satisfies Assumption (51)

with Uz P;.

Step 5: Take any (g, [;). By the definition of 3,(b,7) in Step 1, gi(hs—1,as) = b and

Ii(hs—1,as) =1 < (hs—1,as) € §,(b,1). From this it follows that for all ho, € H*> and all

15



Zt 1 Li(he—y, ap)[uas, ye) — u(gi(hi-1, ar), yi)]

Ii(hr-1,ar)
R eI gD
- N { [u(b, ye) — ular, )]}
A B;(b,1) ’ ’
s Lilhr—1,ar) "y (he—1,00)€0;(b,1)
1<t<T
ng"! B:(b1) 1
= ) Ty OO s > ulanw)
bed TN BT nr (ht—1,a1)€B;(b,1)
1<t<T
> —ZM{V(D@U)’D) 1 Z u(ag, yt)}
® L T e T |

(ht—1,a1 )Gﬂ (b,1)
1<t<

Step 6: Finally we show that conditional weighted smooth fictitious play on R; is uni-
@

versally as good as {(g;, [;) };. Fix any (g;, I;). Note that I;(hr_1,ar) = nT Then, from
Steps 3, 4 and 5 it follows that for all p, if I;(hr_1,ar) — oo, then
lim inf Zt 1 Ii(hy— 17at)[?_i(ata ye) — u(gi(he—1, ar), yi)]
T =00 Ii(hr—1,ar)
n/@ (b,1) B.(6.1) 1
> —lim sup (hT VO - g > ulanw)
T—o0 bea TINT-1LOT nT (ht—1,at)€B;(b,1)
1<t<T
1
> —lim D’g( 7 — 50 Z u(ay, ye)
T=o0 YER1 T nr (ht—1,at)€B(1)
1<t<T
> 0,a.s

If an activeness function / does not depend on player’s current actions, i.e., I(hs, a) =
I(hs,a’) for all a,a’ € A and all hy € H, we say that I is uncalibrated. Then, we obtain

the following corollary of Theorem 2.

16



Corollary 1 Let {(gi, I;)}i be any countable family of replacing schemes and uncalibrated
activeness functions. Then, there exists a classification rule (R1, (d]),) such that condi-

tional categorical smooth fictitious play on Ry is universally as good as {(gi, ;) }i-

Proof. Define R, and €2; in the same way as in the proof of Theorem 2. Since I; is
uncalibrated, (i) is an uncalibrated class. Thus, € is a countable set of uncalibrated
classes. Then, as mentioned in Remark 1, conditional weighted smooth fictitious play on
R, is degenerated to conditional categorical smooth fictitious play on R;. The remaining

may do just in the same way as the proof of Theorem 2. m

4 Conclusion

By using Fudenberg and Levine’s no-regret approach we have shown that conditional
categorical smooth fictitious play universally passes any infinitely many no-regret tests as
far as activeness functions are uncalibrated. Furthermore, even in the case that activeness
functions may depend on player’s current actions, we have extended categorical smooth
fictitious play to weighted smooth fictitious play, so that conditional weighted smooth
fictitious play is universally as good as any countably many alternatives. Finally, we
remark that we can extend conditional smooth fictitious play further to obtain exactly

the main result in Lehrer (2003).
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Appendix A
e R, satisfies Assumptions (A1) and (A2).

(A2) is obvious. To show (A1), we first show the following claim.

Claim Al ¢ : H x A — N is a non-decreasing function in time such that for all
heo € HOO, (1) i(ho,al) = 1, (2) 0 < z'(hT,aT+1) —i(hT_l,aT) <1 fOT‘ all T, and
(3) limT_mi(hT_l,aT) = Q0.
Proof. All are obvious except that limr_,« i(hr—1,ar) = 0o. Suppose limr_, i(hr_1,ar) <

oo for some hoo. It means that there exists T such that i(hp,—1,ar,) = i(hr—1, ar) for all

T > Tp. It, in turn, implies that

Sy,

- for all T > Tp.
T ~ i(hry-1, amy) ’

But then % and Zi‘(hTO_l’aTO)H #D; are positive constants. Thus, for large T’

?i(hry—1,01, J=1

i(hr,_1,a
Zj(:lTO 1,070)+1 4D, < ]
T Z'(hTO_l,CLTO)'

This is a contradiction. m
Lemma A1 shows that R, satisfies Assumption (Al).

Lemma A1l For all ho, € H®,

Proof. Note that Kr < Zi»(hT‘l’aT) #D;. Let m(T) = max{t | i(h_1,a;) =

Jj=1

i(hr_1,ar) — 1}. Then, for all T', switching occurs at time m/(7T) + 1: i(hpm(r), Gm(r)+1) =
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i(hm(T)—la am(T)) + 1. Thus,

i(h —1,Q Z(hm —1y0m )+1
Kr < Zj(:f 2 #Dj _ Zj:l w w #Dj < 1 _ 1
T — m(T) m(T) i(hm(T)—la am(T)) i(hT_l, CLT) — 1

Therefore, limp_, o KT = 0 because limy_, i(hr—1,ar) = oo by Claim Al. m

e R satisfies Assumptions (B1), (B2) and (B3) with both €; and J, P;.

(B3) is obvious. Further, it suffices to prove that R, satisfies Assumptions (B1) and
(B2) with |, D;. (From this it immediately follows that R, also satisfies (51) and (B2)

with €, and (J, P;.) We first show the following claim.

Claim A2 (1) For all hee € H™, limr_o N(hr_1,ar) = 00. (2) For all heo € H*™,

limy_ j(hr—1,ar) = 0.

Proof. (1) Suppose not: liminfr_o N(hr_1,ar) = ng < oo for some hy. Then,
there exist infinitely many 75, such that N(hz,, —1,ar,) = no. By the definition of j(-)
and N(-), j(hr-1,ar) < N(hr_1,ar) + 1 for all T. Hence, j(hr,,—1,ar,,) < ng + 1 for all
Ty It means that G(hr,,—1,ar,) € U?ﬁfl D; for all T},, where U;ELI D; is the set of all
classes in {D;}'=7°™". Since the number of classes in |J/°7" D; is finite, j(hr,_1,ar,) =
j(hr ,—1,ar ) and B(hr,-1,ar,) = B(hr ,1,ar ,) for some Tp,, Tpp with Ty, < T
But then, by the definition of N(-) this means that N(hg, —1,ar,) < N(hr 1,07 ,). It
contradicts that N(hr,,—1,ar,,) = N(hr ,_1,ar ,) = no.
(2) Suppose not: liminfr_o j(hr-1,ar) = ig < oo for some hoo. It implies that j(hr, -1, ar,,) =
19 for infinitely many 7;,,. Since D;, only has finite classes, there exists 3, € D;, such that

B(hr—1,ar,) = B, for some infinite subsequence {1} }; of {15, }m; clearly j(hp—1,ar) = io
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for all 7;. It means that M (hp,—1,ar,) = i for all T;. But then, N(hgp—1,ar) — oo from

(1). Therefore, for large T;

Zif\i(lth—haTl)—l—l #Dz 3 1
N(hTz—laaTz) M(hTz—haTz)'

This, together with the definition of j(-), implies that j(hq_1,ar,) = M(hyy—1,a1) +1 =

ig + 1. This is a contradiction. m
Lemmas A2 and A3 show that R, satisfies Assumptions (B1) and (B2) with [, D;.

Lemma A2 For all ho, € H* and all 3 € |J, D;, there exists Ty such that for all v € Ry,

either

forall T > Ty, if (hr-1,ar) € 7, then (hr_1,ar) € 53,

or for all T > Ty, if (hp-1,ar) € 7, then (hr—1,ar) ¢ 5.

Proof. Take any infinite history ho and any class 3. Then, 8 € D;, for some 7y. Since
limy .o j(hr-1,ar) = oo from Claim A2 (2), there exists Ty such that j(hr_1,ar) > io
for all T > Ty. Recall i(y) and () are the corresponding index and class to 7 (see
Step 2 in the proof of Theorem 2). Therefore, for any effective category « from time T
on, i(y) > ip. Further, v C B(y) and B(y) € D). Since Dy, is finer than D, either
B(y) € B, or ()G = 0. Hence, either v C § when B(y) C 3, or v[) 5 = 0 when

By)Ns=0.m

Lemma A3 For all hos € H® and all B € |J,; D;, if ng — 00 as T — oo, then

Kﬂ
lim —L = (.
T—0o0 nij
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Proof. Fix any infinite history h., and any class § with ng — o0. Then, 8 € D,
for some iyg. Let {Ti}s be the calendar of f—active periods: (hr,—1,ar,) € [ for all
s=1,2,---. Define j°(hr_1, ar) := maxr,<r j(hr,_1,a7z,). Clearly, j°(hr_1,ar) — oo as
T — oo because of Claim A2 (2). Furthermore, let N°(hr_1,ar) := N(hyy-1, an(r))
where n(T) = min{T, | j(hr,_1,ar,) = j5°(hr_1,ar)}. Obviously, n(T) — oo and
Nf@(hT_l, ar) — oo as T'— oo because of Claim A2. Let Ty be a calendar time for hy
and (3 in Lemma A2. Then, ng > N(hnr)-1, anry) — To for all T'. Moreover, there exists
T such that j?(hy_1,ar) > g+ 1for all T > Ty. Thus, for all T > T}, switching to a finer
class occurs at time n(T): j(hnr)—1, nry) = M (hnr)—1, an(ry) + 1. By the definition of
n(T), j(hnry-1, anery) = j°(hr_1,ar) for all T. Thus j%(hr_1,ar) = M(hymy-1, Gnery) +1
for all T > T). Recall that categories have the following properties: v C () and
B(v) € Diiy), and v # o = i(y) # (') or B(y) # B(7'). Further, for any effective
category v in S—active periods up to time T, i(y) < j°(hr_1,ar). These induce that

KY < P rovan) gy M) Ty o o1l T > Ty, Thus, for all T > T)

K_ﬁ < Z?ﬁhnm_wnm)ﬂ #D;  N(hnmr)-1, anr))
ng —  N(wm-1aur)  N(haw)-1,anr)) — To
1 NP(hr_1,ar)
M (hy(ry-1, aner)) NP(hr-1,ar) —To
1 NP(hr_1,ar)
j8(hr_1,ar) — 1 NB(hp_1,a7) — To’

IN

The first inequality and the third equality are obvious. The second inequality holds
because switching occurs at time n(T). Since j°(hr_1,ar) — oo and N?(hr_y,ar) — oo,

the desired result follows. m
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Appendix B

The proof of Proposition 2 is based on that of universal classwise conditional con-
sistency in Noguchi (1999). Before proving Proposition 2, we shall describe several def-
initions. Let V¥(7) := maxyea(a) (A, 7) + v(A). Then, we make payoff perturbations
as follows: First of all, let a family {v,,}m, of payoff perturbations be such that (1)
|vm|| — 0 as m — 00, (2) m||vm — vm—1]] — 0 as m — o0, and (3) max, . reaw) ||(7" —
N2V (1) (! — 7)|| < Co - m2, where Cy is a positive constant. (For example, we can
do so with the logistic function v(\; k) = =+ > __ 1 A(a) log A(a) by changing «.) Then, let
Upyyn—1 be the payoft perturbation in the nth y—effective period. In other words, payoff
perturbations depend only on augmented sample sizes Ny, | = ny._, +ny.

Next, we define a random variable X7 (ho)[] as

C .
0 ) if (hT_l,aT) € B,

Xr(hoo)[8) 1= g V(D]) — it} V(D] _y) — ular, yr) — vz || — T
(72y)2

X1 (heo)[B] := 0, otherwise,

where v = vgy and 1 is the effective category at time T (hr-1,ar) € 7. Let Xr[8] =
LS X (8] and [Xr] 4 (hoo)[8] = max{0, X7 (hoo)[]}. Take any probability distribu-
np

tion p = (pg)s on 2 such that ps > 0 for all § € 2. Then, we define a weight function

wg : H — RY as follows:

L.
wo(hr)la) = Y ps- [Xr][6]- —5— if (hr,a) € 3 for some § € €,
63(hr a) T4

wq(hr)|a] ;= 0, otherwise.

Let (,) denote an inner product on L*: (X,Y) := 3" ;ps- X[f]-Y[F] and L? := {Y €
R | 3505 - (Y[])? < oo}. Define || - || := /{-,-). Let u be the stochastic process on
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H* induced by conditional weighted smooth fictitious play ¢ and any opposing strategy
p, and the product measure of ;1 and p is denoted by p x p. Let e, be the unit vector in

which all coordinates are zero except that the y—coordinate is one.

Proof of Proposition 2.

Step 1: By Envelope Theorem, dV¥(D}) = [u(BR*(D}),y)],, where v = Vsy. When

(hr,ars1) € B, this and Taylor Theorem induce that

_ - 1 - Co-(A})Z . -
Xrpi(hoo)[f] < 13y 0V (D%)(a(eym — D7p)) + THT + V(D7)
Co
—u(ars1, Yrs1) — H%}H T 5 1
(7"LT+1)2

< w(BR"(D}),yr+1) — u(ars1, Yr+1)

where 7 is the effective category at time T + 1: (hp,ary) € 7. Let 65 .= n —nf_;
80 = 1if § is active at time T, and 5 = 0 otherwise. Let E,[- | hy] be conditional

expectation on hp with respect to p. Then, it follows from the inequality above that for

all hr € H,
o Oy
EHK[XT]-H 8 XT+1> ’ hT]
Ny
. 01
= Y ps - [Xal (8] L X (6] | B
3 Ny

<Y o) ) pﬁ'P_(TMB]~%{U(BR”(D%“M(}LT))—U(a,p(hT))})

63 (hra) "4
=w(Zo(hr), p(hr)) — u(Jo(hr), p(hr))

=0.

Step 2: Define [X7]_ := Xy —[X7]+ and projpz (Xr)(heo) := arg miny¢e | Xr(hoo) =Y,

where L2 :={Y € L? | Y[8] < 0 for all 8 € Q}. Then, [X7]_(hoo) = projpz (Xr)(heo)
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and ([X7]4 (hoo), [X7]—(hoo)) = 0. Thus, letting E,.p[-] be expectation with respect to

1 X p, the second inequality in Step 1 implies that

&7 -
ZEW —projiz (X)) - (5 (Xeer = projsz (X,)]
t+1
< _ R .
= Z E}L[<Xt —projrz (Xt>7 fg——’—l(XH—l —projpz (Xt>)>]
1 Ny
> . 6f+1
= ZEHK[Xt] Xi+1)]
nt+1
< 0.

Therefore, we can apply Theorem 4 (and Corollary 1) in Lehrer (2002), so that for all

B e, if njﬁ“ — 00, [XT]-F(B) — 0, p—a.s.

Step 3: Given hy and 3, let Tj be a calendar time for h,, and 3 in Assumption (B1).
For notational simplicity, without loss of generality we may assume T, = 1. Then, given
heo, let Rg denote the set of all categories that have been effective in f—active periods
up to time T, and let R2(n) := {y € RS | n? > n}. Assumption (B2) implies the
following: (%) if nf. — oo, then for all € > 0 and all n, there exists T.,, such that for

al T >T.,, > > 1 — e. Furthermore, by Assumption (B1), for all 7" and all

B
WERT np

v € R, n) = n? (recall Ty = 1). Therefore, (x) implies that for all ho, € H> and all

g e, ifnj’q — 00, then

) nr. 1 1
T o TR TS B
e np N (ng +1)2 ()2

Since [|vy,]| — 0 as m — oo, (*) also induces that for all h,, € H* and all 5 € Q, if
nh — oo,

. n.
Jim 37 g+ + s ID] =0
OowERg T T
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Note that i [|V""F (D7)~ V"%-+ (D} | < 2 v — v, andl that m vy — v | = 0

as m — o0o. These, together with (x), imply that for all h,, € H*® and all § € Q, if

ng — 00, then

B LY
T_)OO,yeRg T N ,
n
< gim S L ST 4 m) o
= 8L, Z 0 ng+m vnB’—l—m—lH]
T
= 0.

Furthermore, (x) and (B3) imply that for all he, € H>® and all 3 € Q, if nfl — oo,

: A g =
Jm n—gV(DTw> - Z — V(D7) =0,
veR T WERg T

and since payoff perturbations decrease as time proceeds, (x) induces that for all hy, € H™

and all g € Q, if ng — 00, then

. n}' =~ ﬁ% V- N’Y
Jm n_/@V(D%> - n_gv "t (Dr) = 0.
T

WERg weRg

Ak 1 7VR7. [ 7~
Step 4: Let 7} = nqﬁ“sg_njﬁ“—1sg—1: where Sg = Zyeng év T (D%)_% > (he_v,a0)ep (@, Ye).-

1<¢<T

If 3 is active at time T', then Z2 = a. V" (D}) — @i,V "t (D}._,) — u(ar, yr), where
7 is the effective category at time 7'. By Assumption (B1), without loss of generality we

may assume that if 3 is not active at time T, then qu = 0. Finally, from this and Steps
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2 and 3 it follows that for all § € Q, if ng — 00,

By
. n 1
hstEE)OZ n%V(Dj’gﬁ) ~ 5 Z u(a, Yr)
yeR T T (hi—1,a:)€B
1<t<T
. T van =y 1
= hstEEo Z n—ﬂV T(DT)_n_’g Z u(ae, Yr)
’YERg T T (ht—1,a0)€p
1<t<T

T
1
= lim sup —ﬂZZf

T—o00 nT —1

T
. 1 /n/’y 1 ~ Vv ;= VY
= lim sup {—ﬂ E zZP — E _Z[_'y E il (V70 (DY) =V e (DY)

T—oo Np 527 Ny Np —1

S

'yERg
nv 1 n’y
-> n—g[n—y(ﬂvngﬂ +oe ot ogg D)= Co Y —Z[n (
'yERg T T T T
= lim sup Xr(3)
T—0o0
< lim sup [X7]+(8)

T—o00

= 0, a.s.
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Footnotes

1. Lehrer (2003) obtains the main result for an uncountable case because he uses a weaker

concept of goodness than universal goodness.

2. Fudenberg and Levine (1999) define a classification rule as a function from H x A to

a countable set of categories. But their definition is equivalent to ours.

3. Let v : int(A(A)) — R be a payoff perturbation such that v is smooth and strictly
concave, and ||[0v(\)|| — oo as A approaches to the boundary of A(A). Define ||v] :=
sup, | v(A) |. Then, a smooth approximate best response to 7 is defined by BR"(7) :=

arg maxy u(A, ) + v(A), where ||v|| is very small.

4. Strictly speaking, Fudenberg and Levine (1999) show universal e—conditional consis-
tency for all e > 0. But we can make ¢ = 0 by changing payoff perturbations as time

proceeds. See Appendix B.

5. We say that a partition P is finer than a partition Q if for all 3 € P there exists B € Q

such that g C B Further, when 3 C B we say that [ is a finer class than B
6. The set of all natural numbers is denoted by N.

7. A also denotes the cardinality of itself. R4 is an A—dimensional Euclidean space.

R = {z € R*| z[a] > 0 for all a € A}.

8. Let f(\) := % It is a continuous function from A(A) to A(A). By the

fixed point theorem, there exists a fixed point A* of f. Then, Z\* = aJ\*, where a =
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el ZA)[B]. Note that 35,4 (ZX)[b] = Spe s D pea walhr-i)(a] - BR*(Dyey)[b] -

Nla] = cawalhr_1)[a] - X[a] = >, 4(JA)[D]. Thus, a = 1. Therefore, ZX\* = JA".

9. The uniform boundedness of prior sample sizes is imposed to make our argument
simple. Indeed, we only need the following weaker assumption instead of Assumptions

(B2) and (B3): for all he, € H*® and all § € Q, if n. — oo as T — oo, then

"

D ero M
. vyeR 70
lim — T

T—o00 nij

=0

where Rg is the set of all categories that have been effective in f—active periods up to

time 7.
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