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Abstract

The paper introduces forward-looking intertemporal optimization in
an agent-based model. Optimization is implemented considering, on the
one hand that revision of economic behavior do not occur continuosly
over time but only when circumstances suggest or impose it, and, on the
other hand, that, given the inherent uncertainty and complexity of the
economic system, the planning horizon is finite. We propose a macroeco-
nomic model with a large population of household agents. Each period
a random sample of them will reset their propensities to consume and
invest by maximizing their intertemporal utility. The study is a primer
in considering the joint effect of heterogeneous agents’ interaction and
forward-looking behavior, and provides novel insights into the mechanism
of transmission of individual choices to the macroeconomy. The heavy
computational tasks are managed through the development of new pro-
gramming tools. The coexistence of interaction and forward looking be-
havior generates interesting coordination dynamics. The results suggest
that even a tiny fraction of optimizing agents over the whole population
has a significant effect of aggregate output, but this effect is nonlinear and
conditional on the length of the panning horizon.

1 Introduction

This paper introduces forward-looking optimizing agents in an otherwise stan-
dard agent-based model. This approach allows for testing the joint effect of
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forward-looking optimization and interaction of fully heterogeneous agents. In
fact, we (partially) replace the traditional heuristic behavior of agent-based
models with sophisticated agents that do not mechanically repeat the same be-
havior over time. At the same time, we consider that aggregate dynamics cannot
be inferred from individual choices due to agents’ interaction, which is a promi-
nent feature of agent-based models but usually not considered in standard mod-
els with rational and optimizing agents. As such, our approach can be viewed as
a synthesis between the Heterogenous Agents New-Keynesian (HANK) models
and models within the agent-based computational economics (ACE) approach.
Insofar, ACE models have not generally considered as a viable alternative to
HANK models for two main reasons: first, because they are subject to the
Lucas critique (Napoletano, 2018), since agents typically use simple and fixed
heuristic rules;1 second, the lack of a well-defined equilibrium complicates com-
parisons across models, as well as between different scenarios within the same
class of models (Foley, 2017). With this work, we attempt to address the first
critique, while we remind to a future instalment of this model the treatment
of the potential implication of the statistical equilibrium, indicated by Foley as
the potential solution to the second issue.

Conceptually, our approach is based on an original behavioral foundation for
agents that can be termed contingent rationality. As observed by Sims (2010),
in actuality, economic agents are not constantly engaged in solving costly opti-
mization problems, but they do so when the individual or external circumstances
suggest or impose a revision of their behavioral rules. As a result, economic
agents react to modifications in their own individual conditions (such as their
employment status, the value of their assets, their health, etc. . . ) by optimiz-
ing their objective functions only when a particular condition occurs, and then
they stick to this behavioral rule until circumstances force them to re-optimize.
Hence, within this new and flexible concept of rationality, agents alternate be-
tween heuristic and optimal behaviors, depending on the circumstances.

Furthermore, our agents optimize according to the Finite Planning Horizon
framework introduced by Woodford (2018), since both the time horizon consid-
ered for optimization and the number of possible future paths of evolution of the
economy are finite. As shown below, we evaluate the impact of this assumption
by testing different planning horizons.

This paper joins a stream of literature that is attempting to introduce alter-
native and more sophisticated behavioral rules in ACE models (see Salle, 2015,
for example) or has tried to connect ACE with DSGE models (Catalano and
Di Guilmi, 2019; Dosi et al., 2020; Gobbi and Grazzini, 2019; Guerini et al., 2018;
Lengnick and Wohltmann, 2016; Schiozer et al., 2026). Our major contribution
to this literature is the inclusion of a standard forward-looking optimization in
an agent-based model and solve it computationally.

Our approach substantially differs from recent attempts to use machine
learning, and more specifically Reinforcement Learning, to model decision mak-

1The issue has been so far addressed by including learning processes in agents’ behavior
(see for example Arifovic et al., 2010; Di Guilmi et al., 2014).
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ing in ACE (see Brusatin et al., 2024, for example). Operationally, the original-
ity of our approach is to introduce forward-looking agents, while Reinforcement
Learning in fact uses past observations to train agents. Conceptually, our ap-
proach is grounded in standard optimization theory - as in HANK models - in
the sense that it is model-based and not model-free as in Reinforcement Learn-
ing. This construction allows us to investigate the implications of introducing
rationality in a complex system with agents’ interaction.

Within the agent-based literature, a closely related paper is Calvert Jump
et al. (2019), in which heterogenous agents switch between a fully rational deci-
sion making process to a boundedly rational one. We innovate with respect to
this literature in several aspects, but most importantly by allowing for an en-
dogenous distribution of heterogeneous decisional rules and not limiting them to
the standard dichotomy of the discrete choice approach by Brock and Hommes
(1997) and usually adopted within this field.

The main contribution of the paper is to propose an original modeling ap-
proach in which heuristics and standard forward-looking optimization coexist.
By incorporating dynamically evolving and heterogeneous behavioral rules, this
methodology can provide insights on the transmission of individual choices to
the macroeconomy, thus allowing for a more accurate estimation of possible ag-
gregate outcomes. Further, this approach allows for flexibility in the modeling of
agents in ACE, adding to the standard heuristics more sophisticated optmizing
behavior.

The framework proposed by this paper includes a population of households,
who are workers and owners of firms, and firms. Households decide about con-
sumption and investment in productive capital of firms, and a consolidated firm
sector sets the optimal quantity to produce, thus determining employment of
household-workers. Agents can decide heuristically, adopting a fixed behav-
ioral rule, or optimally, solving an intertemporal optimization problem. More
specifically, a randomly selected group of households revises their propensities
to consume and invest by solving a recursive dynamic optimization problem.
Different settings are tested by varying the proportion of of optimizing agents
over the whole population, and the time horizon that they consider in their
intertemporal optimization problem. We also analyze the emergence of right-
skewed distributions in household income and wealth distributions in relation
to agents’ behavioral rules. While standard ACE models successfully reproduce
the empirically observed fat-tailed distributions via idiosyncratic multiplicative
shocks, they usually leave the question of how agents’ active behavior can shape
the distributions unexplained.

The results show an impact of optimizing behavior, even by a tiny fraction
of agents, for both the macroeconomy and the distributions of microeconomic
variables. In particular, both utility and efficiency increase, and so do the
first two moments of micro-variables’ distribution. The analysis of the higher
moments reveals the existence of a degree of “rationality of the system”, given
by combinations of number of optimizing agents and planning horizon, in which
the simulations are able to reproduce the right-skewed distributions empirically
observed. Overall, the impact of forward-looking behavior is non-linear, in the
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sense that it does not monotonically increase with the number of optimizing
agents or the length of their planning horizon.

The remainder of the paper is structured as follows: section 2 introduces
the model, section 3 details the computational approach that the paper and
presents the results of the single run and Monte Carlo simulations, section 4
discusses the results, and section 5 offers some concluding remarks.

2 The model

Given our focus on the methodological innovation, we present a stripped-down
version of a standard neoclassical model in perfect competition, with the sub-
stantial difference that we allow for disequilibrium by keeping prices fixed. Ac-
cordingly, all quantities are real. In order to avoid the noise coming from match-
ing in the goods and job market, we consolidate the production sector in a single
firm.

2.1 Baseline heuristic model

The basic assumptions of the model are listed below.

� The N households have different initial endowments of wealth, which is
represented by firms’ capital plus savings deposits.

� In the first period of the simulation, the employment status of each house-
hold is set in a complete random fashion. For the following periods, the
vacancies are first filled by workers who were employed in the previous pe-
riod and then by the unemployed ones randomly. Layoffs, when needed,
are random.

� Firms produce an homogeneous good that can be used for both consump-
tion and investment. The production function is

Qt = AtL
α
t K

(1−α)
t (1)

� Firms do not have perfect foresight about the level of demand and adopt
the following learning process:

Qt = q̃t
[
(1− ρq)Qt−1 + ρqQ

D
t−1

]
(2)

where QD is the level of demand, q̃t is a stochastic shock accounting for
possible heterogeneity of forecasts across firms, and 0 < ρq < 1.

� The Total Factor Productivity At evolves according to the following pro-
cess:

ln(At) = ρln(At−1) + ãt + µ, (3)

with ãjt ∝ N{0, σa} and ρ, µ constant. For simplicity, we can set µ =
(1− ρ)ln(A0) such that

ln(At) = ρ[ln(At−1)− ln(A0)] + ãt + ln(A0). (4)
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� Equation (1) implies the following demand for labor

Lt =

(
Qt

AtK
(1−α)
t

)1/α

(5)

� The unemployment ratio is defined as

ut =
N − Lt

N
(6)

� The maximum production is given by

Q̄t = AtN
αK1−α

t−1 (7)

If the capacity constraint becomes binding,2 firms adjust output to Q̄t.
If the production determined according to (2) - or by equation (7) if Qt >
Q̄t - is lower than demand, then investment and consumption are rationed
for each household according to their shares in aggregate demand.

� Households decide about consumption and investment, respectively, ac-
cording to the following rules:

Cit = g̃itρ
C
itWit−1 (8)

Iit = h̃itρ
I
itWit−1 (9)

where W is total wealth, ρCit , ρ
I
it are individual parameters, which are

homogenous and time-invariant in the initial heuristic setting. Finally g̃it
and g̃it are stochastic idiosyncratic shocks,.

� Aggregate capital evolves according to

Kt = Kt−1(1− δ) + It (10)

where δ is the constant depreciation rate and It is the aggregate invest-
ment, defined below.

� Households’ financial balance FH can be positive (indicating a deposit
at the bank) or negative (indicating a debt). For the sake of simplicity,
both deposits and debt are remunerated at the same rate rt. Households
deposit the current savings out of income into the bank and use their
finance for the acquisition of new capital.
Accordingly

FH
it = FH

it−1 + (Yit − Cit)− Iit (11)

2This situation can occur when the demand of labor is larger than the population of
workers, Lt > N , or when the production determined according to (2) requires a level of
capital higher than Kt−1, which is the endowment available at the beginning of period t,
since the new investment It cannot be used prior to its production.
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� Total wealth is given by

Wit = FH
it +Kit (12)

� Each household always supply one unit of labor in each period. Con-
sequently, labor supply is constant and equal to the number of workers
N .

� Aggregate demand is then given by

QD
t = Ct + It (13)

with Ct =
∑

i Cit.

� Income comes from wage, (positive or negative) interest on the bank bal-
ance, and distributed profits:

Y i
t = wte

i
t + rtF

H
it−1 +Ri

t (14)

where

– eit is a dichotomous variable that is equal to 1 if the household worker
i is employed and equal to 0 otherwise;

– Rit is the share of profit Πt distributed to household i according to

Rit = λΠt (Kit−1/Kt−1) (15)

where λ is constant share of distributed profits;

– wt is the real wage.

� Profits are given by
Πt = QD

t − Ltwt (16)

Consequently the rate of profit is

rrt = rrit = λΠt/Kt−1 (17)

� The interest rate adjusts to the profit rate according to

rt = (1− ρr)rt−1 + ρrmax(rrt , rm) (18)

where ρr < 1 is a constant and rm is the minimum interest rate.

� In order to prevent an infinite negative net worth, a household defaults
when its wealth is depleted, which implies negative financial balance larger
than assets:

−FH
it > Kit ⇒ Wit < 0 (19)

As a consequence of the default, the capital is acquired by the bank and
the household cannot borrow again until their outstanding debt has been
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repaid. Accordingly, for bankrupted households consumption function (8)
is replaced by

Cjt =

{
min(ρCjt, 1)Yjt−1 if Yjt−1 ≥ 0
0 if Yjt−1 < 0

(20)

where j ∈ Ωt is the set of households who defaulted at time t.
In the period of the default, debt is decreased by value of the capital
acquired by the bank, such that

FH
jt = FH

jt +Kjt : j ∈ Ωt (21)

� The capital owned by the bank is indicated by KB
t and it is sold in the

following period. Accordingly, investment by the bank IBt is negative as
it represents supply of investment goods, and IBt and KB

t are determined
as follows

IBt = max(−(1− δ)KB
t−1,−It) (22)

KB
t =

∑
Kjt + IBt + (1− δ)KB

t−1 : j ∈ Ωt (23)

where Ωt is the set of households who defaulted at time t.
Equation (22) implies that if the demand for investment is lower than
the (depreciated) capital acquired by the bank in the previous period, the
bank will hold part of the capital and therefore participate in the profits
generated by production.

� Household are also the owner of the bank in constant shares, randomly
determined at the beginning of the simulation. The bank’s equity evolves
according to

EB
t = EB

t−1 − (FH
t − FH

t−1) +RB
t − IBt (24)

where
RB

t = λΠtK
B
t−1/Kt (25)

is the profit distrbuted to households. Bank’s wealth is given by

WB
t = EB

t +KB
t (26)

� Aggregate investment is the sum of households’ investment plus the bank’s:

It =
∑
i

Iit + IBt (27)

2.2 Forward-looking optimization

Agents follow simple behavioral rules for consumption and investment, summa-
rized by the propensities to consume and invest out of wealth, ρc,it and ρi,it.
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These propensities are periodically revised through a forward-looking optimiza-
tion procedure that evaluates alternative rules under simulated future scenarios.
Optimization is activated in period pso after an initial “burn-in” phase. In each
period t ≥ pso, a fixed number no ≪ N of agents is selected to update their
decision rules.

Let uit ∈ N denote the number of periods elapsed since agent i was last
selected for optimization, with uit = 0 if the agent has never been selected.
Each agent is assigned a selection weight

pit =

{
1, uit = 0,

1− exp
[
−
(
κ(uit − 1)

)ν]
, uit > 0,

(28)

where κ > 0 and ν > 0 govern how rapidly the probability of selection increases
with elapsed time. The probability that agent i is selected in period t is then
given by

πit =
pit∑N

j=1 wjt

. (29)

After an agent is selected, its counter is reset to ui(t) = 1 and incremented by
one in each subsequent period until the agent is selected again.

Each selected agent evaluates a finite set of candidate pairs of propensi-
ties. The candidate set consists of the agent’s current rule (ρc,it, ρi,it) and nps

additional randomly drawn pairs

(ρ(k)c , ρ
(k)
i ), k = 1, . . . , nps,

where ρ
(k)
c and ρ

(k)
i are drawn independently from uniform distributions around

baseline values. Each draw defines a joint consumption-investment rule, and
each agent evaluates exactly nps + 1 candidate rules.

Each candidate rule is evaluated using a finite set of forward-looking sim-
ulations of the economy. At the beginning of period t, the current aggregate
state vector and the agent’s individual state are taken as given. Starting from
this common initial condition, the economy is simulated forward for τo periods
under M alternative future scenarios.

Each scenario is generated by drawing a distinct sequence of future shocks—
both aggregate shocks and the full cross-section of idiosyncratic shocks affecting
agents—–and evolving all variables endogenously according to the model’s laws
of motion. During these aggregate forecast simulations, all propensities to con-
sume and invest remain fixed at their values prevailing at the start of period
t. Although this procedure does not enforce full consistency with rational ex-
pectations, the approximation error is likely to be relatively small when only a
limited fraction of agents is allowed to revise their decision rules in any given
period.

For each candidate rule (ρc, ρi), the model generates a collection of M × J
simulated consumption and investment paths, where J is the number of possible
idiosyncratic shocks on ρc, ρi. Each path is obtained by applying the candidate
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propensities period by period along one of the aggregate forecast scenarios and
one realization of the agent’s idiosyncratic expenditure shifters. Along these
paths, consumption and investment are computed mechanically as fractions of
lagged wealth, subject to the same feasibility constraints as in the baseline econ-
omy: nonnegativity of capital, bounded consumption when wealth is negative,
and proportional rationing of consumption and investment when aggregate out-
put is insufficient to satisfy aggregate demand.

Let Ck
i,t+s(m, j) denote agent i’s consumption in period t + s implied by

candidate rule indexed by k under aggregate scenario m and idiosyncratic real-
ization j. Expected discounted utility is approximated by

Uk
it =

1

MJ

M∑
m=1

J∑
j=1

τo∑
s=1

β s−1 log
(
Ck

i,t+s(m, j)
)
, (30)

where β ∈ (0, 1) is the discount factor and all scenarios and realizations are
weighted equally.

The agent adopts the candidate rule that maximizes Uk
it, and the corre-

sponding propensities remain the agent’s decision rules until they are revised
again.

3 Simulations

This section first presents the general setting of the simulations and provides
some details about the strategy adopted to reduce the computational costs,
and then introduces the results of the single run and Monte Carlo simulations,
respectively.

3.1 Settings and computational strategy

The baseline version of the model has the following parametrization: w0 =
6;α = 0.5; δ = 0.01175;A0 = 12;λ = 1;σa = 0.0025; ρA = 0.99ρq = 0.5; ρr =

0.5; ρc0 = 5; ρi0 = 0.15; g̃ ∈ [0.001; 2]; h̃ ∈ [0.001; 2]; q̃ ∈ [−0.03; 0.03]; rm =
0.001. Except for δ, estimated on OECD data for Japan, all the parameters
are manually calibrated in order to have reasonable and stable ranges for the
output variables. Each period is considered equal to one month and optimization
(when performed) starts at period 84 (corresponding to 7 years and 1/10th of
the simulation time) to avoid possible bias induced by the burn-in period.

As discussed above, the main simulation loop involves, at each time step in
the optimization phase, a number of sub-simulations equal to the number of
optimizing agents times the number of different couple of parameters times the
possible paths considered by each agent. Accordingly, this algorithm implies
heavy computational tasks that must be carefully managed. We employed the
supercomputer at Kobe University and elaborated all the codes in Python (al-
though some of the post-simulations elaborations were coded in Matlab). We
employed parallel computation at each time step, creating no×(nps+1)×M×J
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processes to identify which of the J combinations of ρc and ρi maximizes the
utility for each agent.

3.2 Single run results

Figure 1 shows the results for the baseline version of the model, where agents’
propensities to consume and invest is random within the intervals specified
above. Figure 2 display the results for the setting with randomly chosen opti-
mizing agents between period 84 and 600. For the simulation with optmizing
agents, the random seed is the same as in figure 1. After period 600, we disable
the optimization algorithm. The agents’ parameters are held constant at their
period-600 values, effectively transitioning the model from active optimization
to heuristics, but with optimally determined parameters. This setup enables a
direct comparison between the standard heuristic baseline (with pre-calibrated
parameters) and a scenario where heuristics are informed by prior optimization.
Besides the increase in total output in the semi-optimizing setting, the most
interesting feature emerging by comparing the two figures is the evolution of ρc.
As also evident from figures 3 and 4, when optimization starts, agents tend to
reduce consumption and increase investment. This pattern is remarkable, con-
sidering that consumption is the only argument in the agents’ utility function
and only 20 agents (out of 1000) optimize at each time step. As the simulations
progresses, agents seem to coordinate, realizing that the increase in investment
allows for future larger consumption. The mean of ρc indeed appears to stabilize
at around 0.55, larger than the initial manually calibrated value of 0.5.

Further insights on the change in micro-veriable distribution can be gained
by looking at figures and 5, 6, and 7 which show the time series of the first
three moments of the cross distribution of income, wealth, and consumption,
respectively. For all variables, mean and standard deviation are clearly larger in
the optimization case. As optimization starts, very quickly the median and the
standard deviation progressively diverge from the fully heuristic scenario. After
optimization stops, the two series seems to follow the same pattern for both mo-
ments. For the consumption distribution, kurtosis appears as more volatile and
reaches higher levels in the optimization case. For income and wealth, there
appears to be an initial divergence, with the optimization setting generating
higher kurtosis, then the two cases are very similar until optimization stops.
After that, the optimization case clearly display progressively higher kurtosis.
The two dimensional Kolmogorov-Smirnov test reveals that the distributions
in the two cases significantly differ for all variables. As it can be expected
with a simple model, the distributions become stationary during the simula-
tions as tested with Augmented Dickey-Fuller test on the cross-agent standard
deviation for all distributions. However, stationarity is achieved earlier in the
semi-optimizing case.

Finally, although we do not aim to replicate any stylized fact, we can more
closely examine the evolution of the Pareto (or power-law) distributions for in-
come, wealth, and consumption produced by the simulations. The right tails of
the three distributions are power-law distributed, after the burn-in period, as
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confirmed by the Kolmogorov-Smirnov test. For income and wealth, after the
burn-in phase, the optimization phase displays values of the power-law expo-
nents close to the empirically recorded value of 1 (8), despite some occasional
spikes. After the optimizing phase, it visibly declines. Given that individual
consumption is subject to an idiosyncratic multiplicative shock, its distribution
is more stable and the exponent is always quite close to 1. The range for the
power-law tail (figure 9) for income and wealth seems to increase when opti-
mization starts and when it ends, although the overall dynamics is punctuated
by frequent spikes. For consumption, the evolution of the tail size is pretty
regular, and apparently unaffected by optimization.

3.3 Monte Carlo simulations

Monte Carlo simulations are performed in order to test the sensitivity to the
number of optimizing agents and to the number of periods for forward-looking
optimization. More specifically, 100 replications are drawn with a number of
optimizing agents comprised between 0 and 20 (with 0 corresponding to ACE
benchmark, the heuristic case) and a number of periods ahead between 12 and
60. For the sake of efficiency, the parameter space is explored by means of Latin
hypercubes.3 Since we are interested in the impact of optimization, the results
for each of the 100 replications are taken at the end of the time window in which
agents are optimizing, without reverting to full heuristics. For the time series
and the moments of micro-variables’ distributions, we take the average over the
last 12 periods of the simulation (corresponding to one year).

The first question that we need to address is of course whether optimization
actually increases aggregate household utility. Figure 10 show the different levels
of consumption, which is the only argument in the utility function (30) produced
by different combinations of number of optimizing agents and number of periods
ahead considered in the optimization. A clear effect is visible only for the latter
parameter: longer time horizons generate larger consumption and hence higher
utility. In contrast, changing the number of optimizing agents does not seem
to have a significant effect on aggregate consumption. An actual impact of the
number of optimizing agents can be verified for the ratio between consumption
and total output (Figure 11), which is clearly increasing when more agents are
selected for optimization in each period, while it decreases the longer is the
optimization time horizon.

In order to assess the effect of optimization on the micro-level distributions,
let us consider the moments income, wealth, and consumption distribution. For
all variables, there seems to be no discernible effect on the second moment,
therefore we omit the relative plots.

The distribution of income and wealth, unsurprisingly given their causal
connection, appear to follow very similar patterns (figures 12-15). Optimization
increases their averages, as shown by the jump for no > 0 in figures 12 and 14.

3The other quantity relevant for optimization is the probability of a single agent optimizing
(30), but, besides being less interesting from a theory point of view, it does not seem to
substantially affecting the results, as revealed by repeated single run simulations.
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However, the effect of the time horizon is more evident than the one produced by
the number of agents. In fact, a negative relationship seems to emerge between
the number of optimizing agents and the two means. Figures 13 and 15 show
that both skewness and kurtosis are higher along the negative diagonal on the
no, τo plane, implying that both moments are maximized for a small number
of agents optimizing over a long-period of time or for a large number of agents
considering a short time horizon.

Consistently with the observed pattern for the ratio of consumption over
total output, the average consumption generally increases for longer time hori-
zons and is substantially unaffected by the number of optimizing agents (figure
16). For both skewness and kurtosis, figure 17 seems to reproduce the same
outcome observed for income and wealth, with the highest value recorded on
the negative diagonal on the τo, no plane, with the difference that the maximum
values appear top-left corner (no close to 20 and τo close to 1).

The same analysis was carried out for the individual growth in consumption
but the results are inconclusive.

4 Discussion

The most relevant conclusion that can be drawn from the simulations is that
even a small degree of rationality (tiny share of agents optimizing over a limited
planning horizon) has a considerable impact on the outcomes of the model and
this impact cannot be inferred from the individual behavior. Furthermore this
impact is nonlinear over the number of optimizing agents and the number of
period in the future periods considered in the optimization. The results there-
fore highlight the relevance of a joint consideration of the distinctive elements
of DSGE-HANK models (rationality and forward-looking behavior) and ACE
models (interaction and adaptive evolution), respectively.

As expected, the introduction of forward-looking behavior enhances aggre-
gate utility and efficiency. However, this improvement is neither monotonic nor
linearly increasing with the number of optimizing agents. This non-linearity
is the direct consequence of agent interactions, which is the defining feature of
ACE models. Our simulations demonstrate that the macroeconomic outcome
of individual optimization cannot be inferred by simply aggregating individual
optimal plans; it is an emergent property of their complex coordination and
competition. This feature is evident looking at the changes in the distribu-
tion of the optimized parameter and, more in particular, at the evolution of
ρc. At the start of the optimization, immediately all agents realize that they
are consuming an excessive amount of their wealth, inducing them to dramati-
cally reduce consumption and increase investment. Once the larger investment
leads to an increase in the amount of productive capital, agents again appear
to spontaneously coordinating in a progressively increase of consumption, while
keeping the propensity to invest in physical capital at a higher level with respect
to the calibrated parameter.4

4To test whether the higher density of agents at the right boundary of ρi depends on the
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The joint examination of figures 10 and 11 reveals that, while aggregate con-
sumption, and hence utility, increases with the length of the time horizon, the
economy becomes more efficient with a higher number of optimizing agents and
a lower τo. While an accurate comparison with a standard neoclassical Ramsey
growth model is not possible given that, in our model, income is not necessar-
ily equal to the sum of investment and consumption and that disequilibrium is
possible in both goods and labor market, some interesting conclusions can nev-
ertheless be drawn. While a longer optimization horizon (analogous to a lower
discount rate) in a neoclassical model suppresses steady-state consumption, in
our interactive system it fuels a virtuous cycle: heightened collective foresight
leads to increased coordination on investment, which drives faster capital ac-
cumulation, eventually allowing for higher aggregate consumption. However,
when more agents optimize at each time step, a larger share of output is used
for consumption, limiting capital accumulation, as shown by figure 11. This
pattern affects both the creation of income (figure 12) and the accumulation of
wealth (figure 14). This divergence underscores that in a system with truly het-
erogeneous and interacting agents, collective dynamics fundamentally reshape
the mapping from individual time preference to aggregate outcomes.

This macro coordination has clear distributional consequences. While stan-
dard ACE models usually rely on exogenous stochastic processes (e.g., Kesten
processes) to generate realistic, right-skewed distributions of wealth, our model
endogenously produces similar inequality dynamics through active optimization.
The jumps in the mean and standard deviation of wealth and consumption at the
onset of optimization mark the system’s transition to a new regime. Notably,
the skewness of wealth distribution spikes initially, reflecting the asymmetric
advantage of early optimizers, who invest relatively larger amounts, then sta-
bilizes as a progressively larger fraction of agents optimize, which is shown by
the very similar patterns after period 600 (figures 5, 6, 7). After the end of the
optimization period, the distributions become once again more uneven because
of the latest agents optimizing and, consequently, being able to forecast beyond
period 600.

The exam of the results of the Monte Carlo simulation for higher moments
of the distribution of income, wealth, and consumption, reveals that there is a
threshold in the “degree of rationality” of the system above or below which the
model is not able to generate the fat right-tailed distributions usually observed
in ACE models. In other words, in our model, where the stochastic shocks
are only indirectly hitting the micro-variables in exam (income, wealth, and
consumption), right-skewed distributions emerge only through an active behav-
ior of household. However, when agents are “too rational”, the distributions
become more even as a larger share of agents can more accurately plan their
consumption and investment strategies.

In summary, our results advance a ’Sparse Optimizer’ hypothesis: our sys-
tem is highly sensitive to minimal injections of forward-looking intelligence, but

chosen intervals for ρc and ρi, further simulations with different intervals were ran, showing
that not in all scenarios agents invest up to the right limit of the interval the median tends
to remain around 0.3.
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its response is governed by complex interaction dynamics that generate non-
linear patterns. The system exhibits a form of collective memory and learning,
where a temporary phase of optimization can permanently imprint a more ef-
ficient structure onto the economy—a structure that heuristic agents can then
maintain. This set of results highlights, on the one hand, possible shortcomings
of standard ACE models in postulating a fixed heuristic behavior for all agents,
even over long periods of time. On the other hand, it points to agents’ behav-
ioral heterogeneity and interactions as relevant factors in shaping the systemic
effects of individual choices, and thus, in the microfoundation of macroeconomic
models.

5 Concluding remarks

The paper introduces intertemporal optimization by forward-looking behavior
in an agent-based model, testing the joint effect of forward-looking optimiza-
tion and interaction of fully heterogeneous agents, and proposing a novel avenue
to integrate standard Heterogeneous Agents models and agent-based computa-
tional approach.

The results show an impact of optimizing behavior, even by a tiny fraction
of agents, for both the macroeconomy and the distributions of microeconomic
variables. In particular, both utility and efficiency increase, and so do the
first two moments of micro-variables’ distribution. The analysis of the higher
moments reveals the existence of a degree of “rationality of the system”, given
by combinations of number of optimizing agents and planning horizon, in which
the simulations are able to reproduce the right-skewed distributions empirically
observed. Overall, the impact of forward-looking behavior is non-linear, in the
sense that it does not monotonically increase with the number of optimizing
agents or the length of their planning horizon. The introduction of interaction
in a system where agents optimize alters some established results of standard
neoclassical models.

The paper is a primer in, first, devicing an algorithm for computational op-
timization in multi-agent system and, second, in introducing forward-looking
behavior in an agent-based model. The non-monotonic effects of an increase in
the degree of rationality of the system and the differences with the results of
fully rational neoclassical model stress the necessity of a more careful consider-
ation of heterogeneity and interaction in affecting the transmission of individual
decisions to the macroeconomy.

The next step in our research agenda involve extending the present model,
allowing for firms’ heterogeneity and optimization, which will imply introducing
flexible price and market clearing for a comprehensive comparison with a stan-
dard neoclassical model. Furthermore, our framework can address the second
main shortcoming of ACE, identified by Foley (2017): maximum entropy can
be used to identify the stationary distribution of parameter and its relationship
with the distribution of aggregate outputs of the model.
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Figure 1: Single-run results for the baseline model: output, excess supply, share
of consumption on demand, consumption and investment, distribution of wealth,
distribution of income, distribution of consumption, distribution of ρc, and dis-
tribution of ρi. 15
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Figure 2: Single-run results for randomly selected optimizing agents with
optimization starting at period 84 and ending at period 600: output, share of
consumption on demand, consumption and investment, distribution of wealth,
distribution of income, distribution of consumption, distribution of ρc, distribu-
tion of ρi, median and mean of ρc, and standard deviation of ρc.
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Figure 3: Propensity to consume for simulation with randomly selected op-
timizing agents with optimization starting at period 84 and ending at period
600.
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Figure 4: Propensity to invest for simulation with randomly selected opti-
mizing agents with optimization starting at period 84 and ending at period
600.
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Figure 5: Time series of the first (top panel), second (middle panel) and third
(bottom panel) moments of the distribution of income across agent generated
by a single run simulation.
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Figure 6: Time series of the first (top panel), second (middle panel) and third
(bottom panel) moments of the distribution of wealth across agent generated
by a single run simulation.
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Figure 7: Time series of the first (top panel), second (middle panel) and third
(bottom panel) moments of the distribution of consumption across agent gen-
erated by a single run simulation.
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Figure 8: Power law exponent for each period for income distribution (top
panel), wealth distribution (middle panel), and consumption distribution (bot-
tom panel), calculated with the algorithm introduced by Clementi et al. (2006).
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Figure 9: Percentile of the power law tail for each period for income distribution
(top panel), wealth distribution (middle panel), and consumption distribution
(bottom panel), calculated with the algorithm introduced by Clementi et al.
(2006)
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Figure 10: Monte Carlo simulations: aggregate consumption levels (average
over the last 12 period for 100 replications) with varying number of optimizing
agents and different forward-looking periods for optimization.
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Figure 11: Monte Carlo simulations: aggregate consumption levels (average
over the last 12 period for 100 replications) with varying number of optimizing
agents and different forward-looking periods for optimization.
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Figure 12: Monte Carlo simulations: mean of income distribution (average over
the last period for 100 replications) with varying number of optimizing agents
and different forward-looking periods for optimization.
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Figure 13: Monte Carlo simulations: skewness (left panel) and kurtosis (right
panel) of income distribution (average over the last period for 100 replications)
with varying number of optimizing agents and different forward-looking periods
for optimization.
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Figure 14: Monte Carlo simulations: mean of wealth distribution (average over
the last period for 100 replications) with varying number of optimizing agents
and different forward-looking periods for optimization.
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Figure 15: Monte Carlo simulations: skewness (left panel) and kurtosis (right
panel) of wealth distribution (average over the last 12 periods for 100 replica-
tions) with varying number of optimizing agents and different forward-looking
periods for optimization.
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Figure 16: Monte Carlo simulations: mean of consumption distribution (average
over the last period for 100 replications) with varying number of optimizing
agents and different forward-looking periods for optimization.
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Figure 17: Monte Carlo simulations: skewness (left panel) and kurtosis (right
panel) of consumption distribution (average over the last 12 periods for 100
replications) with varying number of optimizing agents and different forward-
looking periods for optimization.
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