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Abstract. Many economicmodels featuremonotoneMarkov dynamics on state spaces
that may be noncompact. Establishing existence, uniqueness, and stability of stationary
distributions in such settings has required a patchwork of sufficient conditions, each
tailored to specific applications. We provide a single necessary and sufficient condition:
a monotone Markov process has a globally stable stationary distribution if and only if
it is asymptotically contractive and has a tight trajectory. This characterization covers
both compact and noncompact state spaces, discrete and continuous time, and extends
to nonlinear Markov operators that depend on aggregate state. We demonstrate the re-
sult through applications to wage dynamics, Bayesian learning with belief shocks, and
income processes that generate Pareto tails.

1. Introduction

Many models in economics and finance have monotonicity properties with respect to
state variables. A generalmethodology for studying dynamics of suchmodels in aMarkov
setting was provided in the frequently cited paper of Hopenhayn and Prescott (1992),
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which in turn extended earlier results by Stokey and Lucas (1989), and Razin and Ya-
hav (1979). The monotone mixing condition used in that paper has become a stan-
dard approach to establishing stability properties over a large range of applications,
including international trade, human capital, business cycles, inequality, intergenera-
tional mobility, and labor markets, using models ranging from overlapping generations
and competitive search to mean field games (see, e.g., Chatterjee and Shukayev (2010),
Hidalgo-Cabrillana (2009), Samaniego (2008), Marcet et al. (2007), Antunes and Caval-
canti (2007), Morand and Reffett (2007), Le Grand and Ragot (2022), Light and Wein-
traub (2022), Balbus et al. (2025), and Kam et al. (2025)).

The conditions in Hopenhayn and Prescott (1992) are not universally applicable, how-
ever, since they require a compact state space with least and greatest elements. This
setup compromises analysis of important features of economic data, such as heavy tails
in cross-sectional distributions. In addition, many time seriesmodels naturally generate
unbounded states. The need to extend Hopenhayn and Prescott (1992) has motivated a
substantial literature. Subsequent research has weakened their mixing conditions and
replaced compactness of the state space with “tightness” type conditions from the mod-
ern literature on Markov process theory, as well as treating partially monotone mod-
els (see, e.g., Kamihigashi and Stachurski (2012), Kamihigashi and Stachurski (2014),
Kamihigashi and Stachurski (2016), Foss et al. (2018), Kamihigashi and Stachurski (2019),
Foss and Scheutzow (2024), Light (2024), and Light (2026)).

In this paper we bring this literature full circle by providing simple necessary and suffi-
cient conditions for global stability—that is, existence, uniqueness, and stability of sta-
tionary distributions—in monotone Markov models defined on either compact or non-
compact state space. These conditions are built on top of a new fixed point theorem es-
tablished in the paper. The fixed point theorem shows that, in any complete preordered
metric space where the metric satisfies a diagonal property, an order-preserving (i.e.,
monotone) operator has a unique fixed point if and only if it is asymptotically contrac-
tive and generates at least one order-bounded trajectory.

In a Markov setting, we show that asymptotic contractivity holds under weak mixing
conditions that can be understood as generalizations of the the well-known monotone
mixing condition in Hopenhayn and Prescott (1992). We also show that, when working
with the stochastic dominance partial order, existence of an order-bounded trajectory
is equivalent to existence of a tight trajectory. This is a weak version of boundedness
in probability, which is a standard stability-related condition in the Markov process lit-
erature (see, e.g., Meyn and Tweedie (2009); Hahn et al. (2024); Ma and Toda (2025)).
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Existence of a tight trajectory is also is also considerably weaker than assuming, as in
Hopenhayn and Prescott (1992), that the state space itself is compact.

In addition, we prove all of these results in an abstract semigroup setting that

(i) includes both continuous and discrete time, and
(ii) allows for nonlinear Markov operators as well as linear ones.

Point (i) means that, in the process of establishing our necessary and sufficient condi-
tions, we also extendHopenhayn and Prescott (1992) andmuch of the later surrounding
literature to handle continuous time models. Point (ii) means that our results can be
applied to nonlinear Markov distribution dynamics, where individual Markov updates
depend on a distribution and the distribution is determined by the individual Markov
laws (see, e.g., Light (2026)).

We demonstrate the scope of our results through several economic applications. In the
compact state space setting, we revisit the monotone mixing condition of Hopenhayn
and Prescott (1992), providing sharper results including exponential convergence rates
and ergodicity, and extending the framework to continuous time. We illustrate with
a continuous-time job ladder model of wage dynamics. For noncompact state spaces,
we develop applications to piecewise deterministic Markov processes (PDMPs), a class
of continuous-time models that combine smooth deterministic dynamics with random
jumps. PDMPs arise naturally in models of wealth accumulation or firm dynamics, and
are well-suited to capturing the role of jumps and discrete shocks in continuous time.

Our applications include a continuous-time job laddermodel of wage dynamics, extend-
ing the framework of Burdett and Mortensen (1998) and Moscarini and Postel-Vinay
(2013) by allowing state-dependent wage offers; a model of Bayesian learning subject to
belief shocks, as arise in models of countercyclical uncertainty and forecast bias (Orlik
andVeldkamp, 2014; Cogley and Sargent, 2008); and twomodels of incomedynamics—a
pure jump process and a PDMPwith deterministic drift—both of which generate Pareto
tails in the stationary distribution, complementing recent work on stationary distri-
butions in continuous-time heterogeneous-agent models (Gabaix et al., 2016) and on
Pareto exponents in multiplicative economies (Beare and Toda, 2022).

On a theoretical level, the closest papers to ours are Kamihigashi and Stachurski (2014)
and Foss and Scheutzow (2024), who prove that global stability holds under a combi-
nation of (a) order-theoretic mixing conditions and (b) side conditions that imply ex-
istence of a stationary distribution. Under matching assumptions on the underlying
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state space, both of these results are special cases of our abstract stability result in The-
orem 2.1, which shows that asymptotic contractivity and existence of an order-bounded
trajectory are enough for global stability. (The results in Kamihigashi and Stachurski
(2014) and Foss and Scheutzow (2024) both imply asymptotic contractivity and order
boundedness of at least one trajectory.) At the same time, Theorem 2.1 goes further,
admitting operators acting on arbitrary preordered spaces, providing necessary condi-
tions for global stability, and handling continuous time as well as discrete time. While
Kamihigashi and Stachurski (2014) is essentially superseded by the results in this paper,
Foss and Scheutzow (2024) is complementary, adding valuable sufficient conditions for
order boundedness and asymptotic contractivity when time is discrete.

The remainder of the paper is organized as follows. Section 2 develops the abstract fixed
point theory for order-preserving semigroups. Section 3 specializes to probability spaces,
introducing the Bhattacharya metric and connecting tightness to order boundedness.
Section 4 covers stochastic kernels and transition probability functions. Section 5 treats
the monotone mixing condition on compact state spaces, with an application to wage
dynamics. Section 6 extends to noncompact state spaces in discrete time, with an appli-
cation to Bayesian learning with belief shocks. Section 7 develops the continuous-time
counterpart, with an application to income dynamics. Section 8 develops the PDMP
framework and applies it to income dynamics with deterministic drift. Proofs are col-
lected in Section A.

2. Stability of Asymptotic Contractions

We begin with background on preordered metric spaces and the diagonal property. We
then introduce semigroups and the notions of asymptotic contractivity and global sta-
bility, before stating our main results.

2.1. Background. LetX be a set. If𝐴 is any subset ofX, then𝐴𝑐 refers to its complement
in X. We recall that a binary relation ⪯ on X is called a preorder if it is transitive and
reflexive. An antisymmetric preorder onX is called a partial order onX. Given a preorder
⪯ on X, each subset 𝐼 of X having the form

𝐼 ≔ [𝑎, 𝑏] ≔ {𝑥 ∈ X ∶ 𝑎 ⪯ 𝑥 ⪯ 𝑏} (𝑎, 𝑏 ∈ X, 𝑎 ⪯ 𝑏)

is called an order interval in X. A set 𝐵 ⊂ X is called order-bounded if there exists an
order interval 𝐼 in X with 𝐵 ⊂ 𝐼. A sequence (𝑥𝑖) ≔ (𝑥𝑖)𝑖∈ℕ ⊂ X is called increasing if
𝑥𝑖 ⪯ 𝑥𝑖+1 for all 𝑖 and decreasing if 𝑥𝑖+1 ⪯ 𝑥𝑖 for all 𝑖.
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Amap𝑇 fromX to itself is called a self-map onX. The symbol𝑇 𝑖 indicates 𝑖 compositions
of 𝑇 with itself. A self-map 𝑇 ∶ X → X is called order-preserving if 𝑥 ⪯ 𝑦 implies 𝑇𝑥 ⪯
𝑇𝑦. A fixed point of 𝑇 is an element 𝑥∗ ∈ X such that 𝑇𝑥∗ = 𝑥∗.

A preordered metric space is a triple (X, 𝑑, ⪯) where (X, 𝑑) is a metric space and ⪯ is a
preorder on X. For such a space, the preorder ⪯ is called closed if (𝑥𝑖) ⊂ X, (𝑦𝑖) ⊂ X,
𝑥𝑖 ⪯ 𝑦𝑖 for all 𝑖, 𝑥𝑖 → 𝑥 ∈ X and 𝑦𝑖 → 𝑦 ∈ X implies 𝑥 ⪯ 𝑦. We say that 𝑑 has the
diagonal property with respect to ⪯ if, for all 𝑎, 𝑏 in X,

𝑑(𝑥, 𝑦) ≤ 𝑑(𝑎, 𝑏) whenever 𝑥, 𝑦 ∈ [𝑎, 𝑏]. (2.1)

Example 2.1. Let X be a Banach lattice with norm ‖ ⋅ ‖, partial order ≤, and absolute
value function | ⋅ |. Fix 𝑎, 𝑏 in X and 𝑥, 𝑦 ∈ [𝑎, 𝑏]. Since −𝑥 ≤ −𝑎 and 𝑦 ≤ 𝑏, we have
𝑦 − 𝑥 ≤ 𝑏− 𝑎. A similar argument gives 𝑥 − 𝑦 ≤ 𝑏− 𝑎. Hence |𝑥 − 𝑦| ≤ 𝑏 − 𝑎 = |𝑏 − 𝑎|.
Norms on Banach lattices preserve absolute order, so ‖𝑥 − 𝑦‖ ≤ ‖𝑎 − 𝑏‖.
Example 2.2. Let 𝐴 be any set, let X be a set of real-valued functions on 𝐴, and let ⪯ be
the pointwise order on X. If 𝑑 has the form 𝑑(𝑥, 𝑦) = 𝑒(|𝑥 − 𝑦|) for some non-decreasing
function 𝑒mapping into ℝ+ ≔ [0,∞), then 𝑑 satisfies the diagonal property. Indeed, if
we fix𝑥, 𝑦, 𝑎, 𝑏 ∈ Xwith𝑥, 𝑦 ∈ [𝑎, 𝑏], then𝑎−𝑏 ⪯ 𝑥−𝑦 ⪯ 𝑏−𝑎 andhence |𝑥−𝑦| ⪯ |𝑏−𝑎|.
Since 𝑒 is non-decreasing on X, this yields 𝑑(𝑥, 𝑦) = 𝑒(|𝑥−𝑦|) ≤ 𝑒(|𝑏−𝑎|) = 𝑒(|𝑎−𝑏|) =
𝑑(𝑎, 𝑏).

Examples 2.1 and 2.2 show that the diagonal property also holds in most of the classical
spaces and any of their subsets (endowed with the same metric and preorder). Obvious
special cases include

• X = ℝ𝑛, where 𝑑 is Euclidean distance and⪯ is the usual pointwise partial order,
• X = all bounded, real-valued functions on a given set 𝑀, where 𝑑 is the supre-
mum distance and ⪯ is the pointwise partial order, and

• X is an 𝐿𝑝 space, 𝑑 is the 𝐿𝑝 distance, and ⪯ is the almost everywhere pointwise
partial order (see, e.g., Zaanen (2012)).

Figure 1 helps illustrate the diagonal property in the first two cases.

2.2. Semigroups. Let (X, 𝑑, ⪯) be a preordered metric space and let (𝑇𝑡) ≔ (𝑇𝑡)𝑡∈𝕋 be
a family of self-maps on X, where 𝕋 is either ℝ+ or ℤ+. The case 𝕋 = ℝ+ represents
continuous time, while 𝕋 = ℤ+ represents discrete time. The family (𝑇𝑡) is called a
semigroup on X when

𝑇0 = 𝐼 and 𝑇𝑠+𝑡 = 𝑇𝑠 ∘ 𝑇𝑡 for all 𝑠, 𝑡 ∈ 𝕋.
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(a) ℝ2 with Euclidean metric
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Figure 1. Diagonal property: if 𝑥, 𝑦 ∈ [𝑎, 𝑏], then 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑎, 𝑏)

We refer to 𝕋 as the index set. When time is discrete, the semigroup property implies
that 𝑇𝑡 is just 𝑡 compositions of 𝑇 ≔ 𝑇1.

(Note that, unlike some studies of operator semigroups, no algebraic structure is im-
posed on the underlying set X. Moreover, we do not require that 𝑡 ↦ 𝑇𝑡 is continuous.)

Given 𝑥 ∈ X, the map 𝑡 ↦ 𝑇𝑡𝑥 from 𝕋 → X is called the trajectory of 𝑥 under the
semigroup (𝑇𝑡). The trajectory is called order-bounded if its range is contained in an
order interval; that is, if there exists 𝑎, 𝑏 ∈ X such that

𝑎 ⪯ 𝑇𝑡 𝑥 ⪯ 𝑏 for all 𝑡 ∈ 𝕋. (2.2)

We say that 𝑥∗ ∈ X is a stationary point of (𝑇𝑡) if 𝑥∗ is a fixed point of 𝑇𝑡 for all 𝑡 ∈ 𝕋. We
say that (𝑇𝑡) is

• asymptotically contractive on X if 𝑑(𝑇𝑡 𝑥, 𝑇𝑡 𝑦) → 0 as 𝑡 → ∞ for all 𝑥, 𝑦 ∈ X,
• order-preserving if 𝑇𝑡 is order preserving for all 𝑡 ∈ 𝕋, and
• globally stable if (𝑇𝑡) has a unique stationary point 𝑥∗ ∈ X and

𝑑(𝑇𝑡 𝑥, 𝑥∗) → 0 as 𝑡 → ∞ for all 𝑥 ∈ X.

To simplify terminology, in the case where 𝕋 = ℤ+ and 𝑇𝑡 is the 𝑡-th composition of
𝑇 ≔ 𝑇1 for all 𝑡, we assign properties listed above directly to 𝑇. For example, we say that
𝑇 is globally stable if the semigroup (𝑇𝑡)𝑡∈ℤ+ = (𝑇 𝑡)𝑡∈ℤ+ is globally stable.

2.3. Results. We can now state our main results in preordered metric space. Through-
out, we take (X, 𝑑, ⪯) to be such a space. We use the following assumptions.

Assumption 2.1. The metric 𝑑 is complete and satisfies the diagonal property.
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Assumption 2.2. The preorder ⪯ is closed with respect to 𝑑.

In this setting we have the following result, which is the main theoretical contribution
of the paper.

Theorem 2.1. Let (𝑇𝑡) be an order-preserving semigroup onX. If Assumptions 2.1 and 2.2
hold, then the following statements are equivalent:

(i) (𝑇𝑡) is asymptotically contractive and has at least one order-bounded trajectory.
(ii) (𝑇𝑡) is globally stable.

Switching to discrete time, we have the following corollary. The corollary is obvious
given Theorem 2.1, but nonetheless worth stating due to its value as a fixed point theo-
rem.

Corollary 2.1. Let 𝑇 be an order-preserving self-map on X. If Assumptions 2.1 and 2.2
hold, then the following statements are equivalent:

(i) 𝑇 is asymptotically contractive and has at least one order-bounded trajectory.
(ii) 𝑇 is globally stable.

Theorem 2.1 assumes that the preorder ⪯ is closed. This assumption can be dropped
when (𝑇𝑡) satisfies additional conditions:

Theorem 2.2. If Assumption 2.1 holds and 𝑥 ↦ 𝑇𝑡𝑥 is continuous on X for all 𝑡 ∈ 𝕋, then
the equivalence of (i) and (ii) in Theorem 2.1 is also valid.

The proofs of these and other results can be found in the appendix.

3. Stability on Probability Spaces

Next we consider the special case where the semigroups under investigation act on a
space of probability measures. In other words, we analyze environments where distri-
butions are shifted forward in time under given laws of motion. In this setting, we will
be able to relate stability to a compactness-type condition on trajectories (tightness) that
is often applied in the analysis of distribution dynamics.
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3.1. Background. Let 𝑆 = (𝑆, ≤) be a partially ordered Polish space, that is, 𝑆 is a
separable and completely metrizable topological space equipped with a closed partial
order≤. The Borel sets of 𝑆 are denoted byB. A function 𝑓∶ 𝑆 → ℝ is called increasing
if 𝑓(𝑥) ≤ 𝑓(𝑦) whenever 𝑥 ≤ 𝑦. It is called decreasing if 𝑓(𝑦) ≤ 𝑓(𝑥) whenever 𝑥 ≤ 𝑦.
This terminology extends to sets in B by considering their indicator functions. We let

• 𝑏𝑆 represent the set of bounded measurable functions from 𝑆 to ℝ,
• 𝑐𝑏𝑆 represent the set of continuous functions in 𝑏𝑆,
• 𝑖𝑏𝑆 represent the set of increasing functions in 𝑏𝑆,
• P(𝑆) be the set of all probability measures on (𝑆,B).

Elements of P(𝑆) are also called distributions. For ℎ ∈ 𝑏𝑆 and 𝜙 ∈ P(𝑆), we set

𝜙(ℎ) ≔ ∫ℎ𝑑𝜙.

We recall that a setΦ ⊂ P(𝑆) is called tight if, for all 𝜖 > 0, there exists a compact 𝐾 ⊂ 𝑆
with 𝜙(𝐾𝑐) ≤ 𝜖 for all 𝜙 ∈ Φ.

For any pair 𝜙, 𝜓 ∈ P(𝑆), write
𝜙 ⪯sd 𝜓 ⟺ 𝜙(ℎ) ≤ 𝜓(ℎ) for all ℎ ∈ 𝑖𝑏𝑆.

This is the usual notion of (first order) stochastic dominance. Under our assumptions on
(𝑆, ≤), the relation ⪯sd is a partial order onP(𝑆) (see, e.g., Kamae and Krengel (1978)).

Throughout the paper, we impose the following restriction on 𝑆.

Assumption 3.1. A subset of 𝑆 is compact if and only if it is closed and order bounded.

Here is a simple alternative characterization that is helpful for the proofs.

Lemma 3.1. Assumption 3.1 holds if and only if order intervals in 𝑆 are compact and
compact subsets of 𝑆 are order-bounded.

Proof. Suppose first that Assumption 3.1 holds. Order intervals are closed (since ≤ is
closed) and order-bounded, hence compact by Assumption 3.1. If 𝐾 is compact, then
𝐾 is order-bounded by Assumption 3.1. Conversely, suppose that order intervals are
compact and compact sets are order-bounded. If 𝐾 is compact, then 𝐾 is closed (since
𝑆 is Hausdorff) and order-bounded (by assumption). If 𝐾 is closed and order-bounded,
then 𝐾 ⊆ [𝑎, 𝑏] for some 𝑎, 𝑏 ∈ 𝑆. Since [𝑎, 𝑏] is compact and 𝐾 is a closed subset, 𝐾 is
compact. □
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Example 3.1. Assumption 3.1 holds when 𝑆 is a product of intervals in ℝ𝑛 with the
componentwise partial order and Euclidean metric. This includes ℝ𝑛, [0,∞)𝑛, (0,∞)𝑛,
(0, 1)𝑛, [0, 1]𝑛, and mixed cases such as [0, 1) × (0,∞).

Assumption 3.1 has two useful implications for the results below. One is completeness
of the Bhattacharya metric introduced below. Another is an equivalence between tight
and order bounded subsets of P(𝑆):

Proposition 3.1. Λ ⊂ P(𝑆) is tight if and only if Λ is order bounded in (P(𝑆), ⪯sd).

Below, Proposition 3.1 will be used to connect tightness with global stability.

In this paper, when considering stability ofmaps over distribution space, we alwayswork
with the Bhattacharya metric 𝛽 on P(𝑆), which is defined by

𝛽(𝜙, 𝜓) = sup
ℎ∈𝑖𝑏𝑆, |ℎ|≤1

|𝜙(ℎ) − 𝜓(ℎ)|. (3.1)

Kamihigashi and Stachurski (2019) show that 𝛽 is a complete metric on P(𝑆) under
Assumption 3.1 (see Theorem 4.1).

Lemma 3.2. The metric 𝛽 satisfies the diagonal property onP(𝑆).

Proof. Fix 𝜙, 𝜓, ℓ and 𝑢 inP(𝑆) with 𝜙, 𝜓 ∈ [ℓ, 𝑢]. Given ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1, we have

𝜙(ℎ) − 𝜓(ℎ) ≤ 𝑢(ℎ) − ℓ(ℎ) and 𝜓(ℎ) − 𝜙(ℎ) ≤ 𝑢(ℎ) − ℓ(ℎ).

It follows that |𝜙(ℎ) − 𝜓(ℎ)| ≤ 𝑢(ℎ) − ℓ(ℎ) = |𝑢(ℎ) − ℓ(ℎ)| ≤ 𝛽(ℓ, 𝑢). The diagonal
property is obtained by taking the sup over ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1. □

Another useful observation is as follows.

Lemma 3.3. The partial order ⪯sd onP(𝑆) is closed with respect to 𝛽.

Proof. Suppose (𝜙𝑛), (𝜓𝑛) ⊂ P(𝑆)with𝜙𝑛 ⪯sd 𝜓𝑛 for all𝑛, 𝛽(𝜙𝑛, 𝜙) → 0, and𝛽(𝜓𝑛, 𝜓) →
0. Fix ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1. From convergence in the Bhattacharya metric, we obtain
𝜙𝑛(ℎ) → 𝜙(ℎ) and 𝜓𝑛(ℎ) → 𝜓(ℎ) as 𝑛 → ∞. We also have 𝜙𝑛(ℎ) ≤ 𝜓𝑛(ℎ) for all 𝑛.
Hence, taking limits, 𝜙(ℎ) ≤ 𝜓(ℎ). This holds for all ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 and, by
scaling, extends to all ℎ ∈ 𝑖𝑏𝑆. Therefore 𝜙 ⪯sd 𝜓. □
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3.2. Semigroups over Distributions. Let us now consider a semigroup (𝑇𝑡)𝑡∈𝕋 on
P(𝑆). The semigroup represents a model that shifts distributions forward in time via
𝑡 ↦ 𝑇𝑡𝜙, where 𝜙 is some initial distribution. In all of what follows, P(𝑆) is endowed
with the stochastic dominance partial order ⪯sd and the Bhattacharya metric 𝛽. More-
over, 𝑆 = (𝑆, ≤) is itself a partially ordered Polish space satisfying Assumption 3.1. In
this setting, we can state the following result.
Theorem 3.1. Let (𝑇𝑡) be an order-preserving semigroup on P(𝑆). The following state-
ments are equivalent:

(i) (𝑇𝑡) is globally stable onP(𝑆).
(ii) (𝑇𝑡) is asymptotically contractive and has an order-bounded trajectory inP(𝑆).
(iii) (𝑇𝑡) is asymptotically contractive and has a tight trajectory inP(𝑆).

The statement that (𝑇𝑡) has a tight trajectory means that there exists at least one 𝜙 ∈
P(𝑆) such that (𝑇𝑡𝜙)𝑡∈𝕋 is tight in P(𝑆).
Specializing to discrete time, we have the following corollary.
Corollary 3.1. If 𝑇 ∶ P(𝑆) → P(𝑆) is order-preserving, then the following statements
are equivalent:

(i) 𝑇 is globally stable onP(𝑆).
(ii) 𝑇 is asymptotically contractive and has an order-bounded trajectory inP(𝑆).
(iii) 𝑇 is asymptotically contractive and has a tight trajectory inP(𝑆).

In summary, Theorem 3.1 and Corollary 3.1 provide necessary and sufficient conditions
for global stability of order-preserving semigroups and maps on distribution space: as-
ymptotic contractivity combined with tightness of at least one trajectory.

Often the operators that we consider will beMarkov operators generated from transition
probability functions. Such operators have other useful properties, such as linearitywith
respect to distributions. We discuss this case in Section 4. We also note, however, that
Theorem 3.1 and Corollary 3.1 can be used to study nonlinear maps over distributions,
which occur frequently in economic dynamics (see, e.g., Light (2026)).

4. Probabilistic Markov Models

In this section we provide background on probabilistic aspects of Markov dynamics,
and on the connection between underlying Markov models and the operators and semi-
groups they generate.
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4.1. Stochastic Kernels. A stochastic kernel on 𝑆 is a map 𝑃 from 𝑆 ×B to [0, 1] such
that 𝐵 ↦ 𝑃(𝑥, 𝐵) is in P(𝑆) for each 𝑥 ∈ 𝑆 and 𝑥 ↦ 𝑃(𝑥, 𝐵) is measurable for each
𝐵 ∈ B. The kernel 𝑃 is called increasing if 𝑥 ≤ 𝑥′ implies 𝑃(𝑥, ⋅) ⪯sd 𝑃(𝑥′, ⋅). This is
equivalent to both of the following statements:

• 𝑃ℎ ∈ 𝑖𝑏𝑆 whenever ℎ ∈ 𝑖𝑏𝑆.
• 𝜙𝑃 ⪯sd 𝜓𝑃 whenever 𝜙 ⪯sd 𝜓.

Each stochastic kernel 𝑃 on 𝑆 generates two operators. The first is the left Markov oper-
ator, defined via

𝜙 ↦ 𝜙𝑃, (𝜙𝑃)(𝐵) ≔ ∫𝑃(𝑥, 𝐵)𝜙(d𝑥) (𝐵 ∈ B). (4.1)

The second is the right Markov operator, defined by

ℎ ↦ 𝑃ℎ, (𝑃ℎ)(𝑥) ≔ ∫ℎ(𝑦)𝑃(𝑥, d𝑦) (ℎ ∈ 𝑏𝑆, 𝑥 ∈ 𝑆). (4.2)

For convenience, and in line with much of the literature (see, e.g., Meyn and Tweedie
(2009)), the same symbol 𝑃 is used for both operators, as well as for the stochastic kernel.
In addition, we will drop the terms “left” and “right”, assuming that the meaning will
typically be clear from context, and adding clarification when necessary.

In (4.1), the map 𝜙 ↦ 𝜙𝑃 is understood as updating distribution 𝜙 to the next period.
(One easily confirms that 𝐵 ↦ (𝜙𝑃)(𝐵) is a probability measure on B, so the mapping
is from P(𝑆) to P(𝑆).) In (4.2), the value (𝑃ℎ)(𝑥) is interpreted as the conditional ex-
pectation of ℎ(𝑋) when 𝑋 is the next period state and 𝑥 is the current state.

For the two operators in (4.1) and (4.2), we have the well-known “duality” relation

(𝜙𝑃)(ℎ) = 𝜙(𝑃ℎ) for any 𝜙 ∈ P(𝑆) and any ℎ ∈ 𝑏𝑆. (4.3)

(This follows directly from the definitions and Fubini’s theorem.) We note that the ker-
nel 𝑃 is increasing if and only if the Markov operator 𝜙 ↦ 𝜙𝑃 is order-preserving on
(P(𝑆), ⪯sd).

The following result parallels the well-known fact that total variation distance between
distributions is not increased after passing them through a Markov kernel. It will be
useful for our analysis of continuous time models, and also suggests that asymptotic
contractivity should be attainable under some additional conditions, which turn out to
be mixing conditions.
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Lemma 4.1. If 𝑃 is an increasing kernel, then the Markov operator 𝜙 ↦ 𝜙𝑃 is nonexpan-
sive in the Bhattacharya metric:

𝛽(𝜙𝑃, 𝜓𝑃) ≤ 𝛽(𝜙, 𝜓) for all 𝜙, 𝜓 ∈ P(𝑆). (4.4)

Proof. Observe that, for probability measures 𝜙, 𝜓 ∈ P(𝑆), we have

𝛽(𝜙𝑃, 𝜓𝑃) = sup
ℎ
|(𝜙𝑃)(ℎ) − (𝜓𝑃)(ℎ)| = sup

ℎ
|(𝜙)(𝑃ℎ) − (𝜓)(𝑃ℎ)| ,

where the supremum is over ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 and the second equality is by the
duality relationship in (4.3). Since 𝑃 is increasing and ℎ is increasing, 𝑃ℎ is increasing.
Since |ℎ| ≤ 1, we have |𝑃ℎ| ≤ 1, so the last expression is dominated by 𝛽(𝜙, 𝜓). □

4.2. Transition Probability Functions. Following standard terminology, a transition
probability function is a family of stochastic kernels (𝑃𝑡)𝑡∈𝕋 such that

(i) 𝑃0(𝑥, ⋅) = 𝛿𝑥 for all 𝑥 ∈ 𝑆, and
(ii) the Chapman–Kolmogorov equation holds:

𝑃𝑠+𝑡(𝑥, 𝐵) = ∫𝑃𝑡(𝑦, 𝐵)𝑃𝑠(𝑥, d𝑦) (𝑠, 𝑡 ∈ 𝕋, 𝑥 ∈ 𝑆, 𝐵 ∈ B). (4.5)

When (𝑃𝑡)𝑡∈𝕋 is a transition probability function, the family of maps 𝜙 ↦ 𝜙𝑃𝑡,

(𝜙𝑃𝑡)(𝐵) ≔ ∫𝑃𝑡(𝑥, 𝐵)𝜙(d𝑥) (𝐵 ∈ B, 𝑡 ∈ 𝕋) (4.6)

forms a semigroup on P(𝑆), with the semigroup property 𝑃𝑠+𝑡 = 𝑃𝑠 ∘ 𝑃𝑡 following from
the Chapman–Kolmogorov relations. In this setting, we say that (𝑃𝑡)𝑡∈𝕋 is a Markov
semigroup on 𝑆. We use the same symbol (𝑃𝑡)𝑡∈𝕋 to represent the Markov semigroup
and the transition probability function, since both represent the same object.1

Remark 4.1. Each transition probability function (𝑃𝑡)𝑡∈𝕋 also defines a family of oper-
ators ℎ ↦ 𝑃𝑡ℎ, indexed by 𝑡 ∈ 𝕋, each 𝑃𝑡 mapping 𝑏𝑆 to 𝑏𝑆, through the right Markov
operator relation in (4.2). Some authors have this in mind when they refer to the semi-
group generated by the transition probability function, rather than the family of maps
𝜙 ↦ 𝜙𝑃𝑡 sendingP(𝑆) toP(𝑆). This is just a matter of convention. Our terminology is
similar to Lasota and Mackey (1994) and Rudnicki and Tyran-Kamińska (2017).

1The transition probability function defines the Markov semigroup on 𝑆 via (4.6). The semigroup de-
fines the transition probability function via 𝑃𝑡(𝑥,𝐵) ≔ (𝛿𝑥𝑃𝑡)(𝐵) for all 𝑥 ∈ 𝑆, 𝑡 ∈ 𝕋 and 𝐵 ∈ B.
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Example 4.1. In the discrete time case, where we work with a fixed stochastic kernel
𝑃 on 𝑆, we set 𝑃0 ≔ 𝐼 and 𝑃𝑡 ≔ 𝑃𝑡 for all 𝑡 ∈ ℕ. The family (𝑃𝑡)𝑡∈ℤ+ is a transition
probability function.

Example 4.2. Let 𝑆 = ℝ and 𝑃(𝑡, 𝑥, d𝑦) = 𝑝(𝑡, 𝑥, 𝑦) d𝑦, where

𝑝(𝑡, 𝑥, 𝑦) ≔
√

𝜃
𝜋𝜎2(1 − 𝑒−2𝜃𝑡) exp (−

𝜃(𝑦 − 𝑥𝑒−𝜃𝑡)2
𝜎2(1 − 𝑒−2𝜃𝑡) ) .

This is the transition density function for the Ornstein–Uhlenbeck process

𝑑𝑋𝑡 = −𝜃𝑋𝑡 𝑑𝑡 + 𝜎𝑑𝑊𝑡, 𝑋0 = 𝑥, (4.7)

where 𝜃 > 0 is the mean-reversion rate, 𝜎 > 0 is the volatility parameter, and (𝑊𝑡)𝑡≥0 is
Brownian motion. The family of maps (𝑃𝑡)𝑡≥0 defined by

𝜙 ↦ 𝜙𝑃𝑡 with (𝜙𝑃𝑡)(𝐵) ≔ ∫∫
𝐵
𝑝(𝑡, 𝑥, 𝑦) d𝑦 𝜙(d𝑥)

is the Markov semigroup on ℝ generated by the Ornstein–Uhlenbeck transition proba-
bility function. For (4.7), the solution can be expressed as

𝑋𝑡 = 𝑒−𝜃𝑡𝑥 + 𝜎𝑡𝑍, where 𝜎𝑡 ≔ 𝜎√
1 − 𝑒−2𝜃𝑡

2𝜃 (4.8)

and 𝑍 is a standard normal random variable. Hence, for the right Markov operators, we
have

(𝑃𝑡ℎ)(𝑥) = 𝔼[ℎ(𝑒−𝜃𝑡𝑥 + 𝜎𝑡𝑍)] (𝑥 ∈ 𝑆, ℎ ∈ 𝑏𝑆). (4.9)

Returning to the general case, a transition probability function (𝑃𝑡)𝑡∈𝕋 = (𝑃𝑡) will be
called increasing if 𝑃𝑡 is an increasing stochastic kernel for all 𝑡 ∈ 𝕋. For example, (4.9)
implies that 𝑃𝑡ℎ is increasing whenever ℎ is increasing, so the Ornstein–Uhlenbeck tran-
sition probability function is order-preserving. Evidently, (𝑃𝑡)𝑡∈𝕋 is an increasing transi-
tion probability function if and only if it is order-preserving when viewed as a semigroup
on (P(𝑆), ⪯sd), as in (4.6).

We say that a transition probability function (𝑃𝑡) is bounded in probabilitywhen the fam-
ily of distributions (𝑃𝑡(𝑥, ⋅))𝑡∈𝕋 is tight for all 𝑥 ∈ 𝑆. For example, for the Ornstein–
Uhlenbeck process, the representation (4.8) and 𝜎𝑡 ≤ 𝜎̄ ≔ 𝜎/√2𝜃 for all 𝑡 give |𝑋𝑡| ≤
|𝑥| + 𝜎̄|𝑍|, so the family (𝑃𝑡(𝑥, ⋅))𝑡≥0 is tight.

We recall that an 𝑆-valued stochastic process (𝑋𝑡) ≔ (𝑋𝑡)𝑡∈𝕋 supported on a probability
space (Ω,ℱ, ℙ) is called aMarkov process if

ℙ{𝑋𝑡 ∈ 𝐵 |ℱ𝑠} = ℙ{𝑋𝑡 ∈ 𝐵 | 𝑋𝑠} ℙ-a.s. for all 𝑠, 𝑡 ∈ 𝕋 with 𝑠 ≤ 𝑡 and all 𝐵 ∈ B,
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where (ℱ𝑡)𝑡∈𝕋 is the natural filtration generated by (𝑋𝑡). A stopping time of (ℱ𝑡) is a
random variable 𝜏∶ Ω → 𝕋 ∪ {∞} such that {𝜏 ≤ 𝑡} ∈ ℱ𝑡 for all 𝑡 ∈ 𝕋. We call (𝑋𝑡) a
strong Markov process if, in addition, the Markov property holds at all stopping times of
(ℱ𝑡): for every (ℱ𝑡)-stopping time 𝜏 with ℙ{𝜏 < ∞} = 1,

ℙ{𝑋𝜏+𝑡 ∈ 𝐵 |ℱ𝜏} = 𝑃𝑡(𝑋𝜏, 𝐵) ℙ-a.s. for all 𝑡 ∈ 𝕋 and all 𝐵 ∈ B.

Essentially all standard constructions ofMarkov processes have the strongMarkov prop-
erty, including all discrete time processes and all càdlàg paths under the standard con-
structions.

Given a transition probability function (𝑃𝑡)𝑡∈𝕋, we say that a Markov process (𝑋𝑡)𝑡∈𝕋 is
(𝑃𝑡)𝑡∈𝕋-Markov when

ℙ{𝑋𝑡 ∈ 𝐵 |ℱ𝑠} = 𝑃𝑡−𝑠(𝑋𝑠, 𝐵) for all nonnegative 𝑠 ≤ 𝑡 and all 𝐵 ∈ B.

For the case of discrete time, when𝑃𝑡 is just the 𝑡-composition𝑃𝑡 for some fixed stochastic
kernel 𝑃, we will simply say that (𝑋𝑡) is 𝑃-Markov. In other words, (𝑋𝑡)𝑡∈ℤ+ is 𝑃-Markov
when

ℙ{𝑋𝑡+1 ∈ 𝐵 |ℱ𝑡} = 𝑃(𝑋𝑡, 𝐵) for all 𝑡 ∈ ℤ+ and all 𝐵 ∈ B.
Given 𝑥 ∈ 𝑆, we write ℙ𝑥 for the conditional probability ℙ{⋅ | 𝑋0 = 𝑥}.

5. Monotone Mixing

Theorem2 ofHopenhayn and Prescott (1992) shows that, in discrete time, themonotone
mixing condition (MMC) is sufficient for global stability of monotone Markov chains.
In this section we extend their result by (a) establishing an explicit exponential rate of
convergence to the stationary distribution, (b) proving ergodicity for bounded increasing
observables, and (c) generalizing from discrete to continuous time.

We state the main result and its proof in Section 5.1, and then apply it to a continuous-
time model of wage dynamics in Section 5.2.

5.1. Theory. As before (𝑆, ≤) is a partially ordered Polish space and ⪯sd is stochastic
dominance. Following Hopenhayn and Prescott (1992), we suppose that 𝑆 is compact
and, in addition, has a greatest element 𝑏 and a least element 𝑎. Note that, under these
conditions, Assumption 3.1 is satisfied. Given 𝑥 ∈ 𝑆, we write 𝑈𝑥 for all 𝑦 ∈ 𝑆 with
𝑥 ≤ 𝑦 and 𝐷𝑥 for all 𝑦 ∈ 𝑆 with 𝑦 ≤ 𝑥.
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In line with Hopenhayn and Prescott (1992), we say that a stochastic kernel 𝑃 on 𝑆 sat-
isfies the monotone mixing condition (MMC) if there exists an ̂𝑥 ∈ 𝑆 and an 𝜖 > 0 such
that

𝑃(𝑎, 𝑈𝑥̂) ≥ 𝜖 and 𝑃(𝑏, 𝐷𝑥̂) ≥ 𝜖. (5.1)
In other words, a chain starting at 𝑎 rises above ̂𝑥with positive probability, while a chain
starting from 𝑏 falls below ̂𝑥 with positive probability.

We now present the main result of this section, which extends Theorem 2 of Hopen-
hayn and Prescott (1992). In the statement, 𝑆 has the properties listed at the start of
Section 5.1.

Theorem 5.1. Let (𝑃𝑡)𝑡∈𝕋 be a transition probability function on 𝑆. If (𝑃𝑡)𝑡∈𝕋 is increasing
and there exists a positive 𝑢 ∈ 𝕋 such that 𝑃𝑢 satisfies the MMC, then (𝑃𝑡)𝑡∈𝕋 is globally
stable onP(𝑆) under 𝛽 and convergence to the unique fixed point 𝜙∗ is exponential:

𝛽(𝜙𝑃𝑡, 𝜙∗) ≤ 𝐶𝑒−𝛼𝑡 for all 𝜙 ∈ P(𝑆) and 𝑡 ∈ 𝕋, (5.2)

where 𝐶 ≔ 2/(1 − 𝜖) and 𝛼 ≔ ln(1/(1 − 𝜖))/𝑢. Moreover, when 𝕋 = ℤ+, each 𝑃-Markov
process is monotone ergodic:

ℙ{ lim
𝑛→∞

1
𝑛
𝑛−1
∑
𝑡=0

ℎ(𝑋𝑡) = 𝜙∗(ℎ)} = 1 for all ℎ ∈ 𝑖𝑏𝑆.

Wenote that Assumption 3.1 holds in the setting of Theorem5.1. The proof can be found
in Section A.4.

5.2. Application: wage dynamics. We develop a continuous-time model of wage dy-
namics based on a job ladder framework with job destruction, extending the class of
models studied by Burdett and Mortensen (1998), Moscarini and Postel-Vinay (2013),
and Coles and Mortensen (2016) by allowing wage offers to be state-dependent.

Throughout, 𝑆 ≔ [0, 𝑤̄] denotes the state space for wages, with 𝑤̄ ∈ (0,∞). We work
with two stochastic kernels on 𝑆. The first, denoted𝑄𝑢, governswage draws upon job de-
struction. The second, 𝑄𝑒, governs outside offers while employed. We assume through-
out that both𝑄𝑢 and𝑄𝑒 are increasing, so higher current wages predict higher offers for
both employed and unemployed workers.

Let 𝛿 > 0 be the job destruction rate and 𝜆 > 0 be the offer arrival rate while employed.
Let 𝑁𝑑

𝑡 and 𝑁𝑒
𝑡 be independent Poisson processes with rates 𝛿 and 𝜆 respectively. The

wage process (𝑊𝑡)𝑡≥0 evolves as follows:
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• At jump times of 𝑁𝑑, we draw𝑊𝑡 from 𝑄𝑢(𝑊𝑡−, ⋅)
• At jump times of𝑁𝑒, we draw𝑊𝑒

𝑡 ∼ 𝑄𝑒(𝑊𝑡−, ⋅) and then set𝑊𝑡 = max(𝑊𝑡−,𝑊𝑒
𝑡 ).

Between jumps,𝑊𝑡 remains constant. Themax after job arrivalmeans that an employed
worker can accept a new offer or retain their current position.

The process (𝑊𝑡)𝑡≥0 is a continuous-time pure jump process. Its dynamics can be char-
acterized through the infinitesimal generator 𝒜, which describes the instantaneous ex-
pected rate of change of ℎ(𝑊𝑡) for test functions ℎ ∈ 𝑏𝑆. (In discrete time, the analogous
object is the one-step conditional expectation operator 𝑃ℎ − ℎ.) In this setting, 𝒜 acts
on ℎ ∈ 𝑏𝑆 via

(𝒜ℎ)(𝑤) = 𝛿∫[ℎ(𝑤′) − ℎ(𝑤)]𝑄𝑢(𝑤, d𝑤′) + 𝜆∫[ℎ(𝑤 ∨ 𝑤′) − ℎ(𝑤)]𝑄𝑒(𝑤, d𝑤′).

Define the discrete-timemax-chain (𝑀𝑡)𝑡∈ℤ+ starting from 𝑤 by𝑀0 = 𝑤 and

𝑀𝑡+1 = max{𝑀𝑡,𝑊𝑡+1} where (𝑊𝑡)𝑡∈ℤ+ is 𝑄𝑒-Markov with𝑊0 = 𝑤.
Let 𝑄𝑚 be the kernel associated with the max-chain. We can now rewrite𝒜more com-
pactly as 𝒜 = 𝛿(𝑄𝑢 − 𝐼) + 𝜆(𝑄𝑚 − 𝐼). Some rearranging gives

𝒜 = (𝛿 + 𝜆)(𝐾 − 𝐼) where 𝐾 = 𝛿
𝛿 + 𝜆𝑄𝑢 +

𝜆
𝛿 + 𝜆𝑄𝑚.

This is the infinitesimal generator of a jump chain with jump kernel 𝐾, so the Markov
semigroup (𝑃𝑡)𝑡≥0 on [0, 𝑤̄] admits the representation

(𝑃𝑡𝑓)(𝑤) =
∞
∑
𝑛=0

𝑒−(𝛿+𝜆)𝑡 [(𝛿 + 𝜆)𝑡]𝑛
𝑛! (𝐾𝑛𝑓)(𝑤). (5.3)

(See, e.g., Siegrist (2022), Section 16.20.)

To generate monotone mixing, we impose the following restrictions.

Assumption 5.1. There exists a 𝑤̂ ∈ [0, 𝑤̄], an 𝑛 ∈ ℕ and an 𝜖 > 0 such that
𝑄𝑛
𝑢(𝑤̄, 𝐷𝑤̂) ≥ 𝜖 and 𝑄𝑛

𝑒 (0, 𝑈𝑤̂) ≥ 𝜖. (5.4)

The assumption requires the existence of an intermediate wage level 𝑤̂ such that unem-
ployed agents can reach this level and employed agents can fall below this level. Using
Assumption 5.1 and Theorem 5.1, we can obtain global stability:

Proposition 5.1. If Assumption 5.1 holds, then the wage process is globally stable, with
unique stationary distribution 𝜙∗. Moreover,

𝛽(𝜙𝑃𝑡, 𝜙∗) ≤ 𝐶𝑒−𝛼𝑡 for all 𝜙 ∈ P(𝑆) and 𝑡 ≥ 0, (5.5)
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where

𝐶 ≔ 2/(1 − 𝜅), 𝛼 ≔ ln(1/(1 − 𝜅)), and 𝜅 ≔ 𝑒−(𝛿+𝜆)(𝛿 ∧ 𝜆)𝑛
𝑛! 𝜖. (5.6)

Proof. First observe that (𝑃𝑡) is order-preserving. To see this, note that𝐾 is a convex com-
bination of the increasing kernels 𝑄𝑢 and 𝑄𝑚 with state-independent weights, hence
increasing. Compositions of increasing kernels are increasing, so 𝐾𝑛 is increasing for all
𝑛. Finally, (5.3) tells us that 𝑃𝑡 is a mixture of (𝐾𝑛)𝑛≥0 with state-independent Poisson
weights, hence increasing.

Next we show that 𝑃𝑡 satisfies the MMC for some 𝑡 > 0. Let 𝑤̂, 𝑛, and 𝜖 be as in Assump-
tion 5.1. We first claim that 𝑄𝑛

𝑚(0, 𝑈𝑤̂) ≥ 𝑄𝑛
𝑒 (0, 𝑈𝑤̂). To see this, generate (𝑊𝑒

𝑘 )𝑘∈ℤ+
from 𝑄𝑒 starting at𝑊𝑒

0 = 0, and let (𝑀𝑘)𝑘∈ℤ+ be the max-chain constructed from (𝑊𝑒
𝑘 ),

so that 𝑀𝑘 = max𝑗≤𝑘𝑊𝑒
𝑗 . By construction, 𝑀𝑛 ≥ 𝑊𝑒

𝑛 , so 𝑊𝑒
𝑛 ≥ 𝑤̂ implies 𝑀𝑛 ≥ 𝑤̂.

Hence 𝑄𝑛
𝑚(0, 𝑈𝑤̂) ≥ 𝑄𝑛

𝑒 (0, 𝑈𝑤̂).

Let 𝑛 and 𝜖 be as in Assumption 5.1. The semigroup 𝑃1 assigns positive probability to
the event of 𝑛 jumps by time 1, with the type of each jump (destruction or offer) de-
termined independently. Starting from 𝑤̄, the event of 𝑛 consecutive destructions has
probability 𝑒−(𝛿+𝜆)𝛿𝑛/𝑛!, and conditional on this event, the wage follows the 𝑄𝑢-chain
for 𝑛 steps, falling below 𝑤̂ with probability at least 𝑄𝑛

𝑢(𝑤̄, 𝐷𝑤̂) ≥ 𝜖. Similarly, starting
from 0, the event of 𝑛 consecutive offers has probability 𝑒−(𝛿+𝜆)𝜆𝑛/𝑛!, and conditional on
this event, the wage follows the max-chain for 𝑛 steps, rising above 𝑤̂ with probability
at least 𝑄𝑛

𝑚(0, 𝑈𝑤̂) ≥ 𝑄𝑛
𝑒 (0, 𝑈𝑤̂) ≥ 𝜖. Combining these bounds,

𝑃1(𝑤̄, 𝐷𝑤̂) ≥
𝑒−(𝛿+𝜆)𝛿𝑛

𝑛! 𝜖 and 𝑃1(0, 𝑈𝑤̂) ≥
𝑒−(𝛿+𝜆)𝜆𝑛

𝑛! 𝜖.

Both bounds are strictly positive, so 𝑃1 satisfies the MMCwith parameter 𝜅 as defined in
(5.6). Global stability and the exponential bound (5.5) now follow fromTheorem5.1. □

Figure 2 illustrates a sample path along with the empirical stationary distribution for a
wage process evolving on 𝑆 = [0, 1], with 𝛿 = 0.1 and 𝜆 = 0.5. Upon job destructionwith
current wage 𝑊 , the new wage is 𝑊 ′ = 𝑊 ⋅ 𝐵𝑢 where 𝐵𝑢 ∼ Beta(2, 8), so the worker
retains a random fraction of their previous wage, skewed towards large losses. Upon
receiving an outside offer, the offerwage is𝑊 ′ = 0.5+0.5𝑊⋅𝐵𝑒where𝐵𝑒 ∼ Beta(8, 2), so
offers have a floor of 0.5 and a state-dependent component skewed towards high values
(mean 0.8). In this setting, both kernels𝑄𝑢 and𝑄𝑒 are increasing: if𝑤 ≤ 𝑤′, then𝑤𝐵𝑢 ≤
𝑤′𝐵𝑢 and 0.5+0.5𝑤 𝐵𝑒 ≤ 0.5+0.5𝑤′ 𝐵𝑒 almost surely. In addition, Assumption 5.1 holds



18 STATIONARY DISTRIBUTIONS IN MONOTONE MARKOV MODELS

with 𝑤̂ = 0.5 and 𝑛 = 1, since𝑄𝑢(𝑤̄, 𝐷𝑤̂) = ℙ{𝐵𝑢 ≤ 0.5} ≈ 0.98 and𝑄𝑒(0, 𝑈𝑤̂) = ℙ{0.5 ≥
𝑤̂} = 1. Proposition 5.1 then gives global stability with exponential convergence.

In the figure, job destructions are marked in red and accepted offers are marked with
green. The empirical stationary distribution is calculated froma simulated path of length
200,000. Convergence of the empirical distribution to the true stationary distribution
follows from the ergodicity result in Theorem 5.1.
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Figure 2. Simulation of the wage dynamics model in Section 5.2.

6. Noncompact State Space, Discrete Time

Let’s now drop the assumption that the state is compact, allowing us to include many
more useful processes, and to more accurately model properties such as heavy tails in
cross-sectional distributions. Dropping compactness requires us to adopt at least some
restrictions on divergence, so that probability mass does not vanish towards the “edges”
of the state space. Here these restrictions will take the form of tightness conditions,
which are, in turn, connected to order boundedness of trajectories via Proposition 3.1.
We begin in this section by treating discrete time. Later, in Section 7, we will cover
continuous time in a similar environment.
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6.1. Discrete Time Theory. As before, we take (𝑆, ≤) to be a partially ordered Polish
space and ⪯sd to be stochastic dominance on P(𝑆). The space (𝑆, ≤) is assumed to
satisfy Assumption 3.1. A distribution 𝜙 is called excessive for a stochastic kernel 𝑃 on
𝑆 if 𝜙𝑃 ⪯sd 𝜙 and deficient for 𝑃 if 𝜙 ⪯sd 𝜙𝑃. As usual, 𝑃 is called Feller if 𝑃ℎ ∈ 𝑐𝑏𝑆
whenever ℎ ∈ 𝑐𝑏𝑆.

Let 𝑃 be a stochastic kernel on 𝑆. As in Kamihigashi and Stachurski (2014), we say
that 𝑃 is order reversing if there exist two independent 𝑃-Markov processes (𝑋𝑡)𝑡∈ℤ+ and
(𝑋 ′

𝑡)𝑡∈ℤ+ on a common probability space such that, for every 𝑥, 𝑥′ ∈ 𝑆 with 𝑥′ ≤ 𝑥, there
exists a 𝑡 ∈ ℤ+ with ℙ𝑥,𝑥′{𝑋𝑡 ≤ 𝑋 ′

𝑡} > 0.

Intuitively, order reversing means that no initial ordering is permanent: regardless of
how the two chains start, randomness can eventually reverse their relative positions.
This generalizes the MMC of Hopenhayn and Prescott (1992), which requires mixing
at the least and greatest elements of the state space, to settings where such boundary
elements need not exist.

We can now state our main result for this section.

Theorem 6.1. Let 𝑃 be an increasing stochastic kernel on 𝑆. If 𝑃 is order reversing, then 𝑃
is globally stable if and only if 𝑃 is bounded in probability.

The key idea behind the proof of Theorem 6.1 is that boundedness in probability, com-
binedwith order reversing, provides a form ofmonotonemixing that leads to asymptotic
contractivity. Crucially, the asymptotic contractivity is with respect to a metric defined
via monotone test functions (the Bhattacharya metric), so a monotone form of mixing
suffices—we do not need anything as strong as irreducibility. Global stability then fol-
lows fromTheorem 3.1, since boundedness in probability implies the existence of a tight
trajectory.

To place Theorem 6.1 in context, it is helpful to compare it to Theorems 1 and 2 of Kami-
higashi and Stachurski (2014), where it is shown that an increasing and order reversing
stochastic kernel 𝑃 on 𝑆 is globally stable whenever

(KS1) 𝑃 is bounded in probability and has an excessive or a deficient distribution, or
(KS2) 𝑃 is bounded in probability and Feller.

Theorem 6.1 improves both (KS1) and (KS2). In particular, it shows that boundedness
in probability is enough for global stability when 𝑃 is increasing and order reversing. We
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do not need to separately check for the existence of an excessive or deficient distribution,
as in (KS1), nor do we require the Feller condition, as in (KS2).

Theorem 6.1 implies an ergodicity result: If 𝑃 is increasing, order reversing, and is
bounded in probability, then 𝑃 has a unique stationary distribution 𝜙∗ and

ℙ{ lim
𝑛→∞

1
𝑛
𝑛−1
∑
𝑡=0

ℎ(𝑋𝑡) = 𝜙∗(ℎ)} = 1

for all ℎ ∈ 𝑖𝑏𝑆, and also for all ℎ ∈ 𝑐𝑏𝑆. This follows from Theorem 6.1 and Proposi-
tion 4.1 in Kamihigashi and Stachurski (2016).

6.2. Application: Learning with Belief Shocks. In macroeconomic and financial
modeling, belief shocks are used to generate persistent macroeconomic effects, such
as countercyclical uncertainty, uncertainty spikes, and forecast biases in inflation data
(see, e.g., Orlik and Veldkamp (2014), Cogley and Sargent (2008), or Suda (2010)). These
shocks often represent exogenous events that degrade accumulated information, or re-
placement of incumbents by new arrivals. In this section we use Theorem 6.1 to study
stability and equilibrium properties in a model of Bayesian learning subject to belief
shocks.

In the model, an agent faces uncertainty about a fixed hidden state 𝜃 ∈ {ℓ, ℎ}. Let
𝜋𝑡 ∈ (0, 1) represent the agent’s belief that 𝜃 = ℎ at time 𝑡. In seeking global stability and
ergodicity, the end points of the unit interval are omitted from the state space because
both are trivial stationary points. We seek to understand the evolution of beliefs on (0, 1),
which represents the dynamics of interest for the applications discussed above. Notice
that this precludes use of themethods pioneered by Hopenhayn and Prescott (1992) and
extended in Section 5, since the state has no least and greatest element.

The state𝜋𝑡 is primarily driven by Bayesian updatingwhile observing iid signals (𝑍𝑡)𝑡∈ℕ
drawn from an unknown distribution. If 𝜃 = ℎ, then the sequence of signals is drawn
from density 𝑓ℎ. If 𝜃 = ℓ, then the sequence is drawn from density 𝑓ℓ. Let 𝐿(𝑧) ≔
𝑓ℎ(𝑧)/𝑓ℓ(𝑧) denote the likelihood ratio. Upon observing signal 𝑍𝑡+1, beliefs are updated
according to Bayes’ rule:

𝜋𝑡+1 =
𝜋𝑡𝑓ℎ(𝑍𝑡+1)

𝜋𝑡𝑓ℎ(𝑍𝑡+1) + (1 − 𝜋𝑡)𝑓ℓ(𝑍𝑡+1)
. (6.1)

Rather than studying𝜋𝑡 directly, weworkwith the log-odds transformation 𝜂𝑡 ∶= ln(𝜋𝑡/(1−
𝜋𝑡)). Simple algebra shows that, under this transformation, the dynamics for 𝜋𝑡 become

𝜂𝑡+1 = 𝜂𝑡 + 𝜉𝑡+1, where 𝜉𝑡+1 ≔ ln𝐿(𝑍𝑡+1). (6.2)
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The state space for (𝜂𝑡)𝑡∈ℤ+ is ℝ.

We introduce occasional belief shocks that reset the agent’s posterior according to a sto-
chastic kernel 𝑄 on ℝ. Under these shocks, the belief process (𝜂𝑡)𝑡∈ℤ+ evolves on ℝ
according to

𝜂𝑡+1 = 𝐼𝑡+1 ⋅ 𝑅𝑡+1 + (1 − 𝐼𝑡+1) ⋅ (𝜂𝑡 + 𝜉𝑡+1), (6.3)
where (𝐼𝑡)𝑡∈ℕ is the belief reset indicator process and 𝑅𝑡+1 ∼ 𝑄(𝜂𝑡, ⋅) is the reset value.
The stochastic kernel 𝑄 is assumed to be increasing. Intuitively, this means that beliefs
have some positive correlation over the reset. It includes the special case where reset
values are iid. The reset indicator process is iid and each 𝐼𝑡 is drawn from Bernoulli(𝜌).

In what follows, we specialize to 𝜃 = ℎ, so that each 𝑍𝑡 is drawn from 𝑓ℎ. (Analysis
under 𝜃 = ℓ is very similar.) Let 𝑃 denote the stochastic kernel corresponding to (6.3)
under this specialization.

Lemma 6.1. The stochastic kernel 𝑃 for the belief process is increasing.

Proof. Take 𝜂1 ≤ 𝜂2. Since 𝑄 is increasing, 𝑄(𝜂1, ⋅) ⪯sd 𝑄(𝜂2, ⋅). By Strassen’s theo-
rem (see, e.g., Lindvall (2002)), there exists a pair of random variables 𝑅1 and 𝑅2 such
that the first component 𝑅1 is drawn from 𝑄(𝜂1, ⋅), the second component 𝑅2 is drawn
from 𝑄(𝜂2, ⋅), and 𝑅1 ≤ 𝑅2 almost surely. Let 𝐼 and 𝜉 be drawn from their respective
distributions, so that

𝜂′𝑖 ≔ 𝐼 ⋅ 𝑅𝑖 + (1 − 𝐼) ⋅ (𝜂𝑖 + 𝜉) has distribution 𝑃(𝜂𝑖, ⋅) for 𝑖 = 1, 2.
If 𝐼 = 0, then 𝜂′1 = 𝜂1 + 𝜉 ≤ 𝜂2 + 𝜉 = 𝜂′2. If 𝐼 = 1, then 𝜂′1 = 𝑅1 and 𝜂′2 = 𝑅2. In both
cases, 𝜂′1 ≤ 𝜂′2. As a result, for any ℎ ∈ 𝑖𝑏𝑆,

(𝑃ℎ)(𝜂1) = 𝔼ℎ(𝜂′1) ≤ 𝔼ℎ(𝜂′2) = (𝑃ℎ)(𝜂2).
This proves that 𝑃 is increasing. □

We impose the following conditions:

(A1) The log-likelihood ratio has finite variance: 𝜎2 = Var(ln𝐿(𝑍)) < ∞.
(A2) For all 𝜀 > 0, there exists a compact 𝐾 ⊂ ℝ such that inf𝑥∈ℝ𝑄(𝑥, 𝐾) ≥ 1 − 𝜀.
(A3) For every𝑀 > 0, we have ℙ{𝐿(𝑍) > 𝑀} > 0 when 𝑍 ∼ 𝑓ℎ.

Assumptions (A1) and (A3) are naturally satisfied in common settings. (For example, if
𝑓ℎ and 𝑓ℓ are Gaussian densities with means 𝜇ℎ > 𝜇ℓ and common variance 𝜎2, then
ln𝐿(𝑧) = (𝜇ℎ − 𝜇ℓ)(𝑧 − 𝜇̄)/𝜎2 where 𝜇̄ = (𝜇ℎ + 𝜇ℓ)/2. This has finite variance and is
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unbounded above since 𝑧 has full support.) Assumption (A2) is a tightness condition on
the reset kernel and holds trivially when resets are iid.

Lemma 6.2. Under (A1) and (A2), 𝑃 is bounded in probability.

Proof. Fix 𝑥 ∈ ℝ and 𝜀 > 0. By (A2), choose 𝐾 = [𝑎, 𝑏] such that 𝑄(𝑦, 𝐾) ≥ 1 − 𝜀/3 for
all 𝑦. Choose 𝑇 large enough that (1−𝜌)𝑇 < 𝜀/3. For 𝑡 ≥ 𝑇, let𝑁𝑡 denote the number of
updates since the last reset prior to 𝑡. The probability that no reset has occurred by time 𝑡
is (1−𝜌)𝑡 ≤ (1−𝜌)𝑇 < 𝜀/3. Conditional on a reset occurring, the post-reset state lies in𝐾
with probability at least 1−𝜀/3. Conditional on𝑁𝑡 = 𝑛 and the last reset landing in𝐾, we
have 𝜂𝑡 ∈ [𝑎+𝑆𝑛, 𝑏+𝑆𝑛]where 𝑆𝑛 = 𝜉1+⋯+𝜉𝑛. The randomvariable𝑁𝑡 is stochastically
dominated by 𝑁 ∼ Geometric(𝜌). By Chebyshev’s inequality, ℙ{|𝑆𝑛| > 𝑐} ≤ 𝑛𝜎2/𝑐2.
Choose 𝑐 large enough that

∞
∑
𝑛=0

𝜌(1 − 𝜌)𝑛 ⋅ 𝑛𝜎
2

𝑐2 = 𝜎2(1 − 𝜌)
𝑐2𝜌 < 𝜀

3.

Then ℙ𝑥{𝜂𝑡 ∉ [𝑎 − 𝑐, 𝑏 + 𝑐]} < 𝜀 for all 𝑡 ≥ 𝑇. For 𝑡 < 𝑇, each 𝑃𝑡(𝑥, ⋅) is a single
distribution and hence tight. A finite union of compact sets covers these, completing
the proof. □

Lemma 6.3. Under (A3), the kernel 𝑃 is order reversing.

Proof. Let (𝜂𝑡) and (𝜂′𝑡) be independent 𝑃-Markov processes with initial conditions 𝜂 >
𝜂′. We will show that ℙ{𝜂1 < 𝜂′1} > 0. To this end, let (𝐼, 𝑅, 𝜉) and (𝐼′, 𝑅′, 𝜉′) be the
independent shocks for the two processes, where𝑅 ∼ 𝑄(𝜂, ⋅) and 𝑅′ ∼ 𝑄(𝜂′, ⋅). Consider
the event𝐴 = {𝐼 = 1, 𝐼′ = 0, 𝜉′ > 𝑅−𝜂′}. On𝐴, process 1 resets to 𝜂1 = 𝑅while process 2
updates to 𝜂′1 = 𝜂′ + 𝜉′ > 𝑅 = 𝜂1, so 𝜂1 < 𝜂′1. Since the two processes are independent,
𝐼, 𝑅, and 𝜉′ are mutually independent. We have ℙ{𝐼 = 1} = 𝜌 > 0, ℙ{𝐼′ = 0} = 1−𝜌 > 0,
and, for every realization 𝑅 = 𝑟, ℙ{𝜉′ > 𝑟 − 𝜂′} = ℙ{𝐿(𝑍) > 𝑒𝑟−𝜂′} > 0 by (A3). Hence
ℙ(𝐴) > 0, proving that 𝑃 is order reversing. □

Combining the preceding lemmas with Theorem 6.1, we obtain global stability.

Proposition6.1. Under (A1)–(A3), the belief shock kernel𝑃 is globally stable on (P(ℝ), 𝛽).

Proof. The state space 𝑆 = ℝ satisfies Assumption 3.1 since order intervals [𝑎, 𝑏] are
compact and compact sets are bounded, hence order-bounded. By Lemma 6.2, 𝑃 is
bounded in probability. By Lemma 6.1, 𝑃 is increasing. By Lemma 6.3, 𝑃 is order re-
versing. Therefore, by Theorem 6.1, 𝑃 is globally stable. □
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Figure 3 illustrates a simulation of the belief process in 𝜋-space, with Gaussian signals
(𝜇ℎ = 0.3, 𝜇ℓ = 0, 𝜎 = 1), reset probability 𝜌 = 0.04, and iid Gaussian resets with mean
zero and standard deviation 0.5 in log-odds space. The time series shows the character-
istic pattern of gradual learning (upward drift, since the true state is 𝜃 = ℎ) interrupted
by belief resets that pull the posterior back toward𝜋 = 0.5. The empirical stationary dis-
tribution, computed from 200,000 periods, is right-skewed, reflecting the positive drift
from Bayesian updating under the true state. Convergence of the empirical distribution
to the true stationary distribution follows from the ergodicity result implied by Theo-
rem 6.1.
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Figure 3. Simulation of the belief shock model in Section 6.2.

7. Noncompact State Space, Continuous Time

Now we state a continuous time result that is closely related to Theorem 6.1. As before,
we take (𝑆, ≤) to be a partially ordered Polish space satisfying Assumption 3.1 and ⪯sd
to be stochastic dominance onP(𝑆). We introduce a continuous-timemixing condition
in Section 7.1 and then apply it to a model of income dynamics in Section 7.2.
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7.1. Continuous Time Theory. We start with a mixing condition: a transition proba-
bility function (𝑃𝑡) on 𝑆will be calledweakly ordermixing if there exists an (𝑆×𝑆)-valued
strong Markov process ((𝑋𝑡), (𝑋 ′

𝑡)) on a probability space (Ω,ℱ, ℙ) such that

(i) (𝑋𝑡) and (𝑋 ′
𝑡) are both (𝑃𝑡)-Markov, and

(ii) the stopping time 𝜏 ≔ inf {𝑡 ≥ 0 ∶ 𝑋𝑡 ≤ 𝑋 ′
𝑡} is ℱ-measurable with

ℙ𝑥,𝑥′{𝜏 < ∞} = 1 for all 𝑥, 𝑥′ ∈ 𝑆. (7.1)

As with order reversing, the intuition is that randomness eventually induces the order
𝑋𝑡 ≤ 𝑋 ′

𝑡 , regardless of initial states 𝑥 and 𝑥′. The key difference between weak order
mixing and the order reversing property is that the two processes need not be indepen-
dent. This additional flexibility is used in the applications below, where coupling jump
times (processes jump independently but at the same times) allows us to verify weak
order mixing.

The strongMarkov andmeasurability restrictions in the definition of weak ordermixing
hold in essentially all applications of interest, such as when the process has càdlàg paths
under the standard constructions (see, e.g., Ethier and Kurtz (2009)). Thus, the real
restriction in weak order mixing is (7.1).

We can now state our main continuous time result for a transition probability function
(𝑃𝑡) on 𝑆.

Theorem 7.1. Let (𝑃𝑡) be increasing. If (𝑃𝑡) is weakly order mixing, then (𝑃𝑡) is globally
stable if and only if (𝑃𝑡) has at least one tight trajectory.

As in the discrete-time case (Theorem 6.1), global stability is characterized by the com-
bination of mixing properties and tightness. We apply this result to piecewise determin-
istic Markov processes in Section 8 below.

7.2. Application: Income Dynamics Part I. In the model of Gabaix et al. (2016),
individual log income follows a diffusion with constant drift, punctuated by jumps and
random resets. This model is rather stylized. In practice, most workers’ incomes exhibit
neither continuous drift nor positive quadratic variation (e.g., influence from Brownian
motion). Instead, most real-world income processes remain constant for nonzero time
intervals and then jump due to promotions, layoffs, retirement, etc. Here we study a
model of income that mimics these dynamics. (An additional advantage of the model
is ease of simulation: no Euler–Maruyama style discretization is required.) We analyze
stationarity and asymptotics using Theorem 7.1. Then we examine tail properties.
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Let 𝑋𝑡 represent log income at time 𝑡. In our model, income shocks arrive at rate 𝜆1 > 0
and represent raises, promotions, or better job offers. At such an event, log income
jumps from 𝑥 to 𝑥+𝜂, where 𝜂 > 0 is an iid draw from a distribution 𝜇 on (0,∞). Resets
arrive at rate 𝜆2 > 0 and represent job loss, health shocks, retirement, or career disrup-
tions: the state jumps from 𝑥 to ℎ(𝑥)+ 𝜁, where 𝜁 is an iid draw from a reset distribution
𝜈 on ℝ and ℎ ∈ 𝑖𝑏ℝ is a reset function. The assumption that ℎ is increasing represents
the idea that high-wage workers are likely to be better off after career disruptions than
low wage workers. Pure resets can be obtained by setting ℎ equal to some constant.

By the superposition property of Poisson processes, the two independent shock streams
can be merged into a single Poisson process with rate 𝜆 ≔ 𝜆1 + 𝜆2. At each jump, a
reset occurs with probability 𝑝 ≔ 𝜆2/𝜆 and an income shock with probability 𝑞 ≔ 𝜆1/𝜆.
Income is constant between jumps, so the process satisfies 𝑋𝑡 = 𝑍𝑁𝑡 , where (𝑁𝑡)𝑡≥0
is a Poisson process with parameter 𝜆 that counts the number of jumps by time 𝑡, and
(𝑍𝑛)𝑛∈ℤ+ is the embedded chain, defined by

𝑍𝑛+1 = {𝑍𝑛 + 𝜂𝑛+1 with probability 𝑞 (income shock),
ℎ(𝑍𝑛) + 𝜁𝑛+1 with probability 𝑝 (reset).

(7.2)

Here (𝜂𝑛)𝑛∈ℕ and (𝜁𝑛)𝑛∈ℕ are independent and iid, drawn from 𝜇 and 𝜈 respectively. We
can now state the following stability result.

Proposition 7.1. If the support of 𝜈 is larger than the range of ℎ, then the log income
process is globally stable: there exists a unique stationary distribution 𝜙∗ on ℝ and

lim
𝑡→∞

𝛽(𝜙𝑃𝑡, 𝜙∗) = 0 for all 𝜙 ∈ P(ℝ). (7.3)

Proposition 7.1 obviously implies that income itself is globally stable, with unique sta-
tionary density 𝜓∗ on (0,∞) given by 𝜓∗(𝑦) = 𝜋(ln 𝑦)/𝑦, where 𝜋 is the density of 𝜙∗.

To clarify the assumptions, let ℎ = infℎ and ̄ℎ = supℎ. The condition on 𝜈 says that
there exist 𝑎, 𝑏 in the support of 𝜈 with 𝑏 − 𝑎 > ̄ℎ − ℎ. If ℎ is constant (pure resets),
this just means that the reset shock is nondegenerate. If the support of 𝜈 is all of ℝ,
then the condition is always satisfied, since ℎ is assumed to be bounded. (For this case
the boundedness assumption on ℎ can potentially be weakened via a drift condition on
𝑥 ↦ |ℎ(𝑥)|. We leave this analysis to future research.)

Proof of Proposition 7.1. Let (𝑃𝑡)𝑡≥0 be the transition probability function of the jump
process (𝑋𝑡)𝑡≥0. We verify that (𝑃𝑡) is increasing, weakly order mixing, and has a tight
trajectory. Global stability then follows from Theorem 7.1.
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(𝑃𝑡) is increasing. Fix 𝑡 > 0. On a common probability space, we construct two copies of
the income process from initial conditions 𝑥 ≤ 𝑥′ using the same jump times, the same
shock-type indicators (income vs. reset), and the same shock values. For the embedded
chains, 𝑍0 = 𝑥 ≤ 𝑥′ = 𝑍′0. If 𝑍𝑛 ≤ 𝑍′𝑛 and the (𝑛 + 1)-th jump is an income shock, then

𝑍𝑛+1 = 𝑍𝑛 + 𝜂𝑛+1 ≤ 𝑍′𝑛 + 𝜂𝑛+1 = 𝑍′𝑛+1,
since 𝜂𝑛+1 > 0. If it is a reset, then

𝑍𝑛+1 = ℎ(𝑍𝑛) + 𝜁𝑛+1 ≤ ℎ(𝑍′𝑛) + 𝜁𝑛+1 = 𝑍′𝑛+1,
since ℎ is increasing. By induction𝑍𝑛 ≤ 𝑍′𝑛 for all 𝑛, and therefore𝑋𝑡 = 𝑍𝑁𝑡 ≤ 𝑍′𝑁𝑡 = 𝑋 ′

𝑡 .
It follows directly that 𝑃𝑡(𝑥, ⋅) ⪯sd 𝑃𝑡(𝑥′, ⋅).

(𝑃𝑡) is weakly order mixing. To prove this fact, we construct two copies using the same
jump times and the same shock-type indicators, but independent shock values: (𝜂𝑛, 𝜁𝑛)
for the first copy and (𝜂′𝑛, 𝜁′𝑛) for the second. Each marginal is (𝑃𝑡)-Markov. The joint
process ((𝑋𝑡), (𝑋 ′

𝑡)) is a pure jump process on ℝ2 with constant total rate 𝜆 and hence
strong Markov (Rudnicki and Tyran-Kamińska, 2017, Theorem 2.4). Since {(𝑥, 𝑥′) ∈
ℝ2 ∶ 𝑥 ≤ 𝑥′} is closed, 𝜏 ≔ inf{𝑡 ≥ 0 ∶ 𝑋𝑡 ≤ 𝑋 ′

𝑡} is a measurable stopping time.

Let 𝐴𝑛 be the event that the 𝑛-th jump is a reset and 𝜁′𝑛 − 𝜁𝑛 ≥ ̄ℎ − ℎ. On 𝐴𝑛, we have

𝑍𝑛 = ℎ(𝑍𝑛−1) + 𝜁𝑛 ≤ ̄ℎ + 𝜁𝑛 ≤ ℎ + 𝜁′𝑛 ≤ ℎ(𝑍′𝑛−1) + 𝜁′𝑛 = 𝑍′𝑛.
The last inequality means that 𝜏 ≤ 𝑇𝑛 on 𝐴𝑛, where 𝑇𝑛 is the 𝑛-th jump time. Since the
shock type and shock values at step 𝑛 are independent of the filtration ℱ𝑛−1,

ℙ{𝐴𝑐
𝑛 ∣ ℱ𝑛−1} ≤ 1 − 𝑝𝛿,

where 𝛿 ≔ ℙ{𝜁′ − 𝜁 ≥ ̄ℎ − ℎ}. Hence ℙ{𝜏 > 𝑇𝑛} ≤ (1 − 𝑝𝛿)𝑛. By our assumption on the
support of 𝜈, we have 𝛿 > 0 and hence ℙ{𝜏 > 𝑇𝑛} → 0 as 𝑛 → ∞. As 𝑇𝑛 → ∞ almost
surely, it follows that ℙ𝑥,𝑥′{𝜏 < ∞} = 1.

(𝑃𝑡) has a tight trajectory. Fix 𝑥0 ∈ ℝ and 𝜖 > 0. Since the shock types and values
(𝜂𝑛, 𝜁𝑛) are independent of the jump times, the embedded chain (𝑍𝑛) is independent of
the counting process (𝑁𝑡). Therefore

ℙ𝑥0{𝑋𝑡 ∉ 𝐷} =
∞
∑
𝑛=0

ℙ{𝑁𝑡 = 𝑛}ℙ𝑥0{𝑍𝑛 ∉ 𝐷} ≤ sup
𝑛≥0

ℙ𝑥0{𝑍𝑛 ∉ 𝐷},

so it suffices to find, for each 𝜖 > 0, a compact 𝐷 with ℙ𝑥0{𝑍𝑛 ∉ 𝐷} < 𝜖 for every 𝑛 ≥ 0.

Let 𝑅 ∼ Geom(𝑝) on {0, 1, 2,…} denote the number of income shocks in a generic cycle
between consecutive resets, and let 𝑊 ≔ ∑𝑅

𝑖=1 𝜂𝑖 be the total income accumulated in
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one such cycle. Before the first reset (i.e., for 𝑛 ≤ 𝑅), every jump is an income shock,
so 𝑍𝑛 = 𝑥0 + 𝜂1 +⋯ + 𝜂𝑛 ≤ 𝑥0 +𝑊 . At each reset step 𝑘, the post-reset state satisfies
ℎ + 𝜁𝑘 ≤ 𝑍𝑘 ≤ ̄ℎ + 𝜁𝑘. Between that reset and the next, the chain only accumulates
positive income shocks, so for any 𝑛 falling in the same cycle,

ℎ + 𝜁𝑘 ≤ 𝑍𝑛 ≤ ̄ℎ + 𝜁𝑘 +𝑊 ′,
where𝑊 ′ is an independent copy of𝑊 . Since (𝜁𝑛) and (𝜂𝑛) are iid sequences, the dis-
tributions of 𝜁𝑘 and𝑊 ′ do not depend on the cycle. It follows that the sequence of dis-
tributions (𝑃𝑛(𝑥0, ⋅))𝑛∈ℕ of the embedded chain is order bounded in (P(ℝ), ⪯sd), and
hence tight by Proposition 3.1. Global stability now follows from Theorem 7.1. □

Figure 4 illustrates a simulation of income 𝑌𝑡 ≔ exp(𝑋𝑡) with ℎ ≡ 0, 𝜇 = Exp(20)
(mean raise of 5% in log income), 𝜆1 = 1.0, 𝜆2 = 0.1, and iid Gaussian reset shocks
𝜁 ∼ 𝑁(0, 0.09). Income shocks are frequent, producing a staircase pattern of gradual
accumulation depleted by sharp resets. The empirical stationary distribution, computed
from 200,000 time units, is right-skewed with a heavy tail.
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Figure 4. Simulation of the pure jump income model in Section 7.2.

The next result specializes the model to obtain a closed-form stationary distribution and
a Pareto tail. Income shocks are exponentially distributed and resets return the agent to
a fixed entry level.
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Corollary 7.1. Let ℎ ≡ 𝑥0, 𝜈 = 𝛿0, and 𝜇 = Exp(𝜃) for some 𝜃 > 0. In this setting,
for the income level 𝑌 = 𝑒𝑋 , the tail of the unique stationary distribution is Pareto: for
𝑦 > 𝑦0 ≔ 𝑒𝑥0 ,

ℙ(𝑌 > 𝑦) = 𝑞 ( 𝑦𝑦0
)
−𝛼

with 𝛼 ≔ 𝜆2𝜃
𝜆1 + 𝜆2

. (7.4)

Proof. Since income is constant between jumps and the jump rate 𝜆 is independent of
the state, the stationary distribution of the continuous-time process (𝑋𝑡) coincides with
that of the embedded chain (𝑍𝑛). The chain regenerates at each reset: the post-reset
state is always 𝑥0. Between consecutive resets, the chain accumulates𝑀 income shocks
before the next reset, where 𝑀 ∼ Geom(𝑝) on {0, 1, 2,…}. In stationarity, the state is
𝑥0 + 𝑆𝑀 where 𝑆𝑀 = 𝜂1 +⋯+ 𝜂𝑀.

With probability 𝑝,𝑀 = 0 and 𝑆𝑀 = 0, giving an atom at 𝑥0. For𝑀 ≥ 1, conditional on
𝑀 = 𝑚, the sum 𝑆𝑚 ∼ Gamma(𝑚, 𝜃). Summing over𝑚, the density of 𝑆𝑀 on (0,∞) is

𝑓𝑆𝑀 (𝑠) =
∞
∑
𝑚=1

𝑝𝑞𝑚 ⋅ 𝜃
𝑚𝑠𝑚−1

(𝑚 − 1)!𝑒
−𝜃𝑠 = 𝑝𝑞𝜃 𝑒−𝜃𝑠

∞
∑
𝑘=0

(𝑞𝜃𝑠)𝑘
𝑘! = 𝑝𝑞𝜃 𝑒−𝑝𝜃𝑠

for 𝑠 > 0. Since 𝜙∗ is the distribution of 𝑥0 + 𝑆𝑀, it follows that the density of 𝜙∗ on
(𝑥0,∞) is 𝜋(𝑥) ≔ 𝑝𝑞𝜃 𝑒−𝑝𝜃(𝑥−𝑥0). Thus, for 𝑦 ≥ 𝑦0,

ℙ(𝑌 > 𝑦) = ∫
∞

ln𝑦
𝑝𝑞𝜃 𝑒−𝑝𝜃(𝑥−𝑥0) d𝑥 = 𝑞 𝑒−𝑝𝜃(ln𝑦−𝑥0) = 𝑞 ( 𝑦𝑦0

)
−𝛼

. □

8. Piecewise Deterministic Markov Processes

In this section we develop a general stability result for piecewise deterministic Markov
processes (PDMPs) that can be applied off the shelf in a range of settings. The theory is
presented in Section 8.1 and applied to a model of income dynamics with deterministic
drift in Section 8.2.

8.1. Theory. Let (𝑆, ≤) be a partially ordered Polish space satisfying Assumption 3.1. A
piecewise deterministic Markov process (PDMP) on 𝑆 is generated by the following char-
acteristics:

(i) a semi-flow Φ∶ 𝑆 × ℝ+ → 𝑆,
(ii) a jump intensity 𝜆 ∈ (0,∞),
(iii) a jump shock space 𝑈 and shock distribution 𝜇 on 𝑈 , and
(iv) a jump function 𝐹 ∶ 𝑆 × 𝑈 → 𝑆.
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Here𝑈 is a Polish space and the jump function 𝐹 is assumed to bemeasurable. Themap
Φ is called a semi-flow because it satisfies Φ(𝑥, 0) = 𝑥 and Φ(Φ(𝑥, 𝑠), 𝑡) = Φ(𝑥, 𝑠 + 𝑡) for
all 𝑥 ∈ 𝑆 and 𝑠, 𝑡 ≥ 0. We assume that Φ is continuous. Informally, the process evolves
as follows:

(i) Follow the deterministic flow: 𝑋𝑡 = Φ(𝑋0, 𝑡) until the first jump.
(ii) At the first jump time 𝑇, draw 𝜉 from 𝜇 and set 𝑋𝑇 = 𝐹(𝑋𝑇− , 𝜉).
(iii) Repeat from the new state 𝑋𝑇 .

In most applications, the semi-flow is the solution to an ODE. For example, if 𝑆 = ℝ and
the deterministic dynamics have the linear form ̇𝑥 = 𝑎𝑥, then Φ(𝑥, 𝑡) = 𝑥 exp(𝑎𝑡).

To formalize the construction of the associated Markov process (𝑋𝑡)𝑡≥0, we first collect
the following components:

(i) an 𝑆-valued random element 𝑋0 with distribution 𝜓 ∈ P(𝑆),
(ii) a real-valued iid sequence (𝐸𝑛)𝑛∈ℕ with common distribution Exp(𝜆), and
(iii) a 𝑈-valued iid sequence (𝜉𝑛)𝑛∈ℕ with common distribution 𝜇,

All random elements live on a common probability space (Ω,ℱ, ℙ). We first build the
embedded chain (𝑍𝑛)𝑛∈ℤ+ via

𝑍0 = 𝑋0 and 𝑍𝑛+1 = 𝐹(Φ(𝑍𝑛, 𝐸𝑛+1), 𝜉𝑛+1).
We define the jump times 𝑇0 ≔ 0 and 𝑇𝑛 ≔ ∑𝑛

𝑖=1 𝐸𝑖, while 𝑁𝑡 ≔ max{𝑛 ≥ 0 ∶ 𝑇𝑛 ≤ 𝑡}
counts the number of jumps up until time 𝑡. Finally, we construct (𝑋𝑡)𝑡≥0 via

𝑋𝑡 = Φ(𝑍𝑁𝑡 , 𝑡 − 𝑇𝑁𝑡) 𝑡 ≥ 0.
Amore intuitive representation is

𝑋𝑡 = Φ(𝑍𝑛, 𝑡 − 𝑇𝑛) for 𝑡 ∈ [𝑇𝑛, 𝑇𝑛+1) and 𝑛 ∈ ℤ+.
Sample paths are càdlàg, with smooth deterministic segments broken by jumps. The
process (𝑋𝑡) obeys the strong Markov property (Rudnicki and Tyran-Kamińska, 2017,
Theorem 2.4). We work with the following assumptions.

Assumption 8.1 (PDMP Monotonicity). The primitives are such that

(i) For all 𝑡 ≥ 0, the function 𝑥 ↦ Φ(𝑥, 𝑡) is order preserving on 𝑆.
(ii) For all 𝑢 ∈ 𝑈 , the function 𝑥 ↦ 𝐹(𝑥, 𝑢) is order preserving on 𝑆.

In the next assumption, 𝜉 and 𝜉′ are independent draws from 𝜇.
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Assumption 8.2 (PDMPMixing). There existmeasurable functions𝑓1, 𝑓2∶ 𝑈 → 𝑆 such
that

𝑓1(𝜉) ≤ 𝐹(𝑥, 𝜉) ≤ 𝑓2(𝜉) for all 𝑥 ∈ 𝑆 and ℙ{𝑓2(𝜉) ≤ 𝑓1(𝜉′)} > 0.

The transition probability function corresponding to the PDMP (𝑋𝑡)𝑡≥0 is given by
𝑃𝑡 (𝑥, 𝐵) = ℙ{𝑋𝑡 ∈ 𝐵 | 𝑋0 = 𝑥} (𝑡 ∈ ℝ+, 𝑥 ∈ 𝑆, 𝐵 ∈ B).

Under the statedmonotonicity andmixing conditions, we can prove the following result.

Theorem 8.1. If Assumptions 8.1 and 8.2 hold, then the PDMP is globally stable, with a
unique stationary distribution 𝜙∗ and

lim
𝑡→∞

𝛽(𝜙𝑃𝑡, 𝜙∗) = 0 for all 𝜙 ∈ P(𝑆). (8.1)

The proof is based on Theorem 7.1 and can be found in Section A.7. The strategy is to
verify the three hypotheses of Theorem 7.1. Monotonicity is established by coupling two
copies of the PDMP with the same jump times and the same shocks: if one copy starts
above the other, then Assumption 8.1 ensures that it stays above through both the de-
terministic flow and the jumps. Boundedness in probability follows from the pathwise
bounds in Assumption 8.2, which prevent post-jump states from escaping to infinity,
while the exponential inter-arrival times prevent the deterministic flow from carrying
the process too far between jumps. The most interesting step is weak order mixing,
which uses a different coupling: the two copies share jump times but receive indepen-
dent shocks. The condition ℙ{𝑓2(𝜉) ≤ 𝑓1(𝜉′)} > 0 in Assumption 8.2 then guarantees
that, at each shared jump, there is a positive probability that the relative ordering of the
two processes is reversed, regardless of their current states.

Now we turn to applications.

8.2. Application: Income Dynamics Part II. In Section 7.2 we analyzed income dy-
namics through a pure jump process. We now consider a model of income dynamics
more closely aligned with Gabaix et al. (2016), where log income has a continuous drift
component. Unlike Gabaix et al. (2016), we continue to avoid the assumption of posi-
tive quadratic variation (e.g., Brownianmotion), which is difficult tomotivate fromdata.
To make the proofs slightly simpler, we drop the positive income shocks in Section 7.2
(while retaining the resets).

In our model, log income drifts deterministically between jumps, following the ODE
̇𝑥 = 𝑔(𝑥) for some locally Lipschitz function 𝑔∶ ℝ → ℝ. At jump times, which occur at
rate 𝜆, the state jumps from 𝑥 to 𝐹(𝑥, 𝜁), where 𝜁 is an independent draw from 𝜈.
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More formally, we study a PDMP on 𝑆 = ℝ with the following primitives:

(i) a semi-flow Φ∶ ℝ × ℝ+ → ℝ generated by the ODE ̇𝑥 = 𝑔(𝑥),
(ii) a constant jump intensity 𝜆 > 0,
(iii) a shock distribution 𝜈 on ℝ, and
(iv) a jump function 𝐹(𝑥, 𝑧) = ℎ(𝑥) + 𝑧, where ℎ ∈ 𝑖𝑏𝑆.

Between jumps, 𝑋𝑡 = Φ(𝑍𝑁𝑡 , 𝑡 − 𝑇𝑁𝑡), where (𝐸𝑛)𝑛∈ℕ are iid Exp(𝜆) inter-arrival times
and 𝑁𝑡 counts jumps up to time 𝑡 (as in Section 8). At each jump time, the state moves
to ℎ(𝑋𝑇−) + 𝜁. The embedded chain is 𝑍𝑛+1 = ℎ(Φ(𝑍𝑛, 𝐸𝑛+1)) + 𝜁𝑛+1.

The next proposition shows global stability under essentially the same assumptions as
Proposition 7.1.

Proposition 8.1. If the support of 𝜈 is larger than the range of ℎ, then the log income
process is globally stable: there exists a unique stationary distribution 𝜙∗ and

lim
𝑡→∞

𝛽(𝜙𝑃𝑡, 𝜙∗) = 0 for all 𝜙 ∈ P(ℝ). (8.2)

Proof. We verify Assumptions 8.1 and 8.2. Then we apply Theorem 8.1.

Assumption 8.1 (i): the semiflow is order preserving. Since 𝑔 is locally Lipschitz, the
Picard–Lindelöf theoremgives uniqueness of solutions. Fix 𝑥1 < 𝑥2 and 𝑡 > 0. Seeking a
contradiction, suppose that Φ(𝑥1, 𝑠) ≥ Φ(𝑥2, 𝑠) for some 𝑠 > 0. Since Φ(𝑥1, 0) < Φ(𝑥2, 0)
and Φ is continuous, the intermediate value theorem yields 𝑡0 ∈ (0, 𝑠] with Φ(𝑥1, 𝑡0) =
Φ(𝑥2, 𝑡0). Both trajectories pass through the same state at time 𝑡0 and the ODE is au-
tonomous, so uniqueness forces them to agree for all time, contradicting 𝑥1 ≠ 𝑥2. Hence
𝑥 ↦ Φ(𝑥, 𝑡) is strictly increasing for every 𝑡 ≥ 0.

Assumption 8.1 (ii): the jump function is order preserving. For each 𝜁 ∈ ℝ, the map
𝑥 ↦ 𝐹(𝑥, 𝜁) = ℎ(𝑥) + 𝜁 is increasing since ℎ is assumed to be increasing.

Assumption 8.2: bounding functions and coupling. Set 𝑓1(𝜁) = ℎ + 𝜁 and 𝑓2(𝜁) = ̄ℎ + 𝜁,
where ℎ ≔ infℎ and ̄ℎ ≔ supℎ. By construction, 𝑓1(𝜁) ≤ 𝐹(𝑥, 𝜁) ≤ 𝑓2(𝜁) for all 𝑥 ∈ ℝ.
For the coupling condition, let 𝜁, 𝜁′ be independent draws from 𝜈. Then

ℙ{𝑓2(𝜁) ≤ 𝑓1(𝜁′)} = ℙ{𝜁′ − 𝜁 ≥ ̄ℎ − ℎ} > 0,

where the strict inequality follows from our assumption on the support of 𝜈. Global
stability now follows from Theorem 8.1. □
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If we specialize to constant drift rate 𝑔 and a pure reset, we can easily obtain a Pareto tail,
in a result analogous to Corollary 7.1. The tail exponent is 𝜆/𝑔, and hence entirely deter-
mined by the first-order balance between deterministic growth and random resetting.
Further details are available from the authors on request.

Figure 5 illustrates a simulation with constant drift 𝑔(𝑥) = 𝜇 = 0.05, jump rate 𝜆 = 0.15,
pure resetℎ ≡ 0, and iidGaussian reset shocks 𝜁 ∼ 𝑁(0, 0.09). The time series of income
𝑌𝑡 = 𝑒𝑋𝑡 displays characteristic PDMP dynamics: smooth exponential growth between
jumps, interrupted by sharp resets. The empirical stationary distribution is right-skewed
with a Pareto tail of exponent 𝜆/𝜇 = 3.
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Figure 5. Simulation of the income dynamics model in Section 8.2.

9. Conclusion

We have shown that an order-preserving semigroup on a complete preordered metric
space is globally stable if and only if it is asymptotically contractive and has at least
one order-bounded trajectory. When applied to monotone Markov models on partially
ordered Polish spaces, this yields a necessary and sufficient condition for the existence,
uniqueness, and global stability of stationary distributions: asymptotic contractivity com-
bined with tightness of at least one trajectory.
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These results unify and extend earlier work by Hopenhayn and Prescott (1992), Kami-
higashi and Stachurski (2014), and other authors, weakening assumptions, introducing
newmethods, and removing extraneous side conditions. The abstract semigroup frame-
work covers both discrete and continuous time, as well as nonlinear Markov operators.
Our applications to wage dynamics, Bayesian learning with belief shocks, and income
dynamics with Pareto tails illustrate the breadth of the approach.

Many directions remain open. The mixing conditions used in this paper could poten-
tially be weakened further, for example by allowing state-dependent jump intensities
in the PDMP framework. Our Pareto tail result for income is specialized and may hold
under weaker assumptions. The relationship between tightness and order boundedness
established here may also prove useful in other settings involving monotone economic
dynamics.

Appendix A. Proofs

This appendix collects remaining proofs.

A.1. Proof of Theorem 2.1. Throughout this section, Assumptions 2.1 and 2.2 are in
force.

A.1.1. (ii) implies (i). Let (𝑇𝑡) be globally stable with stationary point 𝑥∗ ∈ X. Then the
sequence given by 𝑇𝑡𝑥∗ for all 𝑡 ∈ 𝕋 is an order-bounded trajectory of (𝑇𝑡). Moreover,
picking arbitrary 𝑥, 𝑦 ∈ X and applying the triangle inequality,

𝑑(𝑇𝑡𝑥, 𝑇𝑡𝑦) ≤ 𝑑(𝑇𝑡𝑥, 𝑥∗) + 𝑑(𝑥∗, 𝑇𝑡𝑦) → 0 (𝑡 → ∞),

where the convergence holds by global stability. Hence (𝑇𝑡) is asymptotically contrac-
tive.

A.1.2. (i) implies (ii). Now we assume that (𝑇𝑡) is asymptotically contractive on X with
at least one order-bounded trajectory. Due to the last property, we can take 𝑎, 𝑏, ̄𝑥 ∈ X
such that (2.2) holds.

Lemma A.1. For all 𝜖 > 0, there exists a 𝜏 ∈ 𝕋 such that

𝑠, 𝑡 ∈ 𝕋 with 𝜏 ≤ 𝑠, 𝑡 ⟹ 𝑑(𝑇𝑠 ̄𝑥, 𝑇𝑡 ̄𝑥) < 𝜖. (A.1)
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Proof. Fix 𝜖 > 0 and then use asymptotic contractivity to choose 𝜏 ∈ 𝕋 such that
𝑑(𝑇𝜏 𝑎, 𝑇𝜏 𝑏) < 𝜖. For 𝑠, 𝑡 ≥ 𝜏 we have

𝑑(𝑇𝑠 ̄𝑥, 𝑇𝑡 ̄𝑥) = 𝑑(𝑇𝜏𝑇𝑠−𝜏 ̄𝑥, 𝑇𝜏𝑇𝑡−𝜏 ̄𝑥) ≤ 𝑑(𝑇𝜏 𝑎, 𝑇𝜏 𝑏) < 𝜖.

The first inequality is due to the diagonal property of 𝑑, combined with the fact that
𝑇𝑠−𝜏 ̄𝑥 and 𝑇𝑡−𝜏 ̄𝑥 both lie in [𝑎, 𝑏], which in turn implies that

𝑇𝜏 𝑎 ⪯ 𝑇𝜏𝑇𝑠−𝜏 ̄𝑥 ⪯ 𝑇𝜏 𝑏 and 𝑇𝜏 𝑎 ⪯ 𝑇𝜏𝑇𝑡−𝜏 ̄𝑥 ⪯ 𝑇𝜏 𝑏. □

Lemma A.2. There exists an 𝑥∗ ∈ X such that

𝑑(𝑇𝑡 ̄𝑥, 𝑥∗) → 0 as 𝑡 → ∞. (A.2)

Proof. Let (𝑡𝑛)𝑛∈ℕ be an increasing sequence in 𝕋 with 𝑡𝑛 → ∞ as 𝑛 → ∞. Consider
the sequence defined by 𝑥𝑛 ≔ 𝑇𝑡𝑛 ̄𝑥. This sequence is Cauchy because, given 𝜖 > 0, we
can choose 𝜏 ∈ 𝕋 such that (A.1) holds and then 𝑑(𝑥𝑛, 𝑥𝑚) < 𝜖 for all 𝑛,𝑚 such that
𝑡𝑛, 𝑡𝑚 ≥ 𝜏. Since X is complete, it follows that (𝑥𝑛) converges to a limit 𝑥∗. That is,

𝑑(𝑇𝑡𝑛 ̄𝑥, 𝑥∗) → 0 as 𝑛 → ∞. (A.3)

We claim that this can be extended to (A.2). To see this, fix 𝜖 > 0 and choose 𝜏 as in
(A.1). For 𝑡 ≥ 𝜏 and 𝑛 ∈ ℕ such that 𝑡𝑛 ≥ 𝜏, we have

𝑑(𝑇𝑡 ̄𝑥, 𝑥∗) ≤ 𝑑(𝑇𝑡 ̄𝑥, 𝑇𝑡𝑛 ̄𝑥) + 𝑑(𝑇𝑡𝑛 ̄𝑥, 𝑥∗) < 𝜖 + 𝑑(𝑇𝑡𝑛 ̄𝑥, 𝑥∗)

Applying (A.3) and taking the limit in 𝑛 completes the argument. □

Lemma A.3. The point 𝑥∗ in Lemma A.2 is stationary for (𝑇𝑡).

Proof. Fix 𝑠, 𝑡 ∈ 𝕋. From the existence of an order-bounded trajectory we have 𝑎 ⪯
𝑇𝑡 ̄𝑥 ⪯ 𝑏. From the order-preserving property of 𝑇𝑠 we get 𝑇𝑠 𝑎 ⪯ 𝑇𝑡+𝑠 ̄𝑥 ⪯ 𝑇𝑠 𝑏. Since ⪯
is closed, taking the limit with respect to 𝑡 and applying Lemma A.2 yields

𝑇𝑠 𝑎 ⪯ 𝑥∗ ⪯ 𝑇𝑠 𝑏 for all 𝑠 ∈ 𝕋. (A.4)

In addition, from (A.4) and the order-preserving property of 𝑇𝑡,

𝑇𝑢+𝑡 𝑎 ⪯ 𝑇𝑡 𝑥∗ ⪯ 𝑇𝑢+𝑡 𝑏 for all 𝑢, 𝑡 ∈ 𝕋. (A.5)

Combining (A.4) and (A.5) with the diagonal property (2.1), we get

𝑑(𝑥∗, 𝑇𝑡 𝑥∗) ≤ 𝑑(𝑇𝑢+𝑡 𝑎, 𝑇𝑢+𝑡 𝑏) for all 𝑢 ∈ 𝕋. (A.6)

Taking the limit in 𝑢 and using asymptotic contractivity yields 𝑇𝑡 𝑥∗ = 𝑥∗. □
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Proof of Theorem 2.1. Wehave already shown that𝑥∗ is stationary for (𝑇𝑡) in LemmaA.3.
Regarding convergence, fix 𝑥 ∈ X. Since (𝑇𝑡) is asymptotically contractive and 𝑥∗ is
stationary, we have 𝑑(𝑇𝑡 𝑥, 𝑥∗) = 𝑑(𝑇𝑡 𝑥, 𝑇𝑡 𝑥∗) → 0 as 𝑡 → ∞. This concludes the proof
of Theorem 2.1. □

A.2. Proof of Theorem 2.2. We only used closedness of ⪯ in Lemma A.3, when we
proved that the limit point 𝑥∗ of the order-bounded trajectory (𝑇𝑡 ̄𝑥) is a fixed point of
each 𝑇𝑡. We now prove this without closedness by fixing 𝑡 ∈ 𝕋 and applying the triangle
inequality to obtain

𝑑(𝑥∗, 𝑇𝑡 𝑥∗) ≤ 𝑑(𝑥∗, 𝑇𝑢+𝑡 ̄𝑥) + 𝑑(𝑇𝑢+𝑡 ̄𝑥, 𝑇𝑡 𝑥∗).

The first term converges to zero in 𝑢 by Lemma A.2. If we can show that the second
term also converges to zero in 𝑢 then we are done. This holds because 𝑇𝑡 is continuous
and 𝑇𝑢 ̄𝑥 → 𝑥∗, so, as 𝑢 → ∞,

𝑑(𝑇𝑢+𝑡 ̄𝑥, 𝑇𝑡 𝑥∗) = 𝑑(𝑇𝑡𝑇𝑢 ̄𝑥, 𝑇𝑡 𝑥∗) → 𝑑(𝑇𝑡 𝑥∗, 𝑇𝑡 𝑥∗) = 0.

A.3. Proof of Theorem 3.1. Let the conditions of Theorem 3.1 hold. Because 𝑆 is a
partially ordered Polish space and Assumption 3.1 is in force, (P(𝑆), 𝛽) is a complete
metric space (Kamihigashi and Stachurski, 2019, Theorem 4.1) and⪯sd is closed (Kamae
and Krengel, 1978). We begin with the following lemma.

Lemma A.4. IfΛ ⊂ P(𝑆) is tight, then there exists an increasing sequence of order inter-
vals (𝐼𝑛)𝑛∈ℤ+ such that sup𝜙∈Λ 𝜙(𝐼𝑐𝑛) → 0 as 𝑛 → ∞.

Proof. Let (𝜖𝑛) be a positive real sequence with 𝜖𝑛 ↓ 0. By tightness, we can choose
compact set 𝐾0 with sup𝜙∈Λ 𝜙(𝐾𝑐

0) ≤ 𝜖0. By Assumption 3.1, compact sets are order
bounded, so we can also take an order interval 𝐼0 containing 𝐾0 with sup𝜙∈Λ 𝜙(𝐼𝑐0) ≤ 𝜖0.
Next, we choose a compact set 𝐾1 with sup𝜙∈Λ 𝜙(𝐾𝑐

1) ≤ 𝜖1, and then, using Assump-
tion 3.1 again, an order interval 𝐼1 such that 𝐼0 ∪ 𝐾1 ⊂ 𝐼1. This order interval obeys
𝐼0 ⊂ 𝐼1 and sup𝜙∈Λ 𝜙(𝐼𝑐1) ≤ 𝜖1. Continuing in this way produces an increasing sequence
of order intervals (𝐼𝑛)𝑛∈ℤ+ with sup𝜙∈Λ 𝜙(𝐼𝑐𝑛) → 0. □

Proof of Proposition 3.1. Suppose first that Λ is tight. We show that there exists a pair
of distributions ℓ, 𝑢 ∈ P(𝑆) such that ℓ ⪯ 𝜙 ⪯ 𝑢 for all 𝜙 ∈ Λ. By Lemma A.4, we
can take an increasing sequence of order intervals (𝐼𝑛)𝑛∈ℤ+ and a positive real sequence
(𝜖𝑛) with 𝜖𝑛 ↓ 0 and sup𝜙∈Λ 𝜙(𝐼𝑐𝑛) ≤ 𝜖𝑛 for all 𝑛 ∈ ℤ+. Let 𝐼𝑛 = [𝑥𝑛, 𝑦𝑛]. Since (𝐼𝑛) is
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increasing, the sequence (𝑥𝑛) is decreasing and (𝑦𝑛) is increasing. For the distributions
ℓ and 𝑢, we set

ℓ ≔
∞
∑
𝑛=0

𝛼𝑛𝛿𝑥𝑛 and 𝑢 ≔
∞
∑
𝑛=0

𝛼𝑛𝛿𝑦𝑛 , where 𝛼𝑛 ≔ 𝜖𝑛−1 − 𝜖𝑛.

In the definition above, 𝜖−1 ≔ 1 and 𝛿𝑧 is the probability measure concentrated on 𝑧.
One easily confirms that both ℓ and 𝑢 are elements of P(𝑆).

Now let 𝐽 be any increasing set inB. We claim that 𝜙(𝐽) ≤ 𝑢(𝐽) for all 𝜙 ∈ Λ. To see that
this is so, fix 𝜙 ∈ Λ and suppose first that 𝑦𝑚 ∈ 𝐽𝑐 for all𝑚. If this is so, then 𝜙(𝐽) = 0.
Indeed, fixing 𝑚 ∈ ℤ+, the property 𝑦𝑚 ∈ 𝐽𝑐 implies 𝐽 ⊂ 𝐼𝑐𝑚. (Otherwise there is an
𝑥 ∈ 𝐽 ∩ 𝐼𝑚 and, since 𝐽 is increasing and 𝑥 ⪯ 𝑦𝑚, we have 𝑦𝑚 ∈ 𝐽.) This means that
𝜙(𝐽) ≤ 𝜙(𝐼𝑐𝑚) ≤ 𝜖𝑚. Taking the limit in𝑚 yields 𝜙(𝐽) = 0. Hence 𝜙(𝐽) ≤ 𝑢(𝐽).

Now consider the other case, where there exists an integer𝑚 satisfying

𝑚 = min{𝑛 ∈ ℤ+ ∶ 𝑦𝑛 ∈ 𝐽}.
Observe that 𝐽 ∩ 𝐼𝑚−1 is empty. (If 𝑥 is in both, then, since 𝑥 ≤ 𝑦𝑚−1 and 𝑥 ∈ 𝐽, we have
𝑦𝑚−1 ∈ 𝐽, which contradicts the definition of𝑚.) As a result,

𝜙(𝐽) = 𝜙(𝐽 ∩ 𝐼𝑚−1) + 𝜙(𝐽 ∩ 𝐼𝑐𝑚−1) = 𝜙(𝐽 ∩ 𝐼𝑐𝑚−1) ≤ 𝜙(𝐼𝑐𝑚−1) ≤ 𝜖𝑚−1.
At the same time, since (𝑦𝑛) is increasing,

𝑢(𝐽) = 𝜖𝑚−1 − 𝜖𝑚 + 𝜖𝑚 − 𝜖𝑚+1 + 𝜖𝑚+1 − 𝜖𝑚+2 +⋯ = 𝜖𝑚−1.
As a consequence, we have 𝜙(𝐽) ≤ 𝑢(𝐽). This shows that 𝜙 ⪯sd 𝑢. A similar argument
shows that ℓ ⪯sd 𝜙 also holds. Hence Λ is order bounded.

Conversely, suppose Λ is order bounded, so there exist ℓ, 𝑢 ∈ P(𝑆) with ℓ ⪯sd 𝜙 ⪯sd 𝑢
for all 𝜙 ∈ Λ. Fix 𝜖 > 0. Since ℓ and 𝑢 are distributions on a Polish space, they are
tight, so we can choose compact sets 𝐾ℓ and 𝐾𝑢 with ℓ(𝐾𝑐

ℓ) ≤ 𝜖/2 and 𝑢(𝐾𝑐
𝑢) ≤ 𝜖/2. By

Assumption 3.1, the compact set 𝐾ℓ ∪ 𝐾𝑢 is order bounded, so there exist 𝑎, 𝑏 ∈ 𝑆 with
𝐾ℓ ∪ 𝐾𝑢 ⊂ [𝑎, 𝑏]. By Assumption 3.1 again, [𝑎, 𝑏] is compact.

Let 𝑈𝑎 ≔ {𝑥 ∈ 𝑆 ∶ 𝑥 ≥ 𝑎} and 𝐷𝑏 ≔ {𝑥 ∈ 𝑆 ∶ 𝑥 ≤ 𝑏}. Then [𝑎, 𝑏] = 𝑈𝑎 ∩ 𝐷𝑏 and
[𝑎, 𝑏]𝑐 = 𝑈𝑐

𝑎 ∪ 𝐷𝑐
𝑏. Fix 𝜙 ∈ Λ. Since 𝑈𝑎 is increasing, we have ℓ(𝑈𝑎) ≤ 𝜙(𝑈𝑎), giving

𝜙(𝑈𝑐
𝑎 ) ≤ ℓ(𝑈𝑐

𝑎 ). Similarly, since 𝐷𝑐
𝑏 is increasing and 𝜙 ⪯sd 𝑢, we have 𝜙(𝐷𝑐

𝑏) ≤ 𝑢(𝐷𝑐
𝑏).

Now 𝐾ℓ ⊂ [𝑎, 𝑏] implies 𝑈𝑐
𝑎 ⊂ [𝑎, 𝑏]𝑐 ⊂ 𝐾𝑐

ℓ, so ℓ(𝑈𝑐
𝑎 ) ≤ 𝜖/2. Likewise, 𝑢(𝐷𝑐

𝑏) ≤ 𝜖/2.
Therefore,

𝜙([𝑎, 𝑏]𝑐) ≤ 𝜙(𝑈𝑐
𝑎 ) + 𝜙(𝐷𝑐

𝑏) ≤ ℓ(𝑈𝑐
𝑎 ) + 𝑢(𝐷𝑐

𝑏) ≤ 𝜖.
Since [𝑎, 𝑏] is compact and this holds for all 𝜙 ∈ Λ, we conclude that Λ is tight. □
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Proof of Theorem 3.1. Let the conditions of Theorem 3.1 hold.

((ii)⇔ (iii)) This equivalence is immediate from Proposition 3.1.

((i) ⟹ (ii)) If (𝑇𝑡) is globally stable, then (𝑇𝑡) is asymptotically contractive by Theo-
rem2.1. Moreover, when𝜓∗ is the unique stationary distribution, the constant trajectory
(𝑇𝑡𝜓∗) = (𝜓∗) is trivially order bounded.

((ii) ⟹ (i)) Suppose that (𝑇𝑡) is asymptotically contractive and has an order-bounded
trajectory. The space (P(𝑆), 𝛽) is complete and 𝛽 satisfies the diagonal property by
Lemma 3.2. Moreover, ⪯sd is closed with respect to 𝛽 by Lemma 3.3. Hence (𝑇𝑡) is
globally stable by Theorem 2.1. □

A.4. Proof of Theorem 5.1. Let the conditions of Theorem 5.1 hold. We write ⌊⋅⌋ for
the floor function.

Lemma A.5. If the conditions of Theorem 5.1 hold, then

(1 − 𝜖)𝛿𝑎 + 𝜖𝛿𝑥̄ ⪯sd 𝑃𝑢(𝑎, ⋅) and 𝑃𝑢(𝑏, ⋅) ⪯sd (1 − 𝜖)𝛿𝑏 + 𝜖𝛿𝑥̄ (A.7)

Proof. See the proof of Eq. (2) in Theorem 2 of Hopenhayn and Prescott (1992). □

Lemma A.6. If the conditions of Theorem 5.1 hold, then

𝛽(𝜙𝑃𝑛𝑢 , 𝜓𝑃𝑛𝑢 ) ≤ 2(1 − 𝜖)𝑛 for all 𝜙, 𝜓 ∈ P(𝑆) and 𝑛 ∈ ℤ+. (A.8)

Proof. We set 𝑃 = 𝑃𝑢 for brevity. Fix ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1. Define 𝑑𝑛 = 𝑃𝑛ℎ(𝑎) and
𝑒𝑛 = 𝑃𝑛ℎ(𝑏). Since 𝑃 is increasing and ℎ is increasing, 𝑃𝑛−1ℎ is also increasing for all
𝑛 ≥ 1. Applying the bounds from Lemma A.5 to the increasing function 𝑃𝑛−1ℎ yields

𝑑𝑛 = (𝑃(𝑃𝑛−1ℎ))(𝑎) ≥ (1 − 𝜖)𝑑𝑛−1 + 𝜖(𝑃𝑛−1ℎ)( ̄𝑥)
𝑒𝑛 = (𝑃(𝑃𝑛−1ℎ))(𝑏) ≤ (1 − 𝜖)𝑒𝑛−1 + 𝜖(𝑃𝑛−1ℎ)( ̄𝑥)

Subtracting one inequality from the other, we get 𝑒𝑛 − 𝑑𝑛 ≤ (1 − 𝜖)(𝑒𝑛−1 − 𝑑𝑛−1), and
hence

𝑒𝑛 − 𝑑𝑛 ≤ (1 − 𝜖)𝑛(𝑒0 − 𝑑0) = (1 − 𝜖)𝑛(ℎ(𝑏) − ℎ(𝑎)) ≤ 2(1 − 𝜖)𝑛. (A.9)
Since 𝑎 is the bottom and 𝑏 is the top of 𝑆, we have (𝑃𝑛ℎ)(𝑎) ≤ (𝑃𝑛ℎ)(𝑥) ≤ (𝑃𝑛ℎ)(𝑏) for
all 𝑥 ∈ 𝑆, so, integrating with respect to 𝜙 ∈ P(𝑆),

(𝑃𝑛ℎ)(𝑎) ≤ 𝜙(𝑃𝑛ℎ) ≤ (𝑃𝑛ℎ)(𝑏).
Therefore, for any two probability measures 𝜙 and 𝜓, we have

|𝜙(𝑃𝑛ℎ) − 𝜓(𝑃𝑛ℎ)| ≤ (𝑃𝑛ℎ)(𝑏) − (𝑃𝑛ℎ)(𝑎) ≤ 2(1 − 𝜖)𝑛.
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Taking the supremum over all ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 proves the claim in the lemma. □

Proof of Theorem 5.1. Let the stated conditions hold. We first claim that (𝑃𝑡)𝑡∈𝕋 is asymp-
totically contractive. For 𝕋 = [0,∞), fix 𝑡 ∈ (0,∞), write 𝑡 = 𝑛𝑢 + 𝑟 where 𝑛 = ⌊𝑡/𝑢⌋
and 0 ≤ 𝑟 < 𝑢. By the semigroup property, we have 𝑃𝑡 = 𝑃𝑛𝑢+𝑟 = 𝑃𝑛𝑢𝑃𝑟 = 𝑃𝑛𝑢 𝑃𝑟, so

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) = 𝛽(𝜙𝑃𝑛𝑢 𝑃𝑟, 𝜓𝑃𝑛𝑢 𝑃𝑟) ≤ 𝛽(𝜙𝑃𝑛𝑢 , 𝜓𝑃𝑛𝑢 ),

where the inequality is by the nonexpansiveness in Lemma 4.1. Applying the contrac-
tion bound in Lemma A.6, we obtain

𝛽(𝜙𝑃𝑛𝑢 , 𝜓𝑃𝑛𝑢 ) ≤ 2(1 − 𝜖)𝑛 = 2(1 − 𝜖)⌊𝑡/𝑢⌋.

As 𝑡 → ∞, ⌊𝑡/𝑢⌋ → ∞, so (𝑃𝑡)𝑡≥0 is asymptotically contractive, as claimed.

For 𝕋 = ℤ+, the proof is similar. We write 𝑡 = 𝑛𝑢+ 𝑟where 𝑛 = ⌊𝑡/𝑢⌋ and 𝑟 is an integer
obeying 0 ≤ 𝑟 < 𝑢. Since 𝑃𝑡 = 𝑃𝑛𝑢 𝑃𝑟, we can again use Lemmas 4.1 and A.6 to obtain

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) ≤ 𝛽(𝜙𝑃𝑛𝑢 , 𝜓𝑃𝑛𝑢 ) ≤ 2(1 − 𝜖)𝑛 → 0

as 𝑡 → ∞. Hence (𝑃𝑡)𝑡∈ℤ+ is asymptotically contractive.

To complete the proof of global stability, we use Theorem 3.1. For any increasing ℎ ∈ 𝑖𝑏𝑆
and any 𝜙 ∈ P(𝑆), we have ℎ(𝑎) ≤ 𝜙(ℎ) ≤ ℎ(𝑏), and hence 𝛿𝑎 ⪯sd 𝜙 ⪯sd 𝛿𝑏. In
particular, for any 𝜙 ∈ P(𝑆) and any 𝑡 ∈ 𝕋, we have 𝛿𝑎 ⪯sd 𝜙𝑃𝑡 ⪯sd 𝛿𝑏. Thus every
trajectory of (𝑃𝑡) is order bounded. Since (𝑃𝑡) is asymptotically contractive, increasing,
and has an order-bounded trajectory, Theorem 3.1 implies that (𝑃𝑡) is globally stable.

For the exponential bound (5.2), let 𝜙∗ be the unique fixed point. Since ⌊𝑡/𝑢⌋ ≥ 𝑡/𝑢 − 1,
we have (1−𝜖)⌊𝑡/𝑢⌋ ≤ (1−𝜖)𝑡/𝑢−1. Writing (1−𝜖)𝑡/𝑢 = 𝑒−𝛼𝑡 where 𝛼 = ln(1/(1−𝜖))/𝑢 > 0,
we obtain

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) ≤
2

1 − 𝜖𝑒
−𝛼𝑡.

Setting 𝜓 = 𝜙∗ and using 𝜙∗𝑃𝑡 = 𝜙∗ yields the bound in (5.2).

The monotone ergodicity result in Theorem 5.1 follows from Theorem 3.1 and Proposi-
tion 4.1 of Kamihigashi and Stachurski (2016). □

A.5. Order-TheoreticMixing andAsymptotic Contractivity. In this sectionwe ex-
plore the connection between order mixing properties and asymptotic contractivity in
the Bhattacharya metric. Here is one key result.
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Proposition A.1. Let (𝑃𝑡) be an increasing transition probability function on 𝑆. If (𝑃𝑡) is
weakly order mixing, then (𝑃𝑡) is asymptotically contractive on P(𝑆) with respect to the
metric 𝛽.

Proof of Proposition A.1. Fix 𝑥, 𝑥′ ∈ 𝑆 and ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1. Let ((𝑋𝑡), (𝑋 ′
𝑡)) be as in

the definition of weakly order mixing and 𝜏 be as defined in (7.1). We have
𝛿𝑥𝑃𝑡ℎ − 𝛿𝑥′𝑃𝑡ℎ = 𝔼𝑥ℎ(𝑋𝑡) − 𝔼𝑥′ℎ(𝑋 ′

𝑡) = 𝔼𝑥𝔼𝜏ℎ(𝑋𝑡) − 𝔼𝑥′𝔼𝜏ℎ(𝑋 ′
𝑡)

By construction, (𝑋𝑡) and (𝑋 ′
𝑡) are defined on the same probability space, so we can

rewrite this as

𝛿𝑥𝑃𝑡ℎ − 𝛿𝑥′𝑃𝑡ℎ = 𝔼𝑥,𝑥′[𝔼𝜏ℎ(𝑋𝑡) − 𝔼𝜏ℎ(𝑋 ′
𝑡)] = 𝐴 + 𝐵,

where

𝐴 ≔ 𝔼𝑥,𝑥′[𝔼𝜏ℎ(𝑋𝑡) − 𝔼𝜏ℎ(𝑋 ′
𝑡)]{𝜏 ≤ 𝑡}

𝐵 ≔ 𝔼𝑥,𝑥′[𝔼𝜏ℎ(𝑋𝑡) − 𝔼𝜏ℎ(𝑋 ′
𝑡)]{𝜏 > 𝑡}.

Using the strong Markov property and the fact that 𝜏 is a finite stopping time, we can
write 𝐴 as

𝐴 = 𝔼𝑥,𝑥′[(𝑃𝑡−𝜏ℎ)(𝑋𝜏) − (𝑃𝑡−𝜏ℎ)(𝑋 ′
𝜏)]{𝜏 ≤ 𝑡}

Since ℎ is increasing, 𝑋𝜏 ≤ 𝑋 ′
𝜏 and (𝑃𝑡) is increasing, we must have 𝐴 ≤ 0. Moreover,

𝐵 ≤ 𝔼𝑥,𝑥′ |𝔼𝜏ℎ(𝑋𝑡) − 𝔼𝜏ℎ(𝑋 ′
𝑡)|{𝜏 > 𝑡} ≤ 2ℙ𝑥,𝑥′{𝜏 > 𝑡}.

As a result,
𝛿𝑥𝑃𝑡ℎ − 𝛿𝑥′𝑃𝑡ℎ ≤ 2ℙ𝑥,𝑥′{𝜏 > 𝑡}.

Since the one-sided bound holds for all 𝑥, 𝑥′ ∈ 𝑆, applying it to the pair (𝑥′, 𝑥) gives
𝛿𝑥′𝑃𝑡ℎ − 𝛿𝑥𝑃𝑡ℎ ≤ 2ℙ𝑥′,𝑥{𝜏 > 𝑡}, and hence

|𝛿𝑥𝑃𝑡ℎ − 𝛿𝑥′𝑃𝑡ℎ| ≤ 2max(ℙ𝑥,𝑥′{𝜏 > 𝑡}, ℙ𝑥′,𝑥{𝜏 > 𝑡}).
Since ℎ ∈ 𝑖𝑏𝑆 with |ℎ| ≤ 1 was arbitrary, we can take the supremum to get

𝛽(𝛿𝑥𝑃𝑡, 𝛿𝑥′𝑃𝑡) ≤ 2max(ℙ𝑥,𝑥′{𝜏 > 𝑡}, ℙ𝑥′,𝑥{𝜏 > 𝑡}) for all 𝑥, 𝑥′ ∈ 𝑆. (A.10)

We wish to extend this to arbitrary (nondegenerate) initial conditions. To this end, fix
𝜙, 𝜓 ∈ P(𝑆). Let (𝑋, 𝑋 ′) be any coupling with marginals 𝜙 and 𝜓. For ℎ ∈ 𝑖𝑏𝑆 with
|ℎ| ≤ 1, we have

(𝜙𝑃𝑡)(ℎ) − (𝜓𝑃𝑡)(ℎ) = 𝔼[(𝑃𝑡ℎ)(𝑋)] − 𝔼[(𝑃𝑡ℎ)(𝑋 ′)] = 𝔼[(𝛿𝑋𝑃𝑡)(ℎ) − (𝛿𝑋′𝑃𝑡)(ℎ)].
Taking absolute values and using (A.10), we get

|(𝜙𝑃𝑡)(ℎ) − (𝜓𝑃𝑡)(ℎ)| ≤ 𝔼[𝛽(𝛿𝑋𝑃𝑡, 𝛿𝑋′𝑃𝑡)].
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The right-hand side does not depend on ℎ, so taking the supremum over ℎ ∈ 𝑖𝑏𝑆 with
|ℎ| ≤ 1 gives

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) ≤ 𝔼[𝛽(𝛿𝑋𝑃𝑡, 𝛿𝑋′𝑃𝑡)].
By (A.10),

𝛽(𝜙𝑃𝑡, 𝜓𝑃𝑡) ≤ 2𝔼[max(ℙ𝑋,𝑋′{𝜏 > 𝑡}, ℙ𝑋′,𝑋{𝜏 > 𝑡})]. (A.11)
Since ℙ𝑥,𝑥′{𝜏 < ∞} = 1 by (7.1) for all 𝑥, 𝑥′ ∈ 𝑆, both ℙ𝑥,𝑥′{𝜏 > 𝑡} and ℙ𝑥′,𝑥{𝜏 >
𝑡} converge to 0 as 𝑡 → ∞ for each (𝑥, 𝑥′). By the dominated convergence theorem,
the right-hand side of (A.11) converges to 0. Since 𝜙, 𝜓 ∈ P(𝑆) were arbitrary, (𝑃𝑡) is
asymptotically contractive. □

A.6. Proof of Theorem 6.1 and Theorem 7.1. First we prove the discrete time result
in Theorem 6.1.

Proof of Theorem 6.1. Let 𝑃 be any stochastic kernel on 𝑆. If 𝑃 is globally stable onP(𝑆),
then 𝑃 is bounded in probability, since the sequence of distributions 𝑡 ↦ 𝛿𝑥𝑃𝑡 = 𝑃𝑡(𝑥, ⋅)
is convergent and hence tight. (By Prokhorov’s theorem, every weakly convergent se-
quence of probability measures on a Polish space is tight.)

Now suppose that 𝑃 is increasing, order reversing, and bounded in probability. By
Lemma A.5 from Kamihigashi and Stachurski (2014), there exists an (𝑆 × 𝑆)-valued
Markov process ((𝑋𝑡), (𝑋 ′

𝑡))𝑡∈ℤ+ on a probability space (Ω,ℱ, ℙ) such that (𝑋𝑡)𝑡∈ℤ+ and
(𝑋 ′

𝑡)𝑡∈ℤ+ are independent, both of these processes are 𝑃-Markov, and the stopping time
𝜏 ≔ inf {𝑡 ≥ 0 ∶ 𝑋𝑡 ≤ 𝑋 ′

𝑡} obeys ℙ𝑥,𝑥′{𝜏 < ∞} = 1 for all 𝑥, 𝑥′ ∈ 𝑆. Since ⪯ is closed,
{(𝑥, 𝑥′) ∈ 𝑆 × 𝑆 ∶ 𝑥 ≤ 𝑥′} is measurable, so 𝜏 is a stopping time. The strong Markov
property always holds in discrete time (see, e.g., Meyn and Tweedie (2009)). As a result,
the associated discrete time semigroup is weakly order mixing. Proposition A.1 now im-
plies that (𝑃𝑡)𝑡∈ℤ+ is asymptotically contractive onP(𝑆)with respect to the metric 𝛽. By
definition, this means that the operator 𝑃 is asymptotically contractive onP(𝑆). Global
stability now follows from Corollary 3.1 (iii), given that boundedness in probability im-
plies existence of a tight trajectory. □

Now we prove the continuous time result in Theorem 7.1.

Proof of Theorem 7.1. Since (𝑃𝑡) is increasing and weakly order mixing, Proposition A.1
implies that (𝑃𝑡) is asymptotically contractive on (P(𝑆), 𝛽). If (𝑃𝑡) is globally stable, then
the trajectory 𝑡 ↦ 𝜙𝑃𝑡 is convergent for every 𝜙 ∈ P(𝑆), and hence tight (since every
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weakly convergent sequence of probability measures on a Polish space is tight). Con-
versely, if (𝑃𝑡) has at least one tight trajectory, then global stability follows from Theo-
rem 3.1, since (𝑃𝑡) is order-preserving and asymptotically contractive. □

A.7. Proof of Theorem 8.1. We prove this theorem using a sequence of lemmas.

Lemma A.7. If Assumption 8.1 holds, then (𝑃𝑡) is increasing.

Proof. Fix 𝑥, 𝑥′ ∈ 𝑆 with 𝑥 ≤ 𝑥′. On a common probability space, construct two PDMPs
(𝑋𝑡) and (𝑋 ′

𝑡) starting from 𝑥 and 𝑥′ respectively, using the same jump times (𝑇𝑛) and
the same shocks (𝜉𝑛). The embedded chains satisfy 𝑍0 = 𝑥 ≤ 𝑥′ = 𝑍′0. By induction: if
𝑍𝑛 ≤ 𝑍′𝑛, then Φ(𝑍𝑛, 𝐸𝑛+1) ≤ Φ(𝑍′𝑛, 𝐸𝑛+1) by Assumption 8.1 (i) and

𝑍𝑛+1 = 𝐹(Φ(𝑍𝑛, 𝐸𝑛+1), 𝜉𝑛+1) ≤ 𝐹(Φ(𝑍′𝑛, 𝐸𝑛+1), 𝜉𝑛+1) = 𝑍′𝑛+1
by Assumption 8.1 (ii). Hence 𝑍𝑛 ≤ 𝑍′𝑛 for all 𝑛. For any 𝑡 ≥ 0, applying Assump-
tion 8.1 (i) gives

𝑋𝑡 = Φ(𝑍𝑁𝑡 , 𝑡 − 𝑇𝑁𝑡) ≤ Φ(𝑍′𝑁𝑡 , 𝑡 − 𝑇𝑁𝑡) = 𝑋 ′
𝑡 .

Therefore, for any ℎ ∈ 𝑖𝑏𝑆, 𝑃𝑡ℎ(𝑥) = 𝔼𝑥ℎ(𝑋𝑡) ≤ 𝔼𝑥′ℎ(𝑋 ′
𝑡) = 𝑃𝑡ℎ(𝑥′). □

Lemma A.8. If Assumptions 8.1 and 8.2 hold, then (𝑃𝑡) is bounded in probability.

The idea behind the proof is that the pathwise bounds in Assumption 8.2 prevent the
post-jump states from escaping to infinity, while the inherently exponential inter-arrival
times prevent the deterministic flow from carrying the process too far between jumps.

Proof. Fix 𝑥0 ∈ 𝑆 and 𝜀 > 0. We need to find a compact set 𝐷 such that ℙ𝑥0{𝑋𝑡 ∈ 𝐷} ≥
1 − 𝜀 for all 𝑡 ≥ 0. By Assumption 8.2, 𝑓1(𝜉𝑛) ≤ 𝑍𝑛 ≤ 𝑓2(𝜉𝑛) for all 𝑛 ≥ 1, so each post-
jump state lies in [𝑓1(𝜉𝑛), 𝑓2(𝜉𝑛)]. Choose a compact 𝐾 ⊂ 𝑆 with ℙ{𝑓𝑖(𝜉) ∈ 𝐾} ≥ 1 − 𝜀/6
for 𝑖 = 1, 2. By Assumption 3.1, 𝐾 ⊂ [𝑎, 𝑏] for some 𝑎, 𝑏 ∈ 𝑆, and 𝐶 ≔ [𝑎, 𝑏] is compact.
Whenever both 𝑓1(𝜉𝑛) and 𝑓2(𝜉𝑛) fall in 𝐾, the post-jump state 𝑍𝑛 lies in 𝐾 ⊂ 𝐶.

Next, we show that 𝑍𝑁𝑡 , the state at the most recent jump before time 𝑡, lies in 𝐶 with
highprobability. Formally, 𝜉𝑛 is independent of (𝐸1,… , 𝐸𝑛+1) and {𝑁𝑡 = 𝑛} is determined
by (𝐸1,… , 𝐸𝑛+1), so

ℙ𝑥0{𝑍𝑁𝑡 ∉ 𝐶, 𝑁𝑡 ≥ 1} =
∞
∑
𝑛=1

ℙ{𝑁𝑡 = 𝑛, 𝑍𝑛 ∉ 𝐶} ≤ 𝜀
3

∞
∑
𝑛=1

ℙ{𝑁𝑡 = 𝑛} = 𝜀
3.

Between consecutive jumps, the process follows the flow Φ, so 𝑋𝑡 = Φ(𝑍𝑁𝑡 , 𝑅𝑡) where
𝑅𝑡 ≔ 𝑡 − 𝑇𝑁𝑡 is the time elapsed since the last jump. The event {𝑅𝑡 > 𝑀} requires no
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Poisson arrivals in the interval (𝑡 − 𝑀, 𝑡], so ℙ{𝑅𝑡 > 𝑀} ≤ 𝑒−𝜆𝑀. Choose 𝑀 > 0 with
𝑒−𝜆𝑀 < 𝜀/3. Before the first jump (𝑁𝑡 = 0), the process follows its initial trajectory:
𝑋𝑡 = Φ(𝑥0, 𝑡). The probability of no jump by time 𝑡 is ℙ{𝑁𝑡 = 0} = 𝑒−𝜆𝑡, which is small
for large 𝑡. Choose 𝑇 > 0 with 𝑒−𝜆𝑇 < 𝜀/3.

Since Φ is continuous,

𝐷 ≔ Φ(𝐶 × [0,𝑀]) ∪ Φ({𝑥0} × [0, 𝑇])
is compact. (The first component captures the flow starting from any post-jump state
in 𝐶 and running for at most 𝑀 time units. The second captures the initial trajectory
from 𝑥0 up to time 𝑇, covering the possibility that no jump has yet occurred.) Consider
first the case 𝑡 ≤ 𝑇: if 𝑁𝑡 = 0, then 𝑋𝑡 = Φ(𝑥0, 𝑡) ∈ 𝐷. For any such 𝑡: on the event
{𝑁𝑡 ≥ 1, 𝑍𝑁𝑡 ∈ 𝐶, 𝑅𝑡 ≤ 𝑀}, we have 𝑋𝑡 = Φ(𝑍𝑁𝑡 , 𝑅𝑡) ∈ 𝐷. The three complementary
events each have small probability:

ℙ𝑥0{𝑋𝑡 ∉ 𝐷} ≤ ℙ{𝑁𝑡 = 0} + ℙ{𝑍𝑁𝑡 ∉ 𝐶, 𝑁𝑡 ≥ 1} + ℙ{𝑅𝑡 > 𝑀} ≤ 𝑒−𝜆𝑡 + 𝜀
3 + 𝑒−𝜆𝑀.

For 𝑡 > 𝑇 each term is atmost 𝜀/3, giving a total boundof 𝜀. For 𝑡 ≤ 𝑇 the first termcovers
the event {𝑁𝑡 = 0} (on which 𝑋𝑡 ∈ 𝐷 by construction), so ℙ𝑥0{𝑋𝑡 ∉ 𝐷} ≤ 𝜀/3 + 𝜀/3 <
𝜀. □

Lemma A.9. If Assumptions 8.1 and 8.2 hold, then (𝑃𝑡) is weakly order mixing.

Proof. Construct two PDMPs (𝑋𝑡) and (𝑋 ′
𝑡) on a common probability space using the

same Poisson jump times (𝑇𝑛) but independent shock sequences (𝜉𝑛) and (𝜉′𝑛), each
iid with common distribution 𝜇. Each marginal process is (𝑃𝑡)-Markov, and the joint
process ((𝑋𝑡), (𝑋 ′

𝑡)) is itself a PDMP on 𝑆 × 𝑆 (with the same jump rate 𝜆, joint flow
(Φ(𝑥, 𝑡), Φ(𝑥′, 𝑡)), and independent shocks), hence strong Markov.

Fix 𝑥, 𝑥′ ∈ 𝑆 and write 𝐴𝑛 = {𝑍𝑛 ≤ 𝑍′𝑛} for the event that the two embedded chains
become ordered at the 𝑛-th shared jump. On 𝐴𝑛, the semi-flow identity gives 𝑋𝑇𝑛 =
Φ(𝑍𝑛, 0) = 𝑍𝑛 ≤ 𝑍′𝑛 = Φ(𝑍′𝑛, 0) = 𝑋 ′

𝑇𝑛 . Hence 𝜏 ≤ 𝑇𝑛, where 𝜏 ≔ inf{𝑡 ≥ 0 ∶ 𝑋𝑡 ≤ 𝑋 ′
𝑡},

and it suffices to show that 𝐴𝑛 occurs for some 𝑛 with probability one.

Let 𝑓1 and 𝑓2 be as in Assumption 8.2 and set 𝛿 ≔ ℙ{𝑓2(𝜉) ≤ 𝑓1(𝜉′)} > 0. On the event
{𝑓2(𝜉𝑛) ≤ 𝑓1(𝜉′𝑛)}, wehave𝑍𝑛 = 𝐹(Φ(𝑍𝑛−1, 𝐸𝑛), 𝜉𝑛) ≤ 𝑓2(𝜉𝑛) ≤ 𝑓1(𝜉′𝑛) ≤ 𝐹(Φ(𝑍′𝑛−1, 𝐸𝑛), 𝜉′𝑛) =
𝑍′𝑛, so 𝐴𝑛 occurs regardless of the pre-jump states. Since (𝜉𝑛, 𝜉′𝑛) is independent of all
other randomness, ℙ{𝐴𝑐

𝑛 ∣ ℱ𝑛−1} ≤ 1 − 𝛿 for every 𝑛. Therefore
ℙ𝑥,𝑥′{𝜏 > 𝑇𝑘} ≤ ℙ{𝐴𝑐

1 ∩⋯ ∩ 𝐴𝑐
𝑘} ≤ (1 − 𝛿)𝑘.

Since 𝑇𝑘 →∞ a.s., ℙ𝑥,𝑥′{𝜏 < ∞} = 1. □
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Proof of Theorem 8.1. By Lemma A.7, (𝑃𝑡) is increasing. By Lemma A.8, (𝑃𝑡) is bounded
in probability, which implies the existence of a tight trajectory. By Lemma A.9, (𝑃𝑡) is
weakly order mixing. Global stability now follows from Theorem 7.1. □
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