Stochastic Optimal Growth with Bounded or
Unbounded Utility and with Bounded or
Unbounded Shocks

Takashi Kamihigashi*

RIEB, Kobe University, 2-1 Rokkodai, Nada, Kobe, 657-8501, Japan
CERMSEM, Centre d’Economie de la Sorbonne, 106-112 boulevard de I’Hépital, 75647 Paris, France
E-mail address: tkamihig@rieb.kobe-u.ac.jp

May 29, 2006

Abstract
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the existence of a continuous optimal policy function under a minimal set of
assumptions. Second, we establish the existence of an invariant distribution
under quite general assumptions. Third, we show that the output density
converges to a unique invariant density independently of initial output under
the assumption that the shock distribution has a density whose support is
an interval, bounded or unbounded. In addition, we provide existence and
stability results for general one-dimensional Markov processes.
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1 Introduction

Recently there has been a resurgence of interest in stochastic growth the-
ory (e.g., Stachurski, 2002; Nishimura and Stachurski, 2005; Kamihigashi,
2005; Mitra et al. 2004; Mitra and Roy, 2006). One of the important recent
developments is that the global stability of the optimal output (or capital)
process, originally shown by Brock and Mirman (1972) in the case of bounded
shocks, has been extended to the case of unbounded shocks by Stachurski
(2002), Nishimura and Stachurski (2005), and Zhang (2005).! Many of their
arguments, however, rest on the assumption of unbounded shocks, and do
not immediately apply to the case of bounded shocks. One of the purposes
of this paper is to offer a unified argument that applies simultaneously to
both bounded and unbounded cases.

Another purpose of this paper is to confirm the Euler equation as well
as the existence of a continuous optimal policy function even when utility is
unbounded. While it is extremely common to assume unbounded utility in
applications, the Euler equation and the existence of a continuous optimal
policy function have been formally verified only in the case of bounded util-
ity except for a few parametric examples.? With bounded utility, standard
arguments imply that the value function is the unique solution of the Bell-
man equation (e.g., Stokey and Lucas, 1989), so that one can immediately
derive the Euler equation by applying the envelope theorem to the Bellman
equation. While various results are available for cases with unbounded util-
ity concerning the Bellman equation and the existence of an optimal policy
function (e.g., Schil, 1975; Bhattacharaya and Majumdar, 1989; Herndndez-
Lerma and Lasserre, 1996, 1999; Duran, 2003), no result seems to be available
that allows one to directly obtain the Bellman and Euler equations for the
one-sector growth model when utility is unbounded both below and above.?

For the above and other purposes, we study a one-sector stochastic growth
model with i.i.d. productivity shocks in which utility is allowed to be bounded
or unbounded, the shocks are allowed to be bounded or unbounded, and the

1See Olson and Roy (2005) for a recent survey of the stochastic growth literature.

2Most of the literature has relied on Mirman and Zilcha (1975). Their result assumes
that utility is bounded below and that consumption is bounded above (rather than utility
being bounded above) along any feasible process.

3Note that there is no result in Stokey and Lucas (1989, Section 9.1) that shows that
the value function solves the Bellman equation. See Le Van and Morhaim (2002) for
related results in the deterministic case.



production function is not required to satisfy the Inada conditions at zero
and infinity. Our main results are threefold. First, we confirm the Euler
equation and the existence of a continuous optimal policy function under a
minimal set of assumptions. Second, we establish the existence of an invari-
ant (or stationary) distribution under quite general assumptions. Essentially,
the only additional requirement for this result is that the marginal product
of capital be not too small when the capital stock is very small, and not too
large when the capital stock is very large. Third, we establish the global sta-
bility of the optimal output process by showing that the probability density
of optimal output converges to a unique invariant density independently of
initial output. For this result, we assume that the shock distribution has a
density whose support is an interval, bounded or unbounded.

Our existence and stability results are obtained by extending Nishimura
and Stachurski’s (2005) arguments. Our contribution is that except for con-
cavity of the production function, our assumptions are considerably weaker
than those of Stachurski (2002) and Nishimura and Stachurski (2005). In
particular we do not assume multiplicative or unbounded shocks; nor do we
require the production function to satisfy the Inada condition at infinity. Fur-
thermore our existence result does not require the shock distribution to have
a density or the production function to depend positively on the shock.* To
our knowledge, our existence result is the most general one currently available
on the Brock-Mirman model with i.i.d. shocks.?

In addition to our main results, we show existence and stability results for
general one-dimensional Markov processes. Though they are not difficult to
prove based on well known results on Markov processes, our results are easy
to apply since they are stated in terms of primitives, allowing one to bypass
numerous definitions required to understand many of the underlying results.
Our general results also clarify what needs to be shown for our existence and
stability results for the one-sector model.

The rest of the paper is organized as follows. Section 2 presents the
model and basic assumptions, and confirms the Euler equation as well as
the existence of a continuous optimal policy function. Section 3 establishes

4Mirman and Zilcha (1975) treated such a case with bounded shocks.

®Our existence result is also weaker than that of Zhang (2005), which assumes that
utility is bounded below and the production function satisfies both Inada conditions. Our
and his stability results cannot be ranked since his result assumes unbounded shocks but,
like many stability results in the literature, does not require the shock distribution to have
a density.



the existence of an invariant distribution after stating an existence result for
general one-dimensional Markov processes. Section 4 establishes the global
stability of the optimal output process after stating a stability result for gen-
eral one-dimensional Markov processes. Section 5 concludes the paper by
commenting on possible extensions. All proofs are relegated to the appen-
dices.

2 The Model

Consider the following maximization problem:

max B ; Bu(c;) (2.1)
st. YteZy, ¢+ ki1 =y, (2.2)

Co kin > 0, (2.3)

Y1 = f(Ker1, 2e41), (2.4)

Yo > 0 given, (2.5)

where 5 € (0,1) is the discount factor, u is the utility function, f is the
production function, ¢; is consumption in period ¢, k; is the capital stock at
the beginning of period ¢, and z; is the productivity shock in period ¢. The
infinite sum in (2.1) is understood as a Lebesgue integral, and initial output
Yo is assumed to be non-random. Let us state and discuss our assumptions.

Assumption 2.1. u : R, — [~00,00) is C' on R, continuous, strictly
increasing, and strictly concave, satisfying

. / o
lgglu (c) = 0. (2.6)

Note that the utility function v is allowed to be unbounded both above

and below.

Assumption 2.2. f : R, x R, — R, satisfies the following. (i) Vz >
0, f(0,2) =0, and f(-,2) : Ry — R, is C' on R, continuous, concave, and
increasing.® (ii) Vo > 0, f(z,-) : R, — R, is a Borel(-measurable) function.”

61n this paper, “increasing” means “nondecreasing.” Similar remarks apply to “decreas-
ing,” “positive,” and “negative.”

"By Stokey and Lucas (1989, Theorem 7.4), this implies that f;(x,) is a Borel function
since it is the pointwise limit of the sequence {[f(z + (1/n),-) — f(z,)|n}5%,.
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The domain of f can alternatively be specified to be the product of R,
and the range of z; in that case, f can easily be extended to R% as long as
the range of z; belongs to R,. Note that the production function f is not
required to satisfy the Inada conditions at zero and infinity; nor is it required
to be increasing in the second argument.

Assumption 2.3. {2}, is a positive i.i.d. process with a distribution & :
R; — [0,1] such that

dr >0, Efi(x,z)>0, (2.7)
where z is a random variable with the distribution ®.%

If Efi(z,z) =0 for all x > 0, then f(z,z) = 0 with probability 1 for all
x > 0. The role of (2.7) is to rule out this trivial case.

We use the following definitions. Given y, > 0, a stochastic process
{ct, ki1, yes1 129 in R is feasible (from yo) if it satisfies (2.2)—(2.4) and
if {¢;} is adapted to the filtration generated by {z;}. A feasible process
is optimal (from yo) if it solves the maximization problem (2.1)-(2.5). A
function m : R, — Ry is a feasible policy function if for each yq > 0, the
process {c;, ki1, yir1} given below is feasible:

Vi€ Zy, k= W(yt)a Ct =Yt — Tr(yt>7 Yt+1 = f(/ft+1, Zt+1)- (2-8>

An optimal policy function is a feasible policy function 7 such that for each
yo > 0, the process {c¢;, ki1, yi11} given by (2.8) is optimal. If {c¢;, ki1, yii1}
is feasible or optimal, then {c;},{v:}, and {c¢;, ki 1} are called feasible or
optimal accordingly.

For y € R, define {¢(y)}2, by

Co(y) =y, Vte€Zy, aii(y) = f(@(y), ze41). (2.9)

Note that ¢(y) is the largest possible consumption level in period ¢ from
initial output y.

Assumption 2.4. Vy > 0, E>"° f'u(c(y))+ < 00.”

8Unless otherwise indicated, the variable z is understood this way for the rest of the
paper.
u(@(y))+ = max{u(@(y)), 0}



This assumption ensures that the objective function is always well defined.
It also allows one to apply Tonelli’s theorem (e.g., Dudley, 2002, p. 137) to
Bt ule) — u(@(y))+] < 0 to obtain

E Z Blu(e) = Z B Eu(c) (2.10)

for any feasible consumption process {¢;} from y > 0.
For y > 0, define

v(y) =sup K Zﬁtu(ct), (2.11)

where the supremum is taken over all feasible consumption processes {c¢;}
from y.

Assumption 2.5. Vy > 0,v(y) > —oo.

This is a minimum requirement for the maximization problem to be non-
trivial except when initial output is zero. The assumption simply means
that there is at least one feasible process that results in a finite value of the
objective function as long as initial output is strictly positive.

The following result confirms, among other things, the Bellman equation,
the existence of a unique optimal policy function, and the Euler equation.

Theorem 2.1. Let Assumptions 2.1-2.5 hold. Then v is continuously dif-
ferentiable on Ry, strictly increasing, and strictly concave, satisfying

vy 20, v(y) = max {u(y —z) + SEv(f(z,2))}. (2.12)

Furthermore, there exists a unique optimal policy function k : R, — R,
which satisfies
Yy>0, 0<k(y) <uy. (2.13)

Define c: Ry — R, by
Yy >0, cly) =y—k(y) (2.14)
Then k and c are continuous and strictly increasing, satisfying
Vy >0, u'(c(y)) = E{u(c(f(k(y), ) fi(k(y), 2)}- (2.15)
Proof. See Appendix A.*° O

10For the rest of the paper including the appendices, we omit expressions like “almost
surely” and “almost everywhere” when there is no risk of confusion.



3 Existence of an Invariant Distribution

This section offers sufficient conditions for existence of an invariant distribu-
tion for the optimal output process. Let us begin by defining the Markov
process that the optimal output process {y,;} follows. For the rest of the
paper, {y;} is understood as the optimal output process unless otherwise
indicated.

For y, z > 0, define

m(y,z) = f(k(y), 2). (3.1)
Then the output process {y;} follows
Vte€Zy, Y1 =m(ys, 2ea1)- (3.2)
Let P(A) denote the probability of event A. For y,y" > 0, define
Qy,y') = P(m(y,2) <), (3.3)

which is the conditional distribution of next period output 3 given current
output y. For t € Z, let G} be the distribution of y;. Since ¥ is non-random,
G assigns all probability mass to yy, and G, is simply the conditional dis-
tribution of ¢’ given y = yo:

Yy >0, Gi(y) = QoY) (3.4)

In period t € N, y, is distributed as G¢, so Gy is the conditional distribution
of i/ given y weighted according to Gy:!!

VNN 20, Gealy) = [ QUu.y)iCuly). (3.5)

An invariant distribution is defined as a distribution G* : Ry — [0, 1] satis-
fying

W20, Gy) = / Qly, )G (), (3.6)
G*(0) = 0. (3.7)

UEquation (3.5) is a version of the Chapman-Kolmogorov equation (e.g., Meyn and
Tweedie, 1996, (3.25)). An easy way to see (3.5) is to note that G¢11(y') = P(m(ys, 2¢41) <

y/) = El{m(yt’zt-i-l) < y/} = EytEZtJrll{m(ytht-i-l) < y/} = Eth(yt,y’), where 1{} is
the indicator function and E, is the expectation with respect to y;, etc.
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By requiring (3.7), we rule out the trivial distribution that assigns all
probability mass to 0. Note that (3.6) trivially holds if G*(0) = 1. If there
is a distribution G* with 0 < G*(0) < 1 that satisfies (3.6), then G = (G* —
G*(0))/(1 — G*(0)) satisfies (3.6) and (3.7). Hence (3.7) is a normalization
condition once the trivial distribution is ruled out.

Let us introduce some assumptions on the production function to ensure
the existence of an invariant distribution (which is by definition nontrivial).

Assumption 3.1. f: R, x R, — R, is continuous.

This assumption ensures that m as defined in (3.1) is continuous since k
is continuous by Theorem 2.1.

Assumption 3.2. 3% > 0, Ef(Z, z) < 0.

This assumption reduces to Ez < oo if

flx,2) = f(x)z + (1= 0)x (3.8)
for some f : Ry — Ry and § € (0,1] for all z > 0. Assumption 3.2 in fact
implies

Ve >0, Ef(x,z)<oo, (3.9)
since f(z,z) < f(&,2) for x € (0,2), and f(z,2)/x < f(,2)/% for x > & by
concavity.

Assumption 3.3. limgjo Efi(z,2) < 1.

Under (3.8) this assumption holds for any & € (0,1] as long as limg;s f'(z) =
0. By contrast the Inada condition lim, . Efi(z,2) = 0, a typical assump-
tion in the literature, requires 6 = 1 under (3.8).

The role of Assumptions 3.2 and 3.3 is to prevent probability mass from
escaping to infinity. The next two assumptions enable one to prevent prob-
ability mass from escaping to zero.

Assumption 3.4. 37,7 > 0, Ef(%,2)™" < cc.

This assumption reduces to F2~" < oo under (3.8) with § = 1. Note that
Assumption 3.4 implies f;(Z, z) > 0 with probability 1, which in turn implies

Ve >0, P(f(z,z)>0)=1. (3.10)
Since k(y) > 0 for y > 0, it follows that
>0 = VteN, P(y,>0) =1 (3.11)

Hence we may restrict the state space of {y;} to R, provided yo > 0.
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Assumption 3.5. lim, o E In[Gfi(z,2)] > 0.

The above expectation is well defined for z € (0, Z] under Assumption 3.4
(by Lemma B.1 with ¢ = {8fi(z,2)}'). Nishimura and Stachurski (2005)
required (3.8) with § = 1 and Assumption 3.4 with # = 1. They also assumed
the following in our notation:

E {m} <1, (3.12)

where f1(0, z) = lim, o f1(x, z). Assumption 3.5 is strictly weaker than (3.12)
as long as P(f1(0,2z) < oo) > 0 and fi(0, z) is not a degenerate random
variable where f1(0, z) < co. For then, by Jensen’s inequality,

1 1
In Eﬁfl((), ) > Eln 3A0.2) E[Gf1(0,2)]. (3.13)
The expectation on the rightmost side equals the limit in Assumption 3.5 by
the monotone convergence theorem. We argue below that Assumption 3.5 is
possibly the tightest condition on f and (8 to prevent probability mass from
escaping to zero.

Following Nishimura and Stachurski (2005), we establish the existence of
an invariant distribution by constructing a “Lyapunov” function. The follow-
ing result gives sufficient conditions for existence of an invariant distribution
for general Markov processes on R .

Lemma 3.1. Let m: R, x Ry — R, be a continuous function. Let {z;} be
a positive i.i.d. process. Consider the Markov process (3.2). Suppose there
ezists a function V : Ry — [0, 00] such that

(i) V(0) = 00, (i) Vy > 0,V (y) < oo, 3.14)
(i) lim V(y) =00, (ii) lim V(y) = oo, (3.15)
A€ [0,1),3a>0,Vy >0, E[V(m(y,2))] < AV(y) +a. (3.16)

Then there exists an invariant distribution (which is nontrivial by our defi-
nition,).

Proof. See Appendix B. m



The idea of this result is that an invariant distribution exists as long as
probability mass does not escape to zero or infinity. As the proof shows,
(3.16) implies that {E[V (y)]}2, is a bounded sequence. This means that,
loosely speaking, y; cannot go to zero since otherwise E[V (y;)] blows up by
(3.15)(i). Likewise y; cannot go to infinity since otherwise E[V (y;)] blows up
by (3.15)(ii). As this discussion suggests, the two conditions in (3.15) can be
used independently to prevent probability mass from escaping to zero or to
infinity.'> We are now ready to state the main result of this section.

Theorem 3.1. Under Assumptions 2.1-2.5 and 3.1-3.5, there exists an in-
variant distribution.

Proof. See Appendix B. n

The crucial assumption for preventing probability mass from escaping
to zero is Assumption 3.5. If z is non-random, the assumption reduces to
Bf1(0,2) > 1, which is the well known condition to prevent convergence to
zero in the deterministic case. To see that Assumption 3.5 is quite tight even
in the stochastic case, let § > 0, and suppose (i) u(c) = In¢, (ii) f(x, z) = Oz,
(iii) Fz" < oo for some 7 > 0, (iv) Ez = 1, and (v) E|Inz| < co. In this
case it is well known that the optimal policy function is given by k(y) = Sy.

By (iii), Assumption 3.4 holds. Assumption 3.5 now reduces to

Elnz+1In(56) > 0. (3.17)

This condition prevents probability mass from escaping to zero independently
of Assumptions 3.2 and 3.3. On the other hand, it follows from Kamihigashi
(2005, Theorem 3.1) that the output process {y;} from any yo > 0 converges
to zero with probability 1 if!3

Elnz+In(p0) < 0. (3.18)

Since almost sure convergence implies convergence in probability (e.g., Dud-
ley, 2002, p. 261), (3.18) implies that there is no (nontrivial) invariant distri-
bution. In view of (3.17) and (3.18), it seems possible that Assumption 3.5 is

12Gee Nishimura and Stachurski (2005, p. 109) for a more formal discussion.

13To apply the theorem, in Section 3 of Kamihigashi (2005), assume ki1 = 302k,
(which is the optimal capital process) and ¢; = 0 for all ¢ € Z;. See Nishimura et al.
(2006) and Mitra and Roy (2005) for related results.



the tightest condition on f and (8 to prevent probability mass from escaping
to zero.

By contrast, Assumption 3.3, the main assumption used to prevent prob-
ability mass from escaping to infinity, is not as tight as Assumption 3.5. In
fact, Assumptions 3.2 and 3.3 can be weakened along the lines of Assump-
tions 3.4 and 3.5 using Lemma B.1. The weaker versions of these assumptions
are not stated here since the original assumptions are easier to interpret and
already sufficient for most purposes. In addition, even the weaker version of
Assumption 3.3 does not reduce to the corresponding condition in the de-
terministic case, i.e., limgo 3f1(z,2) < 1 with z being non-random.'* This
can be seen from the fact that Assumption 3.3 does not involve (3. Hence
there seems to be room for improving Assumption 3.3 by utilizing the FEuler
equation or other optimality conditions, though it does not seem trivial.

4 Global Stability

This section offers sufficient conditions for global stability of the output pro-
cess. Let us begin by introducing an assumption on the distribution ® of
Zt.

Assumption 4.1. The distribution ® has a density ¢ such that for some
2,z € [0,00] with z < z, (i) Vz € Z = (2,2),6(2) > 0, (ii) Vz € R, \
2,Z],¢(2) = 0, and (iii) there exists a continuous function ¢ : R, — Ry
such that Vz > 0, ¢(2) < ¢(z) and Vz € Z, ¢(z) > 0. a

The support of the density ¢ is an interval, bounded or unbounded. Be-
yond this, the only requirement is that ¢ be everywhere greater than or equal
to some continuous function with essentially the same support. Note that ¢
is not required to be continuous or bounded.

Given Assumption 4.1, the following assumption allows us to express the
distribution of gy, for ¢ > 1 by a density.

Assumption 4.2. f is Cl on R++ X R++ with f2 > 0 on R++ X R++. If
Z = 00, then Vo > 0, f(z,00) = lim,;o f(2, 2) = 0.

Let us show that the distribution of y; for ¢ > 1 has a density, and derive
an equation that characterizes its evolution. First define A : [0, 00) — [0, 00)

14See Kamihigashi and Roy (2005) for such conditions in the deterministic case.
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and h : (0,00) — (0,00] by
h(y) = fk().2), hly) = f(k(y),?). (4.1)

Note that A(y) and h(y) are the lowest and highest levels of output that can
be reached next period from current output y. These functions have often
been used in the case of bounded shocks (e.g., Brock and Mirman, 1972;
Olson and Roy, 2005).

For y,y' > 0 with 5/ € (A(y), h(y)), define {(y,3') by

y = f(k(y), C(y,y")). (4.2)

Note that ((y,%’) is continuous in (y,y’), decreasing in y, and continuously
differentiable in ¢’ with

1
f2(k:(y)a C(ya y,)) .

Let y > 0 and i’ € (h(y), h(y)). Since f(x,-) is increasing by Assumption
42,

(4.3)

Gy, y) =

P(f(k(y),2) <y) = P(z < ((y,1)) = 2(C(y,))- (4.4)
Since Q(y,y") = P(f(k(y),z) < y') by definition (recall (3.3)),
Qy.y') = 2(¢(y. v)) (4.5)
C(y:y)
= [ el (1.6
= [ ottt s (@)

where the last equality uses the change of variables £ = ((y,z). Recalling
(4.3), we see that the conditional distribution of y" given y has density

o(C(y, "))

9(y, ") = § fo(k(y). C(y. ¥)) iy’ € (Aly), o))
0

otherwise.

(4.8)

This density, like all other probability densities, is unique up to sets of mea-
sure zero. It follows from (4.5)—(4.8) that

/

)
Vy,y' >0, Q(y,y’)z/o q(y, z)dx. (4.9)

11



Now by (3.5), (4.9), and Tonelli’s theorem, for y' > 0,

Gia(y) = / /0 ’ q(y, x)dz dGy(y) (4.10)
:/Oy//q(y,x)th(y) dx. (4.11)

Hence Gy has density [ ¢(y, )dG;(y) whether or not G; has a density. This
implies that G has a density, and any invariant distribution has a density.
Thus we restrict attention to densities in what follows.

Let D be the set of probability densities on Ry, i.e., the set of Borel
functions ¢ : Ry, — Ry such that [ g(x)dz = 1. We consider densities on
R, ; rather than Ry because of (3.11). Given yy > 0, let g/° € D be the
density of y; (or G;) for t € N. From (4.10) and (4.11),

VEENYY >0, g () = / 0y, )9 (v)dy. (4.12)

Define T : D — D by

W >0, (To)y) = / A, ¥)g()dy. (4.13)

An invariant density is defined as a density ¢g* € D satisfying T'g* = ¢*, i.e.,

W0 g') = [ as)s )y (11
For any function g : R, — R, define the support of g as

S(g) ={y > 0]g(y) > 0}. (4.15)

Let B be the set of Borel subsets of R, ;. The following result gives sufficient
conditions for global stability for general Markov processes on R, ..

Lemma 4.1. Let m : RY, — Ryy. Let {z} be an i.i.d. process on R,..
Consider the Markov process (3.2). Define Q : R, — Ry by (3.3).° As-
sume the following.

15Gince @ fully characterizes the Markov process, no direct assumptions are needed on
m and {z:} for this lemma.
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(i) There is a function V : Ry, — Ry satisfying (3.15) and (3.16).
(ii) There is a Borel function q : R%, — Ry satisfying (4.9).
(iii) There is a lower semicontinuous function q : R% | — R such that

Yy, >0, q(y.y) <qy,y), (4.16)
Yy > 0, /g(y, y')dy' >0, (4.17)
35 >0, q(5,9) > 0. (4.18)

(iv) There is a set A € B of strictly positive Lebesque measure such that

Vyo > 0,3t € N, A C S(g/°), (4.19)

where g{° is as defined above.'S

Then there exists a unique nvariant density g* € D. Furthermore, there
exist p € (0,1) and R > 0 such that

Vyo > 0,¥t € N, / () — ")V ()dy < PRV (o), (4.20)

where V=V + 1.
Proof. See Appendix C. m
We are now ready to state the main result of this section.

Theorem 4.1. Let Assumptions 2.1-2.5, 3.1-8.5, 4.1, and 4.2 hold. Then
(i) there exists a function V : Ry, — R satisfying (3.15) and (5.16);'7 (ii)
there ezists a unique invariant density g* € D; and (iii) there ezist p € (0,1)
and R > 0 satisfying (4.20).

Proof. See Appendix C. O
Note that (4.20) implies

Vyo > 0,Vt € N, /Ig%’O(y) — 9" (y)|dy < p"RV (yo). (4.21)

6Under (4.9), the left-hand side of (4.10) equals the right-hand side of (4.11), so the
distribution of y; has a density for ¢t > 1.
1"The function V is given by (B.29) and (B.11).
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This is the main conclusion of Nishimura and Stachurski (2005, Theorem
3.1)."® The additional implication of (4.20) is that the tails of g;° converge
much faster than the middle part by (3.15).

The convergence property (4.20) is known as V-uniform ergodicity in the
literature on Markov processes (e.g., Meyn and Tweedie, 1996) since (4.20)
means that convergence occurs uniformly at a common rate for all yo € R,
if the distance between ¢;° and ¢* is adjusted appropriately by V. In addition
to global stability, V-uniform ergodicity has various useful implications, as
shown by Nishimura and Stachurski (2005).

As mentioned in the introduction, except for concavity of the production
function, all our assumptions are weaker than those of Stachurski (2002) and
Nishimura and Stachurski (2005). In particular they assumed that z = 0,
Z = o0, and ¢ is continuous, in addition to requiring stronger conditions
than the assumptions stated in Section 3, as discussed there. Theorem 4.1
confirms their claim that the assumption of unbounded shocks “is not related
to the basic idea” of their analysis.

5 Concluding Remarks

In this paper we have studied a one-sector stochastic growth model with i.i.d.
productivity shocks in which utility is allowed to be bounded or unbounded,
the shocks are allowed to be bounded or unbounded, and the production func-
tion is not required to satisfy the Inada conditions at zero and infinity. We
have (i) confirmed the Euler equation as well as the existence of a continuous
optimal policy function under a minimal set of assumptions, (ii) established
the existence of an invariant distribution under quite general assumptions,
and (iii) established the global stability of the optimal output process under
the assumption that the shock distribution has a density whose support is an
interval, bounded or unbounded. Let us conclude the paper by commenting
on possible extensions.

As far as the model studied in this paper is concerned, there seems to be
little room left for generalizing our first result. Extensions to more general
frameworks seem possible, but may not be straightforward. The nontrivial
step in such extensions is to show that the expectation of the next-period

18 Their definition of V' corresponds to V in our notation; see Nishimura and Stachurski
(2005, Eq. (6)). Their proof actually implies (4.20).
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value function is continuous in current state variables (to apply the maximum
theorem) and differentiable (to apply the envelope theorem).

As discussed in Section 3, there seems to be some room left for gener-
alizing our existence result by weakening our assumptions used to prevent
probability mass from escaping to infinity. But our assumptions used to
prevent probability mass from escaping to zero are quite tight and possibly
already the tightest. While it is straightforward to extend our existence result
for general one-dimensional Markov processes to the multi-dimensional case,
checking the corresponding conditions for a multi-sector growth model or a
one-sector model with correlated shocks is probably not trivial, particularly
when consumption is not monotone in state variables.

Finally, it does not seem trivial to extend our stability argument for the
one-sector model to cases in which the support of the shock density may not
be a single interval. The main difficulty in such cases is to find a set of strictly
positive measure that is covered by the support of the output density in finite
time, independently of initial output. A weaker stability result, however, can
be shown without requiring the shock distribution to have a density even in
the case of unbounded shocks; see Zhang (2005). Like our general existence
result, our stability result for general one-dimensional Markov processes can
be extended to the multi-dimensional case in a straightforward manner. But
it does not seem easy to extend our stability result for the one-sector model
to a multi-sector model or a one-sector model with correlated shocks, partic-
ularly when, once again, consumption is not monotone in state variables.

Appendix A Proof of Theorem 2.1

Lemma A.1. v : R, — [—00,00) is concave, continuous, and strictly in-
creasing.?’

Proof. We show first that v is strictly increasing. Let y,y € R, with y < 9.
Suppose y = 0. If v(0) = —oo, then v(y) > v(y) by Assumption 2.5. If

Note that the function V constructed in the proof of Theorem 3.1 consists of two
monotone functions. Some of our arguments rely on the monotonicity of those functions.
The monotonicity of one of them rests on the monotonicity of ¢(-).

20This lemma would be trivial if the existence of an optimal process from any initial
output were known at this point.
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v(0) > —o0, then

u(0) u(0)
-3 1-5

Now suppose y > 0. Let {{c}, /. }}ien be a sequence of feasible processes
from y such that E > ° f'u(c}) T v(y) as i T co. Taking a subsequence if
necessary, we may assume cj — ¢ € [0,y]. Since Assumptions 2.4 and 2.5
imply u(cg) > —oo, we may also assume u(ch) > —oo for all i € N. For
1 € N, we have

v(g) = u(y) + 5 = v(0). (A1)

(@) > ulcg+ 9 —y) + B Blulc) (A.2)
= u(ch+ 9 —y) —ulch) + EY_ Bu(d). (A.3)

Applying lim;; yields
v(g) = ulco + 9 —y) —ulco) +v(y) > v(y). (A.4)

Thus v is strictly increasing.

To show the concavity of v, let y, g € R. Let {{c}, ki, }}ien be as above,
and define {{&, k. }}ien similarly. Let A € [0,1]. For t € Z, and i € N,
define k! = Ml + (1 — M)k and ¢ = f(ki, z) — ki1 By concavity of f(-, z),
A 4+ (1 = N)é < &. Thus {¢, kj,,} is feasible from Ay + (1 — X)g. We have

AEY " Bu(d) + (1= NEY  pu(é) (A.5)
= EY f'Pu(d) + (1= Nu(@)] (A.6)
<EY puld) (A.7)
<v(Ay + (1 = N)g). (A.8)

Applying lim;; to (A.5) yields
Ao(y) + (1= Av(g) <v(dy + (1 - N)g), (A.9)
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i.e., v is concave.
Since v is finite on R, and concave, it is continuous except at zero. To
see continuity at zero, it suffices to notice that as y | 0,

o(y) S B fu@(y) | B Bu(0) = v(0), (A.10)
=0 =0
where the convergence holds by the monotone convergence theorem. O

Lemma A.2. Let y >0, and {c;, ki1 } be a feasible process from y. Then
EY " Buleis) < Bu(f(ky,21)). 2 (A.11)
=0
Proof. Since {c¢,} is adapted to the filtration generated by {z}7°,, there is
a Borel function s, : R}, — R, such that ¢; = sy(21,...,2) for t € N (e.g.,

Chow and Teicher, 1997, p. 17). Let ( € R, be a realization value of the
random variable z. Define {¢(()}°, by

vt € Z-‘m 5t(§) - St-‘rl(Cv Rly ey Zt)‘ (A12>
Then it is easy to see that {¢,(()} is feasible from f(ki,¢). Thus

EY  Bu(siia(C oz 2) < o(f ke, Q). (A.13)

Because {z} is i.i.d., it follows that

E{zz},?iz Zﬁtu(5t+1 (C? B2y e Zt+1)> < U(f(kh C))? (A14>
t=0

where ., is the expectation with respect to {2}72,. Replacing ¢ with

z1 and applying E,, yields (A.11). O
Lemma A.3. For any feasible output process {y;}2, from yo > 0,
VteN, Eu(y) <EY  Bu@i(y))s < oo, (A.15)
i=0
g_m B'Ev(y;) < 0. (A.16)

21This may appear obvious if one thinks that {c;}$2, is feasible from f(k1,21). Though
this is true in some sense, notice that our definition of feasibility does not require any
recursive structure.
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Proof. Since ¢(yo) is the maximum possible output in period ¢t € N it is

easy to see that??
Ev(y) < Ev(@(yo)) (A.17)
<FE Z Bru(Cri(yo)) (A.18)
=0
< EZﬁiu(EtH(yo))Jr < 00, (A.19)
=0

where the last inequality holds by Assumption 2.4. Hence (A.15) holds. This
together with Assumption 2.4 implies (A.16). O

By (2.11) and Lemma A.2, for y > 0,

v(y) = sup {U(y — ki) + 5EZﬁiU(Cl+i)} (A.20)

< sup{u(y — k1) + BEv(f(k1,21))}, (A.21)

where the suprema are taken over all feasible processes {¢;, ki 41} from y. For
x,y > 0, define

w(z,y) = uly — ) + BEv(f(z,2)). (A.22)
It follows from (A.20)—(A.22) that
Vy 20, o(y) < sup w(z,y). (A.23)
z€[0,y]

The equality version of this is the Bellman equation, which is to be verified
below. For > 0, define

b(x) = Ev(f(z,2)). (A.24)

Lemma A.4. Vz > 0,—0c0 < b(x) < 00, and b : Ry — [—00,00) is concave
and continuous, satisfying
V. (0) = oo, (A.25)

where b/, denotes the right derivative of b (which exists everywhere by con-
cavity).

22To be perfectly rigorous, (A.18) requires an argument similar to the proof of Lemma
A2
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Proof. Let x > 0. Let y € (0,2z]. By Assumption 2.5 and (A.23), there is
x' € [0,y] such that w(z',y) > —oo. Hence —oo < b(z') < b(z).

To see b(x) < oo, suppose b(x) = co. Let y > x. Let {c, kiy1, Y141} be
a feasible process from y with k; = z. Then oo = b(z) = Ev(f(k1,21)) =
Ev(yy), contradicting (A.15).

Since v and f(+, z) are concave and increasing, so is b. Thus b is continuous
except at zero. But continuity at zero follows by the monotone convergence
theorem and Lemma A.1, so b is continuous.

It remains to verify (A.25). This is trivial if 5(0) = —oo. Suppose b(0) >
—o0. In this case, we may assume u(0) = v(0) = 0 without loss of generality.
For = > 0, we have

b(l‘) — b<0> _ Ev(f(x, Z)) (A26)
 Bulf(r.2) o
> Fu'(f(x,2))fi(x,2) Too asx |0, (A.28)

where the convergence holds by the monotone convergence theorem, (2.6),
and (2.7). Now (A.25) follows. O

Lemma A.5. Vy > 0, there exists a unique x* with w(x*,y) = sup,cjo, w(T,y);
furthermore, x* € (0,y).

Proof. Let y > 0. By Lemma A.4, w(-,y) : [0,y] — [—00,00) is continuous.
Thus there is z* € [0, y] such that w(z*,y) = sup,cp, w(w,y). It is unique
since w(+,y) is strictly concave by Lemma A.4 and strict concavity of u. By
optimality of z*, w(z,y) < w(z*,y) for = € [0,y], i.e.,

Ve e [0,y], u(y—z)+ B8b(zx) <uly—z*)+ Bb(z"). (A.29)
To see z* > 0, first suppose u(0) = —oo. By Lemma A.4, for z €
(0,y), w(z,y) > —oo; thus z* > 0 since w(0,y) = —o0 < w(z,y). Now

suppose u(0) > —oo. If z* = y, then 2* > 0, so suppose z* < y. Let
x € (z*,y). Then from (A.29),

gh@) ~ b(*x*) < uly—27) - Q:(y —) (A.30)
r—x r—x
Letting x | x* yields
pY, (z") < u'(y — a7). (A.31)
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Hence z* > 0 by (A.25).
It remains to verify x* < y. Let x € (0,2*). Again from (A.29),

) —bla) o uly = @) —uly = o) (A.32)
T*— " —x
Letting z T x* yields
BY (%) > o, (y — ), (A.33)

where 0" denotes the left derivative of b. It follows by (2.6) that z* <y. O

For y > 0, let k(y) = z*, where z* is given by Lemma A.5. Define
k(0) = 0. By Lemma A.5 and (A.23),

Yy >0, wly) < sup w(z,y) =u(c(y)) + BEu(f(k(y),2)).  (A.34)

z€[0,y]

where ¢(y) = y — k(y) (as defined in (2.14)). Note that (A.34) holds with
y = 0, in which case both sides equal «(0)/(1 — 3).

Lemma A.6. k: R, — R, is continuous, and is the unique optimal policy
function. Furthermore, the Bellman equation (2.12) and (2.13) hold.

Proof. Continuity follows from the maximum theorem since w is continuous
by Lemma A.4 and k is a function rather than a correspondence. Lemma
A5 implies (2.13).

Let yo > 0, and {c¢t, ki1, y141} be the process generated by k (or, more
precisely, by (2.8) with & replacing 7). Fix ¢ € N for the moment. By (A.34),

v(ye) < uley) + 6E2t+1v(f(k(yt)7 Zi41))- (A.35)
Recalling yei1 = f(k(y), 2e41) and ¢ = c(y), applying E,,, we get

Ev(y:) < Eu(cr) + BEV(Yi1)- (A.36)
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By repeated application of (A.36),

v(yo) < ulco) + BEv(y1) (A.37)
< u(cy) + BEu(cr) + B Ev(ys) (A.38)
< ZﬁtEU(Ct) + ﬁTHEU(?/TH) (A.39)
< Z B Eu(c;) + %1%0 B EBu(yri) (A.40)
<E) fulc), (A.41)

where the last inequality holds by (2.10) and (A.16). It follows that
v(ye) < E Y Blule). (A.42)
=0

Thus {c¢t, ki1, yi01} s optimal.  Since it is feasible, the reverse inequality
also holds, so (A.42) holds with equality. Hence (A.37), as well as (A.38)—
(A.41), holds with equality, i.e., v(yo) = u(c(yo)) + BEv(f(k(yo), z). Since
Yo is arbitrary, the inequality in (A.34) holds with equality, i.e., the Bellman
equation (2.12) holds.

Since (A.37)—(A.41) hold for any yo > 0, k is an optimal policy function.
For uniqueness, let k be a feasible policy function with l;;(yo) # k(yo) for

some yo > 0. Let {¢, l;tﬂ,gtﬂ} be the process generated by k from y,. By
the Bellman equation (2.12) and the argument leading to (A.36),

Vit € Z+, Ev(gjt) Z Eu(ét) + BEU(gtJ,_l). (A43>

Hence all the inequalities in (A.37)—(A.41) are reversed (with ¢ and g re-
placing ¢; and y;), and the reversed version of (A.37) holds strictly by Lemma
A5 since k(yo) # k(yo). Thus B 5°, Bu(é) < v(yo), i.e., k is not optimal,
It follows that k is the unique optimal policy function. Il

Lemma A.7. v is continuously differentiable on R\, and the Euler equation
(2.15) holds.
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Proof. Tt suffices to show that b as defined in (A.24) is differentiable on R,
and

Vo >0, U(x)=Eu(c(f(x,2)))f(x,2). (A.44)

For then the Euler equation (2.15) is simply the first order condition for the
maximization problem on the right-hand side of (2.12).

To verify (A.44), applying the envelope theorem (e.g., Milgrom and Se-
gal, 2002, Corollary 3) to the Bellman equation (2.12), we find that v is
differentiable on R, and

Vy >0, o'(y)=1u'(c(y)). (A.45)

Thus v is differentiable on R, . Since k is continuous by Lemma A.6, so is
c as well as v'.
Let z > 0. Recalling Lemma A.4, we see that for h > 0,
bx+h)=blx) . o(f(z+hz)—v(f(z2))

=L . A.46

By concavity, [v(f(z + h,2)) — v(f(x, 2))]/h increases as h decreases. Thus
by the monotone convergence theorem, (A.45), and the chain rule,

by (x) = Eu/(c(f(x, 2))) fi(z, 2). (A.47)

Let h € (0,). For h € (0, h),

b(x) = blx —h) _ u(f(z,2) —v(f(z = h 2))
. —E . - (A.48)
< EU(f(CE,Z)) — %(f($ — h7z)) < o0, (A49)

where the first inequality holds since [v(f(z, 2)) —v(f(x — h, 2))]/h decreases
as h decreases. Thus b (x) equals the right-hand side of (A.47) again by
the monotone convergence theorem, (A.45), and the chain rule. Now (A.44)
follows. O

Lemma A.8. v is strictly concave, and k and c are strictly increasing.*

ZThis is a well known result in the case that f(-, z) is strictly concave (e.g., Brock and
Mirman, 1972, Lemma 1.1). Note that f(-,2) is only assumed to be concave here.
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Proof. Let y > 0 and § > y. If y = 0, then k(y) < k(g) by Lemma A.5.
Suppose y > 0. If k(y) = k(9), then by the Euler equation (2.15), u'(y —
k(y)) = v (g — k(y)), a contradiction. Hence k is strictly increasing.

It follows from (A.45) and concavity of v that ¢ is increasing. To conclude
that c is strictly increasing, it suffices to show that v is strictly concave. Let
y,y > 0 with y # g. Then (A.5)-(A.8) hold even if {c¢!} and {¢} are
optimal consumption processes from y and y. Since v is strictly increasing,
P(ci # ¢) > 0 for some t € Z,. Thus by strict concavity of v and Jensen’s
inequality, (A.7) holds strictly. It follows that v is strictly concave. [

Now Lemmas A.1 and A.6-A.8 establish Theorem 2.1.

Appendix B Proofs of Section 3 Results

B.1 Proof of Lemma 3.1
Since V' (0) = oo, by (3.16),
Yy >0, P(m(y,z)=0)=0. (B.1)

Hence (3.11) holds, so we may restrict the state space of {y;} to R, provided
yo > 0. Let yo > 0. By (3.16), E.,,, [V (m(ys, 2i41))] < AV(y) +afort € Z,.
Applying E,,, we get

EV(yir1) S AEV (y) + « (B.2)
<AV (yo) + (T+ A+ -+ A, (B.3)

where the second inequality holds for ¢ > 1. It follows that mm@ EV(y) <
a/(1 —X). Since the Markov process (3.2) has the Feller property by Stokey
and Lucas (1989, Exercise 8.10), the conclusion follows by Meyn and Tweedie
(1996, Proposition 12.1.3).

B.2 Proof of Theorem 3.1

Lemma B.1. Let  be a positive random variable such that

3¢ >0, B¢ < oo. (B.4)
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Then

Vre (0,7, Eln¢<m[EC], (B.5)
lim In[EC"]" = ElnC. (B.6)
Proof. See Hardy et al. (1952, pp. 137-139). O

Lemma B.2. There exist r,y > 0 such that
E{BA (K@), 2)} ) <1 (B.7)

Proof. Let 7,2 > 0 be as in Assumption 3.4. By concavity,
V€ (0,7], Efi(r,2)" < oo (B.8)

By Assumption 3.5, there is § > 0 such that
(i) EW[BA(k),2)] > 0, (i) k(@) < 7. (B.9)
By (B.9)(ii), (B.8), and Lemma B.1 with x = [3f1(k(7), 2))] !,
2} <0,

i In[E{5£1(k(7), 2)} )" = ~E{3hi(k(7). 2)} <0 (B.10)

where the inequality holds by (B.9)(i). It follows that for small enough

r> 0,In[E{Bf1(k(7),2)}"]" <0, which is equivalent to (B.7). O
Lemma B.3. Let r,5 > 0 satisfy (B.7). Fory >0, define
wiy) = '(c(y)) T (B.11)

Then there exist Ay € (0,1) and aq > 0 such that
Yy >0, Fw(f(k(y),z) < wi(y)+ a. (B.12)

Proof. Let p= (14 r)/r and ¢ =1+ r. Note that

i i lelon G l=r
(i) p,qg € (1,00), (i) 5+ e 1, (iii) LT (B.13)
By (B.7),
M = [B{BA(KG), 2)} ] < 1, (B.14)
Yy € (0.9), [E{Bfi(k(y),2)} % < A, (B.15)
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where the second inequality holds since fi(-, z) is decreasing and k is increas-
ing.
For y € (0,9 and ¢ = ¢(f(k(y), 2)), by (B.15), the Euler equation (2.15),
(B.13)(iii), and Holder’s inequality,*!

o/ (e(y))? [E{Bfi(k(y), 2)} "] (B.16)
= [B{Bu () fu(k(y), 2P (BB (K(y). 2)} 5] (B.17)
> B[{u/(¢) fi(k(y), 9} (B (k(w). )} »] = Bu'(¢)s. (B.S)
Recalling the definition of wy, by (B.16)—(B.18) and (B.15), we have
Vy € (0,7], Ew(f(k(y),z)) < Mwi(y). (B.19)
Since k and c are increasing,
Yy > g, Bun(f(k(y), 2) = Bu'(c(f (k(y), 2))? (B.20)
< Bu/(e(f(k(5), )7 = on (B.21)
Now (B.12) follows from (B.19)-(B.21). O
Lemma B.4. There exist Ay € (0,1) and oy > 0 such that
Yy >0, Ef(k(y),z) < Xy+ as. (B.22)
Proof. By (3.9), concavity, and the monotone convergence theorem,
lim E% = Elin @ (B.23)
= Ezllerglo fily,z) =A< 1, (B.24)

where the inequality holds by Assumption 3.3 and the monotone convergence
theorem. Let

Az € (A 1). (B.25)
By (B.23) and (B.24), there is § > 0 such that
Yy > 9, Em;’ ?) < A (B.26)

241f p and ¢ satisfy (B.13)(i) and (B.13)(ii), then E|&n| < (E\§|p)%(E\n|‘1)% for random
variables ¢ and n with E|¢|P, En|? < oo (e.g., Dudley, 2002, p. 154). In our case, & =

{Bu/ () fr(k(y), 2)} 7 and g = {Bf(k(y),2)} 7.
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Since k(y) < y for all y > 0, Ef(k(y),z) < Ef(y,z). This together with
(B.26) shows

V>3, Ef(E() ) < ay. (B.27)
Since k is increasing,

Yy € (0,9], Ef(k(y),z) < Ef(k(y),z) = as. (B.28)
Now (B.22) follows from (B.27) and (B.28). O

To complete the proof of Theorem 3.1, define
Yy >0, V(y) =wily) +v, (B.29)

where w, is given by (B.11). Define V(0) = oco. Then (3.14) holds. Let
A = max{A;, A2} and @ = «a; + ay. Then (3.15) and (3.16) follow from
(B.12) and (B.22). Since m as defined in (3.1) is continuous, an invariant
distribution exists by Lemma 3.1.

Appendix C Proofs of Section 4 Results

C.1 Proof of Lemma 4.1

We apply Meyn and Tweedie (MT) (1996, Theorem 16.1.2) to show that the
Markov process (3.2), or interchangeably the operator T defined by (4.13),
is V-uniformly ergodic. This implies (4.20) by MT (Theorem 16.0.1). Hence
by MT (Theorem 16.1.2), the lemma holds if 7" is t-irreducible and aperiodic
and if (V4) in MT (Chapter 15) holds with some petite set C C R, and
some function V : Ry, — [1,00).

Y-Irreducibility: For any B € B, the mapping y — [, q(y,y')dy’ is lower
semicontinuous by Fatou’s lemma and lower semicontinuity of q. Thus T
is a T-chain (MT, Chapter 6) by (4.16) and (4.17). For B € B, define
©(B) = [1ang(y)dy.?® Then by (4.19) and MT (Proposition 4.2.1(ii)), T
is @-irreducible. By MT (Proposition 4.2.2), T is y-irreducible for some
maximal irreducibility measure .

BFor W € B, 1y (+) is the indicator function on W; ie., 1y (y) = 1 if y € W and
1w (y) = 0 otherwise.
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Aperiodicity: Tt suffices to show that T is strongly aperiodic (MT, Chapter
5). By (4.18) and lower semicontinuity of ¢, there is € > 0 such that

Yy €eC=[g—eg+e, qy)>0. (C.1)

We verify that v(C') > 0 and C' is v-small with v defined below. Let 6 =
miny ,ec q(y,y') > 0. For B C B, define

B) =0 / Lo (a)d. (C2)

Then v(C) =0 [1c(z)dx =20 > 0. For y € C and B € B,
/B q(y,y")dy" > / a4y, ¥ ) e (y)dy (C.3)
>0 [ acly)ay = (B) (C.4)

Hence C'is v-small. It follows that T is strongly aperiodic.
(V4): Define )
V=V+1 a=a+(1-N). (C.5)
Then (3.15) and (3.16) still hold with V and @& replacing V and a, and
ViR, —[1,00).% Let n = (1 —\)/2. Let

C={y>0[V(y) <a/n} (C.6)

By (3.15), C' is bounded and bounded away from zero. Hence there is a
compact interval C' C Ry with C C C (C here is different from C'in (C.1)).
Since T is a T-chain, C is petite by MT (Theorem 6.2.5). From (3.16),

E[V (m(y. 2))] = V(y ) ~(1=N)V(y) +a (C.7)
(y ) +a—nV(y) C38

(y) +ale(y).

Hence (V4) in MT (Chapter 15) holds with the petite set C.

| /\

4
—nV

I/\
Qz

26The following argument is adapted from MT (Lemma 15.2.8).
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C.2 Proof of Theorem 4.1
Let 7 > 0. Define ¢ : R}, — Ry by

. ?(C(y,9)) . _
q(y,y') = mm{fg(k(y),é“(y,y’))’v} ity € (), hly),

- 0 otherwise,

where ¢ is given by Assumption 4.1. Note that for y,3" > 0,

a(y,y") >0 < q(y.y) >0 < y € (h(y),h(y)).

It is easy to see that

q is continuous and satisfies (4.16) and (4.17).

(C.10)

(C.11)

(C.12)

Let L' be the set of Borel functions g : Ry — Ry with [ g(y)dy < oc.

Define T : L' — L' by

vy >0, (Lg)(y) = / q(y,y)g(y)dy.
Note from (4.16) and (C.12) that
Vge L', Tg<Tyg.
Lemma C.1. Vg € L', Tg is continuous.

Proof. Fix ¢y’ > 0. For € € R with ¢’ 4+ ¢ > 0, we have

(Ta)(yf + ) — Ta))]| < / gy +€) — q(v ) la(w)dy.

(C.13)

(C.14)

(C.15)

By (C.10), |q(y, %' +€) — q(y,9)]g(y) < vg(y). Since g is integrable and q is
continuous, applying the dominated convergence theorem to (C.15) yields

lim [(Zg)(y' + €) — (Zg) (/)]
< /hgé lq(y, 9" +€) — q(y,9)|g(y)dy = 0.
Hence T'g is continuous.
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(C.16)

(C.17)
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Lemma C.2. Vg € D, there exist a,b > 0 with a < b such that (a,b) C
S(Tg).

Proof. Since T'g € D, there is ¢y > 0 such that (T'g)(y’) > 0. By (C.11),
(T'g)(y') > 0. Since T'g is continuous by Lemma C.1, T'g > 0 on some open
interval (a,b) C Ry, containing y'. Hence (a,b) € S(Tg) by (C.14). O

Note from Assumption 4.2 that
Z=00 = VYy>0, h(y)= 0. (C.18)
If Z = oo, we extend the domain of h to (0, co] by defining
Z=o00 = h(oo)=o0. (C.19)

Lemma C.3. Let g€ D, a >0, and b € (a,00]. Then

(i) (a,0) € S(g) = (i) (h(a), h(b)) C S(Tg). (C.20)

Proof. Assume (i). Let v’ € (h(a), h(b)). Since h and h are continuous and
increasing,

(h(a), h(b)) = Uye(ary(B(y), h(y))- (C.21)
Hence there is § € (a,b) with ¥’ € (h(7),h(y)). By (C.11), ¢(7,y) > 0.
By continuity, there is a nonempty open interval (d,i)) C (a,b) such that
q(y,y") > 0 for y € (a,b). We have q(y,y")g(y) > 0 for y € (a,b) C (a,b), so

b
(To)(y) > (To)y) > / 0y, v)9(w)dy > 0. (C.22)

Hence ' € S(Tg). O

Lemma C.4. Let y > 0. (i) If BEfi(k(y),2) > 1, then h(y) > y. (i) If
BEfi(k(y),z) <1, then h(y) <y.

Proof. To see (i), suppose h(y) < . Recall the Euler equation (2.15):

u'(c(y)) = BE[ (c(f (k(y), 2))) [1(k(y), 2)] (C.23)
> BE (c(y)) fi(k(y), 2)], (C.24)

where the inequality holds since f(k(y),z) < h(y) < y with probability 1.
It follows that 1 > GE f1(k(y), z). This establishes (i). The proof of (ii) is
similar. ]
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Lemma C.5. (i) For sufficiently small y > 0, h(y) > vy. (ii) For sufficiently
large y > 0, h(y) < y.

Proof. Part (ii) is immediate from Lemma C.4(ii) and Assumption 3.3. To
see (i), note from Assumption 3.5 that E'In[8fi(k(y), z)] > 0 for small enough
y > 0. For such y, by Jensen’s inequality,

0 < EW[3fi(k(y), 2)] < In E3f(k(y), 2)]. (C.25)
Hence BE f1(k(y),z) > 1, so h(y) > y by Lemma C.4(i). O
Define
y =max{y > 0]y = h(y)} (C.26)
7= {min{y > 0ly="hy)} iy >0,y =hiy), (C.27)
00 otherwise.
By Lemma C.5,
y<oo, y>0. (C.28)

Lemma C.6. y <.

Proof. By (C.28), y <y if y =0 or y = oo. Suppose y > 0 and y < 00.27
Since f(k(y),z) > y and f(k(y),z) < ¥ with probability 1, from the Euler
equation (2.15),

u'(c(y)) < BE[W (c(y) f1(k(y), 2)]; (C.29)

u'(c(@)) > BE[ (c@)) f1(k(7), 2)] (C.30)
Hence

BEfi(k(¥),z) <1< BEfi(k(y), 2). (C.31)
Thus y <y again. Il

Lemma C.7. There exist a,b > 0 with @ < b such that A = (a,b) satisfies
(4.19).

2TThe following argument is a simplified version of that of Brock and Mirman (1972,
Lemma 3.4).
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Proof. Let a,b > 0 be such that y < @ < b < 7. Let A = (a,b). Let yo > 0,
and g, = ¢%° for t € N for simplicity. Since ¢; € D, by Lemma C.2 there is an
open interval (ag,by) C S(g2) = S(Tg1). For t > 2, define a;y1 = h(a;) and
ber1 = h(b;). By Lemma C.5(ii), limsup,,, a; < co. Since h is continuous
and increasing, lim; a; < y. By Lemma C.5(i), liminfyo by > 0. If Z < o0,
since h is continuous and increasing, limyjo by > 7. This inequality is trivial if
Z = 00, in which case § = oo and b, = oo for t > 2. It follows that A C S(¢;)
for t large enough, which implies (4.19). [

Let us now complete the proof of Theorem 4.1 by applying Lemma 4.1.
Hypothesis (i) follows from the proof of Theorem 3.1; see (B.29). Equation
(4.9) is a property of the model, so (ii) holds. Let § € (y,7). Then A(y) <
7 < h(3), so q(§,9) > 0 by (C.11). This and (C.12) show (iii). Hypothesis
iv) is immediate from Lemma C.7. Now Theorem 4.1 follows from Lemma
.

=~
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