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Abstract

In view of the large scale of nonmarket home sector in both developed and de-
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the role of home production in an open economy environment. We show that in our
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and in the long run.

JEL classification: H31, D13, O41

Keywords: fiscal policy, home production, equilibrium dynamics

*The authors are greatful to Hideyuki Adatchi, Tadashi Inoue, Seiichi Katayama and Koji Shimomura
for their beneficial comments and suggestion. Comments from participants of the Asia-Pacific Economic
Association Seattle Conference, of the Public Economics Theory Hanoi Conference, and seminar participants
at Kobe University are also appreciated. Any remain errors are the authors’ own.

tGraduate School of Economics, Kobe University. 2-1 Rokkodai-cho, Nada-ku, Kobe 657-8501, Japan.
Tel/Fax: +81 78 803-7030. E-mail: hu@econ.kobe-u.ac.jp

tGraduate School of Economics, Osaka University, 1-7 Machikaneyama, Toyonaka, Osaka 560-0043,
Japan. E-mail: mino@econ.osaka-u.ac.jp



1 Introduction

Production activities within the households are substantial. Time and resources devoted
to home production share considerable portions even in advanced countries. According
to Eisner (1988), in the United States an estimate of home-produced output relative to
measured gross national production is in the range of from 20 to 50 percent. Wrase (2001)
reports that a married couple in the U.S., on average, devotes 25 percent of discretionary
time to unpaid home production and 33 percent of discretionary time to work in the market
place for pay. Because of the nonmarket property of the home sector, an immediate question
is whether the inclusion of this home sector affects the usual predictions on public policy.

The idea that home production may play a relevant role in macroeconomics has gen-
erated a bulk of the recent studies focusing on how households’ production activities af-
fect business cycles, macroeconomic policy performances and long-term economic growth!.
Most of this literature has tried to reveal that introducing a home production sector into
the otherwise standard macroeconomic models improves the models’ ability in explaining
observed data. For example, Benhabib et al. (1991) and Greenwood and Hercowitz (1991)
show that the introduction of home production into the standard real business cycle the-
ory significantly improves the performances of the calibrated models. The intuition behind
such a good fitness is that the incorporation of a home sector in the standard one-sector
real business cycle model brings about possibility of substitution between market and non-
market production over time. Therefore, relative productivity differentials between the two
sectors may enhance volatility in market activity. Furthermore, the substitution between
home and market commodities at a given date, not just at different dates, affects the size of
fluctuations induced by productivity shocks.? As for explanation of the observed economic
development facts, Parente et al. (2000) illustrate that, by adding a home production sector

to the neoclassical growth model, international income differences can be accounted well

"The idea that home sector acts parallel to market sector is originated from Becker (1965).
?The empirical work of McGattan, Rogerson and Wright (1997) claims that the elasticity of substitution
between home and market goods is considerably high.



under relatively small differences in policies. This is because, in the presence of household
production, fiscal policy affects not only capital accumulation but also the shares between
market and nonmarket activities.

Inspired by the work of Parente et al. (2000), the first objective of this paper is to
explain economic development facts. Rather than numberical analysis in Parennte et al.
(2000), however, we aim to analysis this problem theoretically. Furthermore, this paper
aims to explain diverse fiscal policy effects illustrated in existing empirical studies. We
show that, depending on the factor intensity ranking between the market and home sector,
right opposite policy effects can be obtained.

There is a huge body of public policy literature. In a framework of small-open economy,
public policy especially those of fiscal policy and government spending, have been explored
intensively?®. Among others, we are especially interested in the way of resource allocation
between the market and home sectors. Though there are existing works that consider
labor-leisure choice, rigorous public policy investigation with non-market home sector is
rare. It has been shown in the field of macroeconomic that the non-market household
production sector is a meaningful addition to the business sector in explaining the observed
economic fluctuations and development facts®. Though recently there are studies in the
field of international real business cycle (e.g., Raffo, 2006) incorporating home production
into the models, comprehensive study of the home production activity in an open-economy
framework is still rare. The present work contributes to the literature in this direction.

The main findings of the paper include the following. When income taxation does
not change the factor-intensity ranking between market and home sectors, then the model
economy exhibits standard results. However, in the case that taxation on capital and labor

incomes changes the factor intensity ranking between the market and home sectors, then

3 Among others, see Brock (1996) and Turnovsky (1997) and the references there, for example.

1A recent work by Hu and Mino (2005) presents analytical policy investigation in an endogenous growth
model with home production.

 Among others, see Benhabib, Rogerson and Wright (1991), and Parente, Rogerson and Wright (2000),
for example.



different policy predictions from the standard models occur. On the steady-state analysis,
similar to the existing literature, for given initial condition, there is one and only one
steady state in the model economy which is locally saddle-point stable. However, different
from the existing small-open economy literature, fiscal policy and the scale of the rate of
substitution between market and home consumptions affect the stability conditions of the
steady state. Long-run policy effects are investigated analytically. We show, in general,
that it depends on the ranking of factor intensity between the home and market sectors
that an expansion in the government spending or in the tax rate how endogenous variables
to change.

Analytical method the present study adopted is in line with that of the dependent
economy models® in international macroeconomics’. While “nontraded" goods are the
focus of those existing contributions, our interests lie in pinning down the implication of
the “nonmarket" sector in a small-open economy. Since a nonmarket sector is isolated
from taxation, the incorporation of a home production sector leads to asymmetry between
sectors which will play an important role in determining the policy effects.

The rest of the paper is arranged as follows. Section 2 lays out the model. The dynamic
system and stability analysis of the model are reported in Section 3. Section 4 is devoted
to long-run policy analysis, and Section 5 reports transitional dynamic results when shocks

occur. Finally Section 6 concludes the paper.

2 The model

Considering a small-open economy which faces an integrated capital market. There are
three kinds of agents, firms, households and a government. Firms produce a consumable-
capital good with capital and labor. Households, as factor owners, supply capital and

labor either to the factor markets for earning rental and wage, or to home sector for

b According to Salter (1959), dependent economy describes an economy that is a price taker on world
markets but also produces nontraded goods for domestic use.
"In this respect, see Turnovsky (1997, ch. 4) for a detail discussion.



producing non-market home goods, which are utility promoting. It is worth noting that it
is the assumption on home production distinguishes this study from most of the existing
contributions in the literature. The central government levies flat-rate of taxes on incomes
in order to finance its spending. To isolate the taxation effects, we assume the government
repays the income after its spending to households in a lump-sum form (tax or transfer
depending on the relative size of government income and spending).

We assume that market good and capital are tradable internationally, while home goods
can be consumed at home solely. Labor cannot move across borders, however agents can
choose to work in the market place or to stay at home engaging in nonmarket production.
Both market and home goods need capital and labor as inputs. Both market and home-
made goods are preference promoting, while only market goods can be invested in domestic

capital stock or to the world credit market. Furthermore, all markets are competitive.

2.1 Production

Specify the production functions as the Cobb-Douglas form
Vi = A Kem LI -0m Yy, = A Kpn Ly,

where variables with subscripts "m", "h" represent the market sector and home sector
respectively. A; represents the total factor productivity, and Y}, K; and L; are output,
capital and labor in sector j (j = m,h) respectively. x; = K;/L; represents the capi-
tal/labor ratio in sector j (j = m,h).

Market competition implies equalization between rental rates and marginal production

in market sector. That is,

_
- 0K,

Yy
= =
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R Am(l - am)xama (1)

= A,amT w -

where R and w are (gross) rental rate and wage rate respectively.



2.2 Households

Assuming away population growth and normalizing the number of households to unity.
For given factor prices and world interest rate, the representative household maximizes its
life-time utility
(o]
/ w(Cm, cp,n)e Pldt,
0

where ¢,, and ¢, are consumptions of the market and home goods respectively, n is the
pure leisure time. The market good consumption ¢, could be domestic produced or
imported from the foreign countries. In order to concentrate to the fiscal policy, we omit
tariff and assume the domestic produced market good is the same as the imported good.
Following the convention, we assume households own capital and labor. Suppose the
each household owns one unit of labor at each moment of time, and denote the aggregate
capital as K. Then households allocate capital between the market and home sectors:
K.+ Ky = Lipnxm + Lpxy, = K, while allocate time between market work, L,,, home work,
Ly, and leisure n =1 — Ly, — Ly,

Following Benhabib, Rogerson and Wright (1991), we specify the momentary utility as

1/e

w(cm; e, n) = loglucy, + (1 — p)c] = + ~vlogn,

where —oo < & < 11is the parameter expressing the rate of substitution between market and
home-made goods, with u > 0, v > 0 and , where ¢p, represents the part of home products
of which close market substitutions exist. Since we do not consider trade policy in this
paper, so there is no need to distinguish the domestic-made with the imported market
goods. Recognizing that some home activities (e.g. sleep) have less market substitutions,
we specify leisure and consumption in a log-additive form.

Facing a unified international capital market, the representative agent allocates its total
income to goods consumption, physical capital investment, and foreign assets investment.

Denote B as the value of the economy’s net claims on the rest of the world. Therefore the



flow budget constraint of the representative household is

B=(1-71)RKpy+ (1 —1)wly +7"B— (14 7c)cm — ¢(I) + T, (2)

where 7, 7; and 7. are tax rates on market capital income, labor income and consumption,
and T is a lump-sum transfer (or tax) from the government. Since the model economy
considered here is small and faces a perfect international credit market, then it takes the
world interest rate r* as exogenous given.

To retain nondegenarate dynamics, we introduce a capital adjustment cost in capital
accumulation. This is reflected in the function, ¢, which satisfies ¢’ > 0 and ¢” > 0. That
is, to accomplish a unit increase in physical capital stock, a more than one unit input is
needed, and larger the investment is, more input per unit of investment is needed.

On the other hand,

K=1I (3)

The current value Hamiltonian of the representative household is
H = u(cm,cnn)+pB+qK + XY, —cp)
= loguc, + (1 — u)ci]l/E + ylog(1 — Ly, — Ly,) —i—p[(l — 7x)RKp,

+(1 = 7)WL + (1= 7)rB = (14 7e)em — (1= 70)o(1) + 7]

I + MNAR(K — Kp)* Ly~ — ¢p],

The representative household maximizes it life-time utility by choosing ¢, ¢n, Lm, Ln,



K., and I. At the interior solution, the first-order conditions at each point of time are

pcyy !
= (1 4
LLC%L+(1—,LL CZ p( +TC)7 ( )
A-wd )
pcg, + (1 —p)es,
i
I S—— - 6
1— L, — Ly p( Tl)wa ( )
B a
—————— = A1 — ap)Apz}*" 7
1— Lm I Lh ( ah) Ry, ( )
p(1—7K)R = )\Ahozhmzh_l, (8)
p¢'(I) = g, (9)
and the intertemporal conditions are
p=plp—r"), (10)
q=qp—p(l—Tk)R, (11)
while the transversility conditions are
lim pBe ' =0 = lim gKe . (12)
t—o0 t—o0

Notice that, (10) and (11) can be rearranged to express arbitrage conditions between

the foreign asset and capital investments.
g—l-r*:paund g—f-]g(l—m)R:p.
p qa g

2.3 The government

For the time being, we assume the government keeps its budget balance in each point of

time by transferring the gap of its income and expenditure to households in a lump sum



form. That is, for given government spending G we have
T=71,RK,, + TTwLy, + TcCpy — G.

2.4 Market equilibrium

In equilibrium, households use up all the home-made goods, that is
Y, = cp. (13)
And completely employment in factor markets implies
n=1—Ly, — L, Lyntm + Lpx, = K. (14)
The economy as a whole, the current account is
B = RKp + WLy + 7B — ¢y — ¢(I) — G. (15)

When the economy produces more output than its domestic demands, it exports goods to
gain ownership of the foreign capital, which improves its current account. On the other

hand, the trade deficit leads to financial deficit and worsens its current account.

3 Equilibrium analysis

3.1 The dynamic system

Note firstly, it must be assumed that p = r* in order that the economy has a steady-state.
Thus (10) shows that p stays constant over time. That is, for a small country, when facing

constant world interest rate, has this rate as its time preference rate as well.



From (4) and (5), we have ¢, = cn(A\, p;7¢), ¢ = cn(A, p; T¢) and

ail a2 de, dlp(1 +7¢)]

a1 a2 dep, d\

where

s, [ucs, + (1= (1 = £)es)

ail = 3
[pes, + (1 — p)e5]
—u(l = e—1 e—1
als — a9 = M( /“L)Ecm ch .
[es, + (1 — p)c5)
oy — —(1 = p)e5 2 [p(l — )5, + (1 — p)cs)

[1es, + (1 — p)es)?

and the determinant of the coefficient matrix is

Pl = ) (1 — )5

D1 = anagz — a12a21 = 2
[ncg, + (1= n)c]

>0

Then
a2 ai12
dem = Z22dip(1+70)] — 22
om = 2dip(1+ 7o) - P2
ail a2
den = 2ax— 2241+ 7.
ch D Dld[p( +7¢)]
and
Ocn _ an _ pcp+ (L= p)(1—e)c
N T D (-pi-og
Iem _ @12 _ E0mCh
oN Dy (1—¢)
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Lemma 1. (Market and home consumptions)

. ocm, L ocm, ocm,

sign [(9)\] = sign|e], o <0, . <0 (16)
8ch . 8Ch . 8Ch
N < 0, sign [8})] = sign [¢], o7 >0 (17)

That is, an increase in one consumption’s price lowers the consumption of this goods.
While the effect of this price change on the consumption of the other good depends on the
rate of substitution of these two goods. For example, when ¢ < 0, that is, the market good
consumption is complementary to the home good consumption, then the price increase in
the home good will lower the consumption of the market good as well.

Similarly, from (6)-(8), we have x,, = (N, p; Tk, 1), p = xp(N, P; Tk, T1) Which satisfy

e ) 8 s

and

P(L = 70) Ao (1 — a) 28 ™t —AApon (1 — ap)ap™ ™" dx,
(L= Tk) Amim (cvm — gy = —AApan(ap, — Dy~ dzp,

Ap(1 = ap)zpd\ — A (1 — ap)zrdp(l — 17)]

Az HN — Ao amdp(1 — 1,)]
where the determinant of the coefficient matrix is

1—7))x —T
Dy = pAmam(l — am)‘x?nm_z/\AhCVh(l . ah)x’o;h—2 ( l) m h
—(1-7) 1

= pAmam(l — ap)z8m 2 N Apan (1 — ap) i 2 (1 — 7)) zm — (1 — T1) 28]

11



That is, sign[Ds] =sign[(1 — 77)xmm — (1 — 7)zp] . Thus

ApxphdA
AMpap (1 — ah)xzh_2

dr, = Dy —Amx%{"_l[(l — am)(1 = 7))@ + amap (1 — 7)]dp
+pAm(1 - am)m%mdﬁ +pAmamx%1m71$hd7'k
and
[(1 — Tl)Ahahmmxzh_l + (1= 7,)An(1 — o)™ | dX
PAmam (1 — apy ) zdm =2
dry = Do _(1 - Tl)(l - Tk)Am;U?‘nmdp + p(l - Tl)Amamm?ndek

+p(1 - Tk)Am(l - am)x?nmdn

Notice that

. I —m . Om Qp, .
sign | { § Tm —Tp| = sign - = sign [, — ap)

1—am 1—Oéh

ien [ ] . Qm 1 —7g ap,
s1en | xr — X = Ssign —

it Lm h & 1—am, 1—7 1—ay

that is, sign[(1 — 7;)zp — (1 — Tx)xp] represents the pre-tax capital/labor ratio rank be-

tween the market and home sector, while sign|x,, — x| represents the market and home
sector capital/labor ratio after the taxation. The above calculations give out the effects
of the consumption price change upon the capital/labor ratios in the market and home
sectors.

Define é,,, ¢,, as the pre-tax and after-tax capital/labor ratios in the market sector,

while ¢;, as the capital /labor ratio in the home sector. That is,

oy < Qi 1—7g _ o
¢m_1—am’¢m_(1—am><1—71>’(bh_l—ah'

12



Lemma 2. (Capital-labor ratios) For j =m,h

PO K O K7 IS e/ RN e B _
51gn[ m] = S1gn[ 8p} = sign [am] —mgn[ ar, | = Sen [Pm — n]
xpm  _ (_zm\(_ 1
313 B D Qm — O

Proof See Appendix.

That is, it depends on the capital/labor ratio ranking between the market and home
sectors that how these ratios response to a consumption price change. For example, if the
market good is relatively capital intensive, then a price increase in the home good raises
the capital/labor ratios in the two sectors, while a price change in the market good sector

will decrease these ratios.

Qm
m

Since R = Apamadm=t w = Ap(l — ap)z we have sign[%—f} = —sign[agf],

sign[%—f] :sign[ag:‘] , % = A\, p, Tk, T;. Using Lemma 2, the following factor price results

can can be derived consequently.

Lemma 3. (Rental rate, wage rate)

d
—sign [aﬂ = sign [aﬂ = sign [¢,, — ¢p)
0 0
sign {al)lj = —sign [;}ﬂ = sign ¢, — &3]

and

R+P(‘3R:R<1—ah)
ap QOm — Qp

In words, when the market sector is relatively capital intensive (a,, > a3 ), an increase
in the price of the market good (p) will raise the return rate to capital (R) and lower
the wage rate (w); while an increase in the implicit price of the home good (\) has right

opposite effects on them.

From (6) and the factor market equilibrium conditions (14), we have L; = L;(K, \, p; Tk, 71),

13



that is

(1 —n)wh—K

L, = , (19)
Th — Tm
L, — w (20)
Th — Tm
and n =n(\, p; Tk, 71)
n=1—Ly—Ly= 7 . (21)

p(1 — 7)) Am (1l — am)zm™

Lemma 4. (Labor and leisure time)

on| 0
sien [ 5| = sl ol sien |57 | = signfon, - )
OLy, ] ~
sign [8; = sign |Gy, — 6 sien [, — o)
OLy | ~ OLm,
—sign [8[: = sign [gbm — gbh} = sign [GK}

Proof. See Appendix.

It is worth noting that, capital and labor income taxation can affect the factor intensity
ranking between the market and home sector. That is, sign [(Eﬁm — ¢h] may be different from
sign[¢,,, — ¢3] . While this factor-intensity-reverse force does not disturb households’s choice
of market and home good consumption and the factor prices, it can affect the labor time
allocation between sectors. For example, in the standard models without home production,
sign [gbm — gbh} =sign[¢,,, — ¢p,] always. Therefore, an increase in the home goods price will
lead to corresponding increase in home work time. However, when the income taxation is
distorted sufficiently that sign [(Eﬁm — gbh} = —sign[¢,,, — ¢,,], then an increase in the home

goods price will lead to less home work time.

14



Lemma 5. (Outputs)

.oy . ~ . . oY
s1gn _78>\ ] = S1gn |:¢m - ¢h:| sign [¢m - (;Sh] = —sign |: 8)\ :|
. oYy, . ~ .
sign a—ph = —sign [¢m - ¢h} sigh (¢, — &3
. [oYy] T | m
sign _7(9[:_ = —sign [¢m - ¢h} = —signh [ K }

Proof. See Appendix.

Similar to the previous result, it depends on the before-tax and after-tax factor intensity
ranking that whether an increase in the good price can raise the output of this good or

not.

Lemma 6. (Implicit price of the home good) If sign {g})m - d)h} =sign|¢,, — @], then

sign [aa[);} = sign [qﬁm — (,/)h} ;

If sign [(Nﬁm - th} = —sign[¢,, — ¢,] and @,, — ¢y, is close to 0, then
. oxN| . T
sign [M(] = —sign [¢m — ¢h} .

Proof. See Appendix.

In summary, from (11), (9) and (3)

G =qp—p(l — 7k) Az, ™. (22)
o /—1 Q
K=(¢ )(p)7 (23)

15



together with the equilibrium condition in the home sector
0="Y,—cn, (24)
we obtain the dynamic system with respect to K, g, A of the model economy.

3.2 The steady state

Notice that p is constant. From K =0 and q=0,

a/p = ¢'(0), (25)

Gp = p(1 — 7)) Amamazm (N, p)om L. (26)

From the above relations and Y (K, A, p) = cp(\, p), we can derive the steady state values
of K, g and A, which are denoted with barred notations.

Let B =0 in (15) and substituting K, g into it, we obtain the steady-state value of B,
B. Similarly we can get the steady-state values of other variables.

Proposition 1 For any given p, a unique steady state (K, B, ¢m, ¢hy Lim, Ly, q) exists.

Proof. From (25), ¢ = p¢’(0). Then, combining the above result with (26), we obtain

= Am o (1 — Tk)] o 27
= | 27
Hence am
- y U
 pAn(1 = an) (1 — 7)) [ Amam(1 — 71)
Substituting Z,, into (18) to obtain

— [Amam(l - Tk)] = 28

g p¢'(0) ' (#)

16



Therefore, from (8), the relative price of the home good is

3 [Amam]ll:%:; én tan 1—ap, am{—ap)
Alp= ey, (I=7) (A —7g) Tom .
Apon[pd/ (0)] T=am

Substitute A/p = ¥ into (4) and (5), then

) 1 (17)1/(5 1) (1—|—T )1/(6 1)ge/(1—¢) %
Cm p[(1u EY1/(e=1) (1 4 7,)e/ (=D ge/(1- a)+1} (29)
_ 1 1

Ch_pv[(u“)l/(e D(1 + 1)/ (e=Dge/ (0= 5)—1—1} (30)

Notice that for a standard model (with no home production considered), that is = 1, we

have ¢, =0, ¢, = p~ L.

From
K-1-n)znm\ o
(B

Th — Tm

and (15), we obtain

K=an|1+ <%/Z';_1)“7’7ahch + (Am(17— Ozm)>p(j1;1—a"7l'l)}’ (31)
B = [en +0(4(a/p) ~ AnLnmzs +G].

where 9 is the inverse function of ¢'.

17



3.3 Stability analysis

To investigate the local stability of the steady state, let us linearize the dynamic system

(22)-(24) in the neighborhood of the steady state. This yields

K 0 0K /dq 0 K-K
¢ | = 0 p —p(1 — 71)OR/OA q—q (33)
0 OY,/0K 0  9Y,/0\— dcp/ON A=\
where .
oK 1, _
— == >0 34
9 pw (@/p) (34)

in view of ¢’ = 1/(¢") > 0. The eigen equation of the coefficient matrix in the above linear
system is

X*=px+D=0

where

D= =pll =9y oK ag

AR OY, OK , [(9Y), e
o O\

Proposition 2 (i) If sign | 6,, — &) =signléy, — o], or (ii) sign|d,, — 6p | =—sign[6,, — )

and @me — ¢y, 15 close to 0, then the steady state is locally saddle-point stable.

Proof. Note first that 9K /0q > 0 always. From Lemmas 3 and 5, we know sign[dR/d\|=—sign|@,, —
¢p,] and sign[dY}, /0K |=—sign[¢,,—dy]. On the other hand, ¢y, /AN < 0 and sign[dY}, /ON] =sign[¢,, —
oy, lsign[ ¢,,, — ¢p] from Lemmas 1 and 5, then if sign[g,, — ¢,] =sign[ ¢,, — ¢, OY5/ON —

Ocp,/ON > 0, and (OR/ON)(0Yy/OK) > 0, therefore D < 0. If sign[¢,, — ¢5,] = —sign|

b, — 1], since (AR/ON) (DY /OK) < 0 now, in order for D < 0, 8Y},/O\ — ey, /N must

be negative, which can be ensured if dcp /90X is dominated by 0Y;,/0N.This is case when

b, — ¢y, is sufficient close to 0. O

It is worth noting that, unlike the standard model without home production, the sta-

bility of the steady state depends on the ranking of capital/labor ratio between market and

18



home sector. In the case that the taxation does not affect the ranking of the two sectors,
the saddle-point stability of the steady state can be assured. However, when the post-tax

capital /labor ratio ranking is reversed additional condition is needed.

3.4 Current account and the determinant of p

Although p is constant over time, it is endogenously determined. In the following, through
the dynamic analysis of the current account, the condition p must satisfy can be derived.

Recall the national budget constraint in (15) and take (12) into consideration, then we
have

By + / [RK 4 WLy — ¢ — ¢(I) — Gle™™dt =0
0

This means that a net creditor country can not run trade surplus permanently: at some
point it must run a trade deficit in order for the above relation to be satisfied. Under
a given government spending G, this relation does not necessarily holds, because both
production and consumption are determined by market force. Therefore, in addition to
the optimal conditions, the above relation gives an extra constraint of the economy. This
additional constraint determines what value p should take.

To determine this endogenously determined constant, we rely on the linearized dynamic
system (33). Having indicated the saddle point stability of the steady state,® there must
be a stable eigenvalue since K is predetermined. The stable eigenvalue of system (33) is

1
X:f[p—\/p2—4D] < 0.

2

The stable saddle path on the K — g plane can be expressed as

K- K =a(Ky— K)eXt,

q—q=ax(q — q)eX,

8Our discussion below is confined to this case only, which we think is economically meaningful.
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where (a1, a2)” is a eigenvector of x. Let a1 = 1, we get as = X/%l//. Since go can be chose

freely, we can express the stable saddle-path as

K- K = (Ko — K)eX, (35)
[ X _ K
1=0= 7 /p(K K). (36)

From (15),
B = Yin(K,\p) + 1B — em(\p) — ¢<w<%>>-

Thus, in the neighborhood of (K, g, B), the above relation can be approximated with
B=r(B-B)+AK - K), (37)

where

A=

Y Y, Ocpy ) OA I

T < B B ) ar X9 (@/p)-

Notice that, given the saddle-point property of the system, the 1st and 3rd terms on the
right hand side of the above expression are positive, while the 2nd term has the same
sign with [—v/(K)] since ¢, (v(K)) > 0. It looks A > 0 is likely the case at least when

sign|x,, — xp]|=sign|a, — ay] < 0.

Lemma 7. (i) If ¢,, — ¢y >0, ¢,y — ¢y, > 0and e <0 or e ~0, A > 0; (ii) If b, < &y,
O < ¢p, and —e is sufficient large, A < 0; (i) If (Bm > O, O < On, &m — ¢p, ~ 0 and
e>00re~0,A>0.(iv) ¢y, < Opy b > ¢p, and @, — b, ~ 0, A < 0.
Proof. Notice that —x¢'(q/p) > 0 always.

Case (i) ¢,, > ¢, and ¢, > ¢3,, then Y ,,/OK > 0, Y, /JOX > 0, and ON/OK > 0.
Since sign[dc,, /ON]=sign[e] (—oo < e < 1), as long as ¢ < 0 or € ~ 0, we have A > 0.

Case (i) ¢,, < ¢, and ¢,, < @y, then Y, /0K < 0, Y, /X > 0 and dN/OK < 0.For
sufficient large —e, we have A < 0.

Case (iii) ¢,, > ¢y, and ¢, < ¢y, then dY,, /0K > 0, Y, /OX < 0, and if in addition
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G — Op, =0, ON/OK < 0. As long as € > 0 or € ~ 0, we have A > 0.
Case (iv) ¢,, < ¢, and ¢,, > ¢y, then Y ,,/dK < 0, Y ,/JOX < 0 and if in addition
b, — ¢y, ~ 0, IN/OK > 0. Hence, A < 0. O

The solution of (37) is

— * —, 1 *
(B, — B)e ™" = C + A(Ko - K) (X —— el (38)

where C is a constant, given by

C = (Bo — B) —A(KO—K)<X_1r*>.

On the other hand, the transversility condition in (12) means C' = 0 in (38), so that

BO—B:A(KO—K’)<X_1T*) (39)
From Subsection 3.2, we have known that B = B(p) and K = K(p). For given Ky, Bo,
substitute these expressions into the above relation, which is a unitary equation of p, from
which the value of p = p(Ky, Bp) can be determined.

We emphasize that the steady state to which the economy converges depends upon the
initial conditions. The transition pattern is determined by the adjustment of the implicit
price of home good in terms of market goods p. Different from the corresponding closed
economy, there is no room for a small economy to adjust its interest rate for achieving a
unique steady state. Instead, the initial conditions affect the destination of the economy

in the long run.
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4 Long-run policy effect

To obtain the long-run effect of policy changes, by differentiating (15), (22)-(24) and (39)

around the steady state (K,q, \, B, p), we have

0 1pd(0) 0 0 ~¢/(0)/ps"(0) | (K
0 0 —p(1 —7£)OR/ON 0 —(1—7k) (R+ pOR/Op) dq
oYy /0K 0 OYy/ON — Dep JON 0 0Yy/Op — Ocp,/Op d\
Y ¢'(0) Yy _ Ocp * Y 8cm ¢'(0)* =
R L) A~ DA r D~ T e 0) aB
LA/ (x—17) 0 0 -1 0 | dp
0
p|(1— Tk)a—R — Rl dri+p(1— Tk)g—fldn
= —dr), — Phdr, + dr,
dG — Pmdr), — 6Ym dri + 5 ‘%m 2 dr,
0
from which
op 1 oY, OR p(1— )
G ~ Apd'(0) 0K ar” F
can be derived. Since sign[%ﬂ = —sign [gﬁm gbh} and 81gn[8R] = —sign[¢p,, — &), and

the determinant of the coefficient matrix of the above system A < 0 from the stable

condition, then

sen | 2| = —sien [6, = 0] sen [0~ 1]

G
Here
0 0.
0 —p( =T p9(0) ~ (1—7p) (R+p%E)
N ov; oYy _ den oYy _ dey
pd” (0) oK A T oA ap — Op
aYm n Yy Ocm Y dem
X 1‘* oA oA op op
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4.1 Effects of government spending expansion

From (40) and notice that p¢'(0)/(1 — 7x) = R, we obtain

o1 _ .0 0P
[22N p$'(0) — (1 —74) (R+pOR/Op) Op _  OR/Ip Op
G p(1 = 75)OR /O 0G ~  OR/ONOG

and

oYy, 0K oYy, ey, oYy, dey, ) op
o\ O\

e a9 0G| oG

0B _ (A )oK

oG x—r*) 0G
Capital level and net foreign asset. If sign [(Eﬁm — ¢h] =sign[¢,,, — &p], € > 0 and ém
~ ¢y, then % > 0. Only in the case that &m — ¢, >0, ¢, —¢, >0 and ¢ >0, an

unambiguous result, g—g < 0 can be derived.

Proof. Notice that under the stable condition in Proposition 2

sen | 8 = G| = sign [ ] sign o, - )

On the other hand,

aY, Oc e . ~ .

a—ph — 8—; < 0, if sign [qu - ¢h] = sign [¢,,, — ¢p,] and € >0
aY, Oc e . ~ .

aiph — 87; > 0, if sign |:¢m — ¢h] = —sign [gbm — ¢h] and € <0

and

0 op
sign [—aﬂ = sign |9, — 0, sign [ag] — —sign |9y, — 0] sign [0y, — 1]
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Hence,

(i) ¢,, > ¢, and ¢, > ¢,. Then —8Yh >0 and & < 0. If in addition € > 0, we have

%L; 8Ch < 0. From the sufficient stable condition in Prop051t10n 2, we know % — % > 0.

Hence 2 % > 0.

(ii) ¢y, > ¢, and ¢, < ¢,. Then —% >0 and & > 0. If in addition ¢ < 0, we have
%L; - % > 0. From the sufficient stable condition in Proposmon 2, we know % — % < 0.
Hence agn[aK} =7.

(iii) ¢,,, < ¢, and ¢,,, < ¢p,. Then —% <0 and Z < 0. If in addition £ > 0, we have
%L; - % < 0. From the sufficient stable condition in Proposmon 2, we know % — % > 0.
Hence > 0.

(iv) gbm < ¢y, and ¢,, > ¢;,. Then —‘Wh <0 and Z > 0. If in addition £ < 0, we have

85; h ach > 0. From the sufficient stable condition in Proposmon 2, we know % — % < 0.
Hence s1gn[gg} =7.

From Lemma 7, we know A > 0 if ¢, — ¢, > 0, ¢,, — ¢, > 0 and & ~ 0. That is, we

have now % < 0. This is the only case that the sign of % can be determined. [J

Market and home consumptions. (i) If sign [(Eﬁm - ¢h] =sign[¢,, — ¢p] and € < 0,
then an expansion in the government spending lowers households’ market and home goods
consumption. (i) If sign [(Zﬁm - <Z>h} =-sign[p,, — ¢p] and £ < 0, then an expansion in the
government spending lowers households’ market and home goods consumption.

The results here can be understood by inspecting the following calculations (i = m, h).

ac; %875\_'_86@8])
oG OXOG  Op OG

9ci (_OR/Op\ | 0Oci) Op
ox \_oRr/ox) " ap [ oG

The statement in case (i) describe the usual results, while that of case (ii) are new to the

home production model. If the income taxation distorts the economy sufficiently that the

factor intensity ranking between the market and home sectors is reversed, then when the
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substitution rate between the home good and market good is small (¢ < 0), in the long
run government spending expansion leads to market good price to increase. Therefore the
demand on home consumption should increase. In the case that ¢ < 0, even facing a higher

p, households’ market good consumption still can increase.

Factor prices. An expansion in government spending does not affect the factor intensity

i market sector, hence leaves the factor prices unaffected.

0Ty, _ %075\+8$7m@ _ [Gwm <3R/8p) N &vm} op
oG oN 0G ~ Op OG o\ OR/O\ dp | 0G
B [&cm <_8xm/3p> N 8xm} @
O\ 0%y [ON op | 0G

Labor time allocation. An increase in the government spending G leads to the leisure
time n to increase if sign [&m — qﬁh] =sign[¢,, — &), and the leisure time to decrease
if sign [&Sm — d)h] #sign|¢,, — ép]. The effects on the work time allocation between mar-

ket and home work of this expansion in G are generally ambiguous. In the case that

sign [&m — m} =$ign[@y, — ¢n), € > 0 and ¢, ~ by, sign 0Ly /OG]=—sign [0 L 0G]=sign[é, — ¢y -

Notice that %f—é” =0 and Bn(gg’p) < 0, then

on op
sen || = —sien | 97| = sign 3, ] sign o, — ]

From the expressions of L, Lj in (20) and (19)

OL,, B Oxp, [0z, on 1/zm, 0K
0G — Oxp/drm —1 <_8G> © Oxp)0rm — 1 0G
oL, 1z, 0K 1 on
0G — 0xp/0T, — 190G Oxp/0x, —1 (‘aa)

25



4.2 Effects of taxation shocks

Similar to the above analysis, we can investigate the effects of taxation shocks. For example,

taking the change of consumption rate as an example. From (40), we have

p _ p(1 —7¢) OR [0Y}, Ocyy  Ocp (0¥ A
0T¢ B Ap(b”(()) o\ | OK 0T, 01, \ OK X —1*

a ., 9D
or. ¢(0)8TC
OX ([ OR/op\ 0p
ore OR/OX) 07,

and

Yy, 0K ey, B |:<8Yh 8ch) n (8Yh 8Ch> 85\:| op

0K 0T, 0T, Op Op o\ o\ ) O1.| OT¢
OB B A 0K
ore X —7r*) 0T,

As long as the effect of 7.’s change on p is clear, we can derive 7.’s change effects on other
variables. However, from Lemma 7, we know 0Y,,,/0K and r*A/(x—r*) have opposite signs
always. Except numerical calculations, it is generally impossible to determine the sign of
0p/07. In the following, we will assume that r*A/(x —r*) is dominated by 0Y,,/0K (this
is at least the case that x,, ~ x}), then we have the following results.
Shadow price of wealth p. An increase in the rate of consumption tax raises p if
sign [g})m — gbh} =sign|o,, — &), and lowers p if sign {q?)m - th] = —sign|o,, — &) -

Notice that %CT’: <0, g%’; <0, sign[%ﬂ :—sign[%il’(”] =-sign [g{ﬁm — gzﬁh} and sign[a—R] =

oA
—sign[e,,, — ¢p,] - When r*A/(x — r*) is dominated by 0Y,,/0K, we have

sign [ o } = sign |9, — 0 sign [6,, — ).

Tec

26



Market and home consumptions. (i) If sign [qgm - th] =sign[p,, — ¢p] and € < 0,
then an increase in the rate of the consumption tax lowers market. (ii) If sign [gbm — gbh} =-
sign[,, — ¢p,] and € < 0 then an increase in the rate of the consumption tax raises home
goods consumption.

From (i =m, h).

0G; % o\ -I-% op N oc;
OTe O\ Ot Opdr. O7¢

dci (_OR/Op\ | dei) 0p e
ox \_ oR/ox) " 9p J 0G " or.

the above results can be obtained.

Factor prices: An expansion in the rate of consumption tax does not affect the factor

intensity in market sector, hence leaves the factor prices unaffected.

O%m 0z ON  Oxy, OP [&wm ( 8R/8p> amm] op

dre  OX Ore  Op Or. | OX \ OR/OX op | or.
[0z, B 0% /Op N 0Ty | OD
o o\ 0%y [ON Op | 07

Capital level and net foreign asset. If sign [&m — ¢h] = —sign[p,, — d,], € < 0,e~0
and g%m ~ ¢y, then g—fi < 0. In the case that c}Sm — ¢, <0, @, — @5, > 0, we have g—i < 0.

Notice that under the stable condition in Proposition 2

sen | = G| = sion [ - ] sign o, - )

On the other hand,

oY, den o TA .

Tp — aip < 0, if sign |:¢m - ¢h:| = sign [(;Sm - (;Sh] and € >0
Yy Ocy, e[ o

aip — 87]) > 0, if s1gn |:¢m - ¢h] = —Ssign [d)m - ¢h] and € <0
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and

0 op -
sign [Yh] = sign @, — 6], sign [ E ] = sign |6,y — &y sign [0, — 6]

0K ot
Hence,

(i) ¢y > ¢y and ¢,, > ¢,. Then F& < 0 and 22 > 0. If in addition & > 0, we have
%l; 8Ch < 0. From the sufficient stable condition in Proposition 2, we know % — % > 0.
Hence 8K - 7.

(ii) gbm > ¢y, and ¢, < ¢;,. Then % < 0 and 5= < 0. If in addition ¢ < 0, we have
%l; 8Ch > 0. From the sufficient stable condition in Prop081t10n 2, we know % — % < 0.

If addltlonally, € =~ 0 so that C’Z is close to 0. Then, < 0.
(iii) ¢,, < ¢y, and ¢,, < ¢,. Then % > 0 and ap > 0. If in addition £ > 0, we have

%l; — % < 0. From the sufficient conditions of a stable steady state in Proposition 2, we

know aal)f — % > 0. Hence 8K - 70.

(iv) ¢,, < ¢p, and ¢, > ¢,. Then % > 0 and ap < 0. If in addition € < 0, we have
85; b ach > 0. From the sufficient stable condition in Prop081t10n 2, we know % - Bﬂ < 0.
And if addltlonally, € = (0 so that i’; is close to 0. Then, F- K <.

Examining the above cases for A, we find from Lemma 7 that, only in case (iv), we
have a clear sign for A : A < 0. Hence, g—i < 0. This is the only case that the sign of %

can be determined. 0O

5 'Transitional dynamics

For showing the transitional dynamics of the economy, we take an expansion of government
spending as an example. The analysis on other shocks can be accomplished in a similar
way. Based on the linearized dynamic system (33), we know that around the steady state

the stable equilibrium path takes a shape like SS’ in Figure 1.

(CASE I): 9p/0G < 0.
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When a sudden increase in G occurs, p jumps up at once. Since ¢ must move in a same
way as p in view of (25), then g will go down. On the other hand, Proposition 3 shows
K will move to a higher level. Then this shock results in a right shift of the stable arm
on the K — ¢ plane, to 5157 for example. Since the K — ¢ dynamic system is complete,
moving patterns of other variables can be derived therefrom, except those of B, which we
will examine below.

In view of (38), the relation between B and K around the steady state can be illustrated
as X X’ in Figure 2, which is negative sloped on the K — B plane. An increase in G lowers

B and raises K in the long run. This corresponds to a right down moving along locus X X”.

(CASE II): 9p/0G > 0.

As the above case, similar analysis can be made.

6 Concluding remarks

Including home sector into a standard small-open neoclassical growth model, in this paper
we explored the equilibrium dynamics and the policy effects of the model economy analyt-
ically. We found that nonmarket home sector and fiscal policy asymmetry together play
important role in determining the equilibrium property and policy effects in the model
economy. We shown also that the rate of substitution between home and market consump-
tions can affect the above analysis.

We found also that sole theoretical study has limitation in understanding the whole
policy effects. For some parameter ranges, we have to rely on numerical calculation to

determine the exact effects. This numerical study is left for the future.

Appendix

A.1 Proof of Lemma 2
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From the expression of dx,, in Section 3.1, the definition of Dy and the relation

(1= (1= ) = (S a1 =

o
we have
8$m -1 am—1 ap—2
—— = Ay Mpap(1—ap)xy" (1 — ) (1 = 71)Tm + amen(1 — 7))
8]) D2

- (5) @)

A.2 Proof of Lemma 4

From Lemma 2

Qm Tm 319 B am(am - Oéh)'

1 +£3xm —aqy,

On the other hand, from n = n(\, p; 7, 77) in (21)

on —Yam (1/am + p/xm - Oxm/0p)
o  An(l—an)(1—m7) prrym
yan/(am — o)
A (1 = am) (1 — 1) p2ap™

A.3 Proof of Lemma 5
From Y] = AJLJ(K7 )\ap)l'jaj (Aap)a.] =m, ha

Ay, K Tm| a

y, = — b B g yEm | o
h 1 —xzp/xp [xh (1=n) :ch] “h

Y = —2m |1 —n)h 2| gam
m xp/Tm — 1 [( n)xm xm} Tm
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then

oy ( Ap ) mh(:;xm (—3%)
oA 1-— (IIm/(IIh +<1 — )Ka:};‘;h—l aaif + (lfn)ah;r?:ahflxm %L)fz
oYy, Ap, ap—1 on an—20zh
—_- = _— — — (1 — K 1-— h=e —
Op (1 - xm/xh> {xmxh gp ~ |17 oen K anl =mzn] 2" 5
and
mS™ o)
(9Ym i ( Am > thym (_877)?)
o\ ach/:cm -1 —I—(l _ am)Kggrgzlm—l 3;7;1 + (1—n)am;7zxmam—1 Bgig\”
oYy, B Apzp®r  9Y,, B _Amxmam
0K  zp—xm OK — xp—Tm

A.4 Proof of Lemma 6
Totally differentiate the two sides of Y, (K, A, p) = cp(A, p), we obtain

8)\ (9Yh <8Yh 8Ch>

oK ~ oK'\ ox  ox

If sign [&sm - M —signé,, — ¢,], then Y, /N — dep/OX > 0, hence sign[dN/OK] =
—sign[0Y 1/ OK] =sign|6,, — o] . 1 sign 6., — &1] = —signld,,, — 6,]., as long as &, — @,
is sufficient close to 0, dcp, /O will be dominated by 0Y} /0, that is Y, /OA—0cy /ON < 0.
Then in this case, sign[0\/0K] =sign[0Y},/0K] = —sign [;bm — qﬁh} :
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