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ABSTRACT. Many economic models feature monotone Markov dynamics on state spaces
that may be noncompact. Establishing existence, uniqueness, and stability of stationary
distributions in such settings has required a patchwork of sufficient conditions, each
tailored to specific applications. We provide a single necessary and sufficient condition:
a monotone Markov process has a globally stable stationary distribution if and only if
it is asymptotically contractive and has a tight trajectory. This characterization covers
both compact and noncompact state spaces, discrete and continuous time, and extends
to nonlinear Markov operators that depend on aggregate state. We demonstrate the re-
sult through applications to wage dynamics, Bayesian learning with belief shocks, and
income processes that generate Pareto tails.

1. INTRODUCTION

Many models in economics and finance have monotonicity properties with respect to
state variables. A general methodology for studying dynamics of such models in a Markov
setting was provided in the frequently cited paper of Hopenhayn and Prescott (1992),
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2 STATIONARY DISTRIBUTIONS IN MONOTONE MARKOV MODELS

which in turn extended earlier results by Stokey and Lucas (1989), and Razin and Ya-
hav (1979). The monotone mixing condition used in that paper has become a stan-
dard approach to establishing stability properties over a large range of applications,
including international trade, human capital, business cycles, inequality, intergenera-
tional mobility, and labor markets, using models ranging from overlapping generations
and competitive search to mean field games (see, e.g., Chatterjee and Shukayev (2010),
Hidalgo-Cabrillana (2009), Samaniego (2008), Marcet et al. (2007), Antunes and Caval-
canti (2007), Morand and Reffett (2007), Le Grand and Ragot (2022), Light and Wein-
traub (2022), Balbus et al. (2025), and Kam et al. (2025)).

The conditions in Hopenhayn and Prescott (1992) are not universally applicable, how-
ever, since they require a compact state space with least and greatest elements. This
setup compromises analysis of important features of economic data, such as heavy tails
in cross-sectional distributions. In addition, many time series models naturally generate
unbounded states. The need to extend Hopenhayn and Prescott (1992) has motivated a
substantial literature. Subsequent research has weakened their mixing conditions and
replaced compactness of the state space with “tightness” type conditions from the mod-
ern literature on Markov process theory, as well as treating partially monotone mod-
els (see, e.g., Kamihigashi and Stachurski (2012), Kamihigashi and Stachurski (2014),
Kamihigashi and Stachurski (2016), Foss et al. (2018), Kamihigashi and Stachurski (2019),
Foss and Scheutzow (2024), Light (2024), and Light (2026)).

In this paper we bring this literature full circle by providing simple necessary and suffi-
cient conditions for global stability—that is, existence, uniqueness, and stability of sta-
tionary distributions—in monotone Markov models defined on either compact or non-
compact state space. These conditions are built on top of a new fixed point theorem es-
tablished in the paper. The fixed point theorem shows that, in any complete preordered
metric space where the metric satisfies a diagonal property, an order-preserving (i.e.,
monotone) operator has a unique fixed point if and only if it is asymptotically contrac-
tive and generates at least one order-bounded trajectory.

In a Markov setting, we show that asymptotic contractivity holds under weak mixing
conditions that can be understood as generalizations of the the well-known monotone
mixing condition in Hopenhayn and Prescott (1992). We also show that, when working
with the stochastic dominance partial order, existence of an order-bounded trajectory
is equivalent to existence of a tight trajectory. This is a weak version of boundedness
in probability, which is a standard stability-related condition in the Markov process lit-
erature (see, e.g., Meyn and Tweedie (2009); Hahn et al. (2024); Ma and Toda (2025)).
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Existence of a tight trajectory is also is also considerably weaker than assuming, as in
Hopenhayn and Prescott (1992), that the state space itself is compact.

In addition, we prove all of these results in an abstract semigroup setting that

(i) includes both continuous and discrete time, and

(ii) allows for nonlinear Markov operators as well as linear ones.

Point (i) means that, in the process of establishing our necessary and sufficient condi-
tions, we also extend Hopenhayn and Prescott (1992) and much of the later surrounding
literature to handle continuous time models. Point (ii) means that our results can be
applied to nonlinear Markov distribution dynamics, where individual Markov updates
depend on a distribution and the distribution is determined by the individual Markov
laws (see, e.g., Light (2026)).

We demonstrate the scope of our results through several economic applications. In the
compact state space setting, we revisit the monotone mixing condition of Hopenhayn
and Prescott (1992), providing sharper results including exponential convergence rates
and ergodicity, and extending the framework to continuous time. We illustrate with
a continuous-time job ladder model of wage dynamics. For noncompact state spaces,
we develop applications to piecewise deterministic Markov processes (PDMPs), a class
of continuous-time models that combine smooth deterministic dynamics with random
jumps. PDMPs arise naturally in models of wealth accumulation or firm dynamics, and
are well-suited to capturing the role of jumps and discrete shocks in continuous time.

Our applications include a continuous-time job ladder model of wage dynamics, extend-
ing the framework of Burdett and Mortensen (1998) and Moscarini and Postel-Vinay
(2013) by allowing state-dependent wage offers; a model of Bayesian learning subject to
belief shocks, as arise in models of countercyclical uncertainty and forecast bias (Orlik
and Veldkamp, 2014; Cogley and Sargent, 2008); and two models of income dynamics—a
pure jump process and a PDMP with deterministic drift—both of which generate Pareto
tails in the stationary distribution, complementing recent work on stationary distri-
butions in continuous-time heterogeneous-agent models (Gabaix et al., 2016) and on
Pareto exponents in multiplicative economies (Beare and Toda, 2022).

On a theoretical level, the closest papers to ours are Kamihigashi and Stachurski (2014)
and Foss and Scheutzow (2024), who prove that global stability holds under a combi-
nation of (a) order-theoretic mixing conditions and (b) side conditions that imply ex-
istence of a stationary distribution. Under matching assumptions on the underlying
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state space, both of these results are special cases of our abstract stability result in The-
orem 2.1, which shows that asymptotic contractivity and existence of an order-bounded
trajectory are enough for global stability. (The results in Kamihigashi and Stachurski
(2014) and Foss and Scheutzow (2024) both imply asymptotic contractivity and order
boundedness of at least one trajectory.) At the same time, Theorem 2.1 goes further,
admitting operators acting on arbitrary preordered spaces, providing necessary condi-
tions for global stability, and handling continuous time as well as discrete time. While
Kamihigashi and Stachurski (2014) is essentially superseded by the results in this paper,
Foss and Scheutzow (2024) is complementary, adding valuable sufficient conditions for
order boundedness and asymptotic contractivity when time is discrete.

The remainder of the paper is organized as follows. Section 2 develops the abstract fixed
point theory for order-preserving semigroups. Section 3 specializes to probability spaces,
introducing the Bhattacharya metric and connecting tightness to order boundedness.
Section 4 covers stochastic kernels and transition probability functions. Section 5 treats
the monotone mixing condition on compact state spaces, with an application to wage
dynamics. Section 6 extends to noncompact state spaces in discrete time, with an appli-
cation to Bayesian learning with belief shocks. Section 7 develops the continuous-time
counterpart, with an application to income dynamics. Section 8 develops the PDMP
framework and applies it to income dynamics with deterministic drift. Proofs are col-
lected in Section A.

2. STABILITY OF ASYMPTOTIC CONTRACTIONS

We begin with background on preordered metric spaces and the diagonal property. We
then introduce semigroups and the notions of asymptotic contractivity and global sta-
bility, before stating our main results.

2.1. Background. Let Xbe aset. If A isany subset of X, then A€ refers to its complement
in X. We recall that a binary relation < on X is called a preorder if it is transitive and
reflexive. An antisymmetric preorder on Xis called a partial order on X. Given a preorder
<on X, each subset I of X having the form

I:=[a,bl:={xeX : a<x=<b} (a,b e X, a<b)

is called an order interval in X. A set B C X is called order-bounded if there exists an
order interval I in X with B C I. A sequence (x;) := (xX;);eny C X is called increasing if
X; < Xxj41 for all i and decreasing if x;,; < x; for all i.
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A map T from X to itselfis called a self-map on X. The symbol T* indicates i compositions
of T with itself. A self-map T : X — X s called order-preserving if x < y implies Tx <
Ty. A fixed point of T is an element x* € X such that Tx* = x*.

A preordered metric space is a triple (X, d, <) where (X, d) is a metric space and < is a
preorder on X. For such a space, the preorder < is called closed if (x;) C X, (y;) C X,
x; < yjforalli,x; > x € Xand y; — y € Ximplies x < y. We say that d has the
diagonal property with respect to < if, for all a, b in X,

d(x,y) <d(a,b) whenever x,y € [a,b]. (2.1)
Example 2.1. Let X be a Banach lattice with norm || - ||, partial order <, and absolute
value function | - |. Fix a,b in X and x,y € [a,b]. Since —x < —a and y < b, we have

y—x < b—a. Asimilar argument givesx —y < b—a. Hence [x—y| <b—a=|b—a|.
Norms on Banach lattices preserve absolute order, so | x — y|| < |la — b|].

Example 2.2. Let A be any set, let X be a set of real-valued functions on A, and let < be
the pointwise order on X. If d has the form d(x, y) = e(|x — y|) for some non-decreasing
function e mapping into R, := [0, o0), then d satisfies the diagonal property. Indeed, if
we fixx,y,a,b € Xwithx,y € [a, b],thena—b < x—y < b—aand hence |x—y| < |b—al|.
Since e is non-decreasing on X, this yields d(x,y) = e(|Jx—y|) < e(|Jb—a|) = e(Ja—b]|) =
d(a,b).

Examples 2.1 and 2.2 show that the diagonal property also holds in most of the classical
spaces and any of their subsets (endowed with the same metric and preorder). Obvious
special cases include

« X = R",where d is Euclidean distance and < is the usual pointwise partial order,

« X = all bounded, real-valued functions on a given set M, where d is the supre-
mum distance and < is the pointwise partial order, and

« Xisan L, space, d is the L, distance, and < is the almost everywhere pointwise
partial order (see, e.g., Zaanen (2012)).

Figure 1 helps illustrate the diagonal property in the first two cases.

2.2. Semigroups. Let (X, d, <) be a preordered metric space and let (T;) := (T;);eT be
a family of self-maps on X, where T is either R, or Z,. The case T = R, represents
continuous time, while T = Z, represents discrete time. The family (T;) is called a
semigroup on X when

To=1 and Ty, =T;0T;, foralls,teT.
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FIGURE 1. Diagonal property: if x,y € [a, b], then d(x,y) < d(a, b)

We refer to T as the index set. When time is discrete, the semigroup property implies
that T; is just t compositions of T := T;.

(Note that, unlike some studies of operator semigroups, no algebraic structure is im-
posed on the underlying set X. Moreover, we do not require that ¢t — T, is continuous.)

Given x € X, the mapt — T,x from T — X is called the trajectory of x under the
semigroup (7;). The trajectory is called order-bounded if its range is contained in an
order interval; that is, if there exists a, b € X such that

a<Tyx<b forallteT. (2.2)

We say that x* € X is a stationary point of (T;) if x* is a fixed point of T for all t € T. We
say that (T;) is

« asymptotically contractive on X if d(T; x, T; y) —» O ast — oo for all x,y € X,
« order-preserving if T, is order preserving for all t € T, and

« globally stable if (T;) has a unique stationary point x* € X and

d(T; x,x*) > 0ast »> oo forall xe X

To simplify terminology, in the case where T = Z, and T; is the ¢-th composition of
T := T, for all t, we assign properties listed above directly to T. For example, we say that
T is globally stable if the semigroup (T,);ez, = (T");ez, is globally stable.

2.3. Results. We can now state our main results in preordered metric space. Through-
out, we take (X, d, <) to be such a space. We use the following assumptions.

Assumption 2.1. The metric d is complete and satisfies the diagonal property.
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Assumption 2.2. The preorder < is closed with respect to d.

In this setting we have the following result, which is the main theoretical contribution
of the paper.

Theorem 2.1. Let (T;) be an order-preserving semigroup on X. If Assumptions 2.1 and 2.2
hold, then the following statements are equivalent:

(i) (1) is asymptotically contractive and has at least one order-bounded trajectory.
(ii) (T;) is globally stable.

Switching to discrete time, we have the following corollary. The corollary is obvious
given Theorem 2.1, but nonetheless worth stating due to its value as a fixed point theo-
rem.

Corollary 2.1. Let T be an order-preserving self-map on X. If Assumptions 2.1 and 2.2
hold, then the following statements are equivalent:

(i) T is asymptotically contractive and has at least one order-bounded trajectory.
(ii) T is globally stable.

Theorem 2.1 assumes that the preorder < is closed. This assumption can be dropped
when (T;) satisfies additional conditions:

Theorem 2.2. If Assumption 2.1 holds and x — T,x is continuous on X forallt € T, then
the equivalence of (i) and (ii) in Theorem 2.1 is also valid.

The proofs of these and other results can be found in the appendix.

3. STABILITY ON PROBABILITY SPACES

Next we consider the special case where the semigroups under investigation act on a
space of probability measures. In other words, we analyze environments where distri-
butions are shifted forward in time under given laws of motion. In this setting, we will
be able to relate stability to a compactness-type condition on trajectories (tightness) that
is often applied in the analysis of distribution dynamics.
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3.1. Background. Let S = (S, <) be a partially ordered Polish space, that is, S is a
separable and completely metrizable topological space equipped with a closed partial
order <. The Borel sets of S are denoted by #. A function f : S — Ris called increasing
if f(x) < f(y) whenever x < y. It is called decreasing if f(y) < f(x) whenever x < y.
This terminology extends to sets in .Z by considering their indicator functions. We let

« bS represent the set of bounded measurable functions from S to R,
« cbS represent the set of continuous functions in bS,

« ibS represent the set of increasing functions in bS,

« Z(S) be the set of all probability measures on (S, %).

Elements of Z(S) are also called distributions. For h € bS and ¢ € Z(S), we set

o) = [ .

We recall that aset ® C Z(S) is called tight if, for all € > 0, there exists a compactK C S
with ¢(K¢) < e for all ¢ € ®.

For any pair ¢, € Z(S), write
P=<4¥ <= ¢h) <ty(h)forall h €ibS.

This is the usual notion of (first order) stochastic dominance. Under our assumptions on
(S, <), the relation < is a partial order on Z(S) (see, e.g., Kamae and Krengel (1978)).

Throughout the paper, we impose the following restriction on S.

Assumption 3.1. A subset of S is compact if and only if it is closed and order bounded.

Here is a simple alternative characterization that is helpful for the proofs.

Lemma 3.1. Assumption 3.1 holds if and only if order intervals in S are compact and
compact subsets of S are order-bounded.

Proof. Suppose first that Assumption 3.1 holds. Order intervals are closed (since < is
closed) and order-bounded, hence compact by Assumption 3.1. If K is compact, then
K is order-bounded by Assumption 3.1. Conversely, suppose that order intervals are
compact and compact sets are order-bounded. If K is compact, then K is closed (since
S is Hausdorff) and order-bounded (by assumption). If K is closed and order-bounded,
then K C [a, b] for some a,b € S. Since [a, b] is compact and K is a closed subset, K is
compact. U
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Example 3.1. Assumption 3.1 holds when S is a product of intervals in R" with the
componentwise partial order and Euclidean metric. This includes R", [0, o0)", (0, 00)",
(0,1, [0,1]", and mixed cases such as [0,1) X (0, oo0).

Assumption 3.1 has two useful implications for the results below. One is completeness
of the Bhattacharya metric introduced below. Another is an equivalence between tight
and order bounded subsets of Z(S):

Proposition 3.1. A C Z(S) is tight if and only if A is order bounded in (Z(S), <)

Below, Proposition 3.1 will be used to connect tightness with global stability.

In this paper, when considering stability of maps over distribution space, we always work
with the Bhattacharya metric 3 on Z(S), which is defined by

Bg: )= sup |¢(h)—p(h). (3.1)

heibs, |h|<1

Kamihigashi and Stachurski (2019) show that § is a complete metric on Z(S) under
Assumption 3.1 (see Theorem 4.1).

Lemma 3.2. The metric 3 satisfies the diagonal property on Z(S).

Proof. Fix ¢,19, ¢ and u in Z(S) with ¢,9 € [¢,u]. Given h € ibS with |h| < 1, we have

¢(h) —(h) <u(h) —€(h) and  P(h) — ¢(h) < u(h) — £(h).

It follows that |¢p(h) — P(h)| < u(h) — €(h) = |u(h) — €(h)| < B(€,u). The diagonal
property is obtained by taking the sup over h € ibS with |h| < 1. g

Another useful observation is as follows.

Lemma 3.3. The partial order <4 on Z(S) is closed with respect to 3.

Proof. Suppose (¢y,), (¥n) C Z(S)With¢, <4 Py foralln, f(¢,, ¢) — 0,and Sy, P) -
0. Fix h € ibS with |h| < 1. From convergence in the Bhattacharya metric, we obtain

¢n(h) = ¢(h) and ¢,(h) - P(h) as n — oco. We also have ¢,(h) < P, (h) for all n.
Hence, taking limits, ¢(h) < 3(h). This holds for all h € ibS with |h| < 1 and, by
scaling, extends to all h € ibS. Therefore ¢ <4 . U
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3.2. Semigroups over Distributions. Let us now consider a semigroup (7;);ct on
Z(S). The semigroup represents a model that shifts distributions forward in time via
t — T;¢, where ¢ is some initial distribution. In all of what follows, &?(S) is endowed
with the stochastic dominance partial order <y and the Bhattacharya metric 8. More-
over, S = (S, <) is itself a partially ordered Polish space satisfying Assumption 3.1. In
this setting, we can state the following result.

Theorem 3.1. Let (T;) be an order-preserving semigroup on Z?(S). The following state-
ments are equivalent:

(i) (Ty) is globally stable on Z(S).
(ii) (T;) is asymptotically contractive and has an order-bounded trajectory in Z(S).
(iii) (T;) is asymptotically contractive and has a tight trajectory in Z(S).

The statement that (7;) has a tight trajectory means that there exists at least one ¢ €
Z(S) such that (T;¢);c is tight in Z(S).

Specializing to discrete time, we have the following corollary.

Corollary 3.1. If T: Z(S) —» Z(S) is order-preserving, then the following statements
are equivalent:

(i) T is globally stable on Z(S).
(ii) T is asymptotically contractive and has an order-bounded trajectory in Z(S).
(iii) T is asymptotically contractive and has a tight trajectory in Z(S).

In summary, Theorem 3.1 and Corollary 3.1 provide necessary and sufficient conditions
for global stability of order-preserving semigroups and maps on distribution space: as-
ymptotic contractivity combined with tightness of at least one trajectory.

Often the operators that we consider will be Markov operators generated from transition
probability functions. Such operators have other useful properties, such as linearity with
respect to distributions. We discuss this case in Section 4. We also note, however, that
Theorem 3.1 and Corollary 3.1 can be used to study nonlinear maps over distributions,
which occur frequently in economic dynamics (see, e.g., Light (2026)).

4. PROBABILISTIC MARKOV MODELS

In this section we provide background on probabilistic aspects of Markov dynamics,
and on the connection between underlying Markov models and the operators and semi-
groups they generate.
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4.1. Stochastic Kernels. A stochastic kernel on S is a map P from S X 4 to [0, 1] such
that B — P(x,B) is in #(S) for each x € S and x — P(x, B) is measurable for each
B € A. The kernel P is called increasing if x < x' implies P(x, ) <y P(x',-). This is
equivalent to both of the following statements:

« Ph € ibS whenever h € ibS.
« $P <4 PP whenever ¢ <y, .

Each stochastic kernel P on S generates two operators. The first is the left Markov oper-
ator, defined via

s 9P GPB)= [ PuBE) (B e D) (1)
The second is the right Markov operator, defined by
h + Ph, (Ph)(x) := fh(y)P(x, dy) (h € bS, x €9). (4.2)

For convenience, and in line with much of the literature (see, e.g., Meyn and Tweedie
(2009)), the same symbol P is used for both operators, as well as for the stochastic kernel.
In addition, we will drop the terms “left” and “right”, assuming that the meaning will
typically be clear from context, and adding clarification when necessary.

In (4.1), the map ¢ — ¢P is understood as updating distribution ¢ to the next period.
(One easily confirms that B — (¢P)(B) is a probability measure on %, so the mapping
is from Z(S) to #(S).) In (4.2), the value (Ph)(x) is interpreted as the conditional ex-
pectation of h(X) when X is the next period state and x is the current state.

For the two operators in (4.1) and (4.2), we have the well-known “duality” relation
(¢P)(h) = ¢(Ph) for any ¢ € Z(S) and any h € bS. (4.3)

(This follows directly from the definitions and Fubini’s theorem.) We note that the ker-
nel P is increasing if and only if the Markov operator ¢ — ¢P is order-preserving on

(2(8), Zsa)-

The following result parallels the well-known fact that total variation distance between
distributions is not increased after passing them through a Markov kernel. It will be
useful for our analysis of continuous time models, and also suggests that asymptotic
contractivity should be attainable under some additional conditions, which turn out to
be mixing conditions.
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Lemma 4.1. If P is an increasing kernel, then the Markov operator ¢ — ¢P is nonexpan-
sive in the Bhattacharya metric:

B(¢P,pP) < B(¢,¥) forall ¢, € Z(S). (4.4)

Proof. Observe that, for probability measures ¢, € Z(S), we have
B(¢P,YP) = Sgp [(¢P)(h) — (PP)(h)| = s1}11p [($)(Ph) — (P)(Ph)I,

where the supremum is over h € ibS with |h| < 1 and the second equality is by the
duality relationship in (4.3). Since P is increasing and h is increasing, Ph is increasing.
Since |h| < 1, we have |Ph| < 1, so the last expression is dominated by (¢, ¥). O

4.2. Transition Probability Functions. Following standard terminology, a transition
probability function is a family of stochastic kernels (B);ct such that

(i) B(x,-) =6, forall x € S, and
(ii) the Chapman-Kolmogorov equation holds:

B, (x,B)= /.B(y,B)ﬂ(x, dy) (s,t €T, x€S, Be A). (4.5)

When (B);cT is a transition probability function, the family of maps ¢ — ¢ER,

($B)(B) = f B(.B$(dx) (Be B teT) .6)

forms a semigroup on Z(S), with the semigroup property B, ; = B o F, following from
the Chapman-Kolmogorov relations. In this setting, we say that (B),ct is a Markov
semigroup on S. We use the same symbol (B);ct to represent the Markov semigroup
and the transition probability function, since both represent the same object.'

Remark 4.1. Each transition probability function (F);c1 also defines a family of oper-
ators h — Fh, indexed by t € T, each B mapping bS to bS, through the right Markov
operator relation in (4.2). Some authors have this in mind when they refer to the semi-
group generated by the transition probability function, rather than the family of maps
¢ — @B sending Z(S) to Z(S). This is just a matter of convention. Our terminology is
similar to Lasota and Mackey (1994) and Rudnicki and Tyran-Kamirnska (2017).

The transition probability function defines the Markov semigroup on S via (4.6). The semigroup de-
fines the transition probability function via P;(x, B) := (8,,P;)(B) forallx € S,t € T and B € 4.
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Example 4.1. In the discrete time case, where we work with a fixed stochastic kernel
PonS,wesetR := Iand P := P! for allt € N. The family (B)iez, is a transition
probability function.

Example 4.2. Let S = R and P(¢, x,dy) = p(t, x,y) dy, where

e e(y _ xe—@t)Z
p(t, %, y) = \/71’0’2(1 — e—201) P <_m) .

This is the transition density function for the Ornstein-Uhlenbeck process

dXt = —QXt dt + O-dm, XO =X, (47)

where 0 > 0 is the mean-reversion rate, o > 0 is the volatility parameter, and (W, )5 is
Brownian motion. The family of maps (F);>( defined by

b ¢B with ($B)(B) = f f p(t, %, y) dy $(dx)
B

is the Markov semigroup on R generated by the Ornstein—-Uhlenbeck transition proba-
bility function. For (4.7), the solution can be expressed as

26

and Z is a standard normal random variable. Hence, for the right Markov operators, we
have

X, =e%x+0,Z, where o0,:=0 (4.8)

(Bh)(x) = E[h(e~®x + 0,2)] (x € S, h €bS). (4.9)

Returning to the general case, a transition probability function (B);et = (B) will be
called increasing if B, is an increasing stochastic kernel for all ¢t € T. For example, (4.9)
implies that P h is increasing whenever h is increasing, so the Ornstein—Uhlenbeck tran-
sition probability function is order-preserving. Evidently, (B);ct is an increasing transi-
tion probability function if and only if it is order-preserving when viewed as a semigroup
on (A(S), Z4), asin (4.6).

We say that a transition probability function (R) is bounded in probability when the fam-
ily of distributions (B(x, -));cr is tight for all x € S. For example, for the Ornstein-
Uhlenbeck process, the representation (4.8) and o, < & := J/\/Z_O for all ¢ give |X;| <
|x| + &]Z|, so the family (B(x, -));>¢ is tight.

We recall that an S-valued stochastic process (X;) := (X;);c1 supported on a probability
space (Q, F,P) is called a Markov process if

P{X; € B|¥,} = P{X, € B| X} P-as. foralls,t € Twiths <tandall B € 4%,
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where (#;);e7 is the natural filtration generated by (X;). A stopping time of (#;) is a
random variable 7: Q — T U {oo} such that {r < t} € #; forallt € T. We call (X;) a
strong Markov process if, in addition, the Markov property holds at all stopping times of
(F): for every (F;)-stopping time 7 with P{t < oo} =1,

P{X;,: € B|¥;} = B(X;,B) P-as. forallt € TandallB € A.

Essentially all standard constructions of Markov processes have the strong Markov prop-
erty, including all discrete time processes and all cadlag paths under the standard con-
structions.

Given a transition probability function (B);cT, we say that a Markov process (X;);ct is
(R)teT-Markov when

P{X; € B| %5} = B_4(X,,B) for all nonnegative s < t and all B € A.

For the case of discrete time, when F is just the t-composition P! for some fixed stochastic
kernel P, we will simply say that (X;) is P-Markov. In other words, (X;);ez, is P-Markov
when

P{X;;1 € B|#;} = P(X;,B) forallt € Z, andall B € A.

Given x € S, we write P, for the conditional probability P{- | X, = x}.

5. MONOTONE MIXING

Theorem 2 of Hopenhayn and Prescott (1992) shows that, in discrete time, the monotone
mixing condition (MMC) is sufficient for global stability of monotone Markov chains.
In this section we extend their result by (a) establishing an explicit exponential rate of
convergence to the stationary distribution, (b) proving ergodicity for bounded increasing
observables, and (c) generalizing from discrete to continuous time.

We state the main result and its proof in Section 5.1, and then apply it to a continuous-
time model of wage dynamics in Section 5.2.

5.1. Theory. As before (S, <) is a partially ordered Polish space and < is stochastic
dominance. Following Hopenhayn and Prescott (1992), we suppose that S is compact
and, in addition, has a greatest element b and a least element a. Note that, under these
conditions, Assumption 3.1 is satisfied. Given x € S, we write U, for all y € S with
x <yand D, forally € Swithy < x.
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In line with Hopenhayn and Prescott (1992), we say that a stochastic kernel P on S sat-
isfies the monotone mixing condition (MMC) if there exists an X € S and an € > 0 such
that

P(a,Uz)>¢€¢ and P(b,Dg)>ce. (5.1)
In other words, a chain starting at a rises above X with positive probability, while a chain
starting from b falls below X with positive probability.

We now present the main result of this section, which extends Theorem 2 of Hopen-
hayn and Prescott (1992). In the statement, S has the properties listed at the start of
Section 5.1.

Theorem 5.1. Let (B);cT be a transition probability function on S. If (B)cT is increasing
and there exists a positive u € T such that B, satisfies the MMC, then (R),cT is globally
stable on &2(S) under 3 and convergence to the unique fixed point ¢* is exponential:

B(¢R, p*) < Ce™*  forallp € 2(S)andt €T, (5.2)
where C := 2/(1 —€) and « = In(1/(1 — €))/u. Moreover, when T = Z, each P-Markov
process is monotone ergodic:

1 n-1
uw{ lim = > h(X,) = ¢*(h); =1 forall h € ibS.
n-oo N =0

We note that Assumption 3.1 holds in the setting of Theorem 5.1. The proof can be found
in Section A.4.

5.2. Application: wage dynamics. We develop a continuous-time model of wage dy-
namics based on a job ladder framework with job destruction, extending the class of
models studied by Burdett and Mortensen (1998), Moscarini and Postel-Vinay (2013),
and Coles and Mortensen (2016) by allowing wage offers to be state-dependent.

Throughout, S := [0, @] denotes the state space for wages, with w € (0, o). We work
with two stochastic kernels on S. The first, denoted Q,,, governs wage draws upon job de-
struction. The second, Q,, governs outside offers while employed. We assume through-
out that both Q,, and Q, are increasing, so higher current wages predict higher offers for
both employed and unemployed workers.

Let 8 > 0 be the job destruction rate and 4 > 0 be the offer arrival rate while employed.
Let N¢ and N be independent Poisson processes with rates § and A respectively. The
wage process (W;);>¢ evolves as follows:
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« Atjump times of N%, we draw W; from Q,(W,_, -)
« Atjump times of N¢, we draw Wf ~ Q,.(W,_, -) and then set W, = max(W,;_, Wy).

Between jumps, W; remains constant. The max after job arrival means that an employed
worker can accept a new offer or retain their current position.

The process (W;);>¢ is a continuous-time pure jump process. Its dynamics can be char-
acterized through the infinitesimal generator A, which describes the instantaneous ex-
pected rate of change of h(W;) for test functions h € bS. (In discrete time, the analogous
object is the one-step conditional expectation operator Ph — h.) In this setting, A acts
on h € bS via

(a)w) =3 [ [hw) ~ hw)] Qulwdw) +2 [ [hw v w) = h(w)] Quw dw)
Define the discrete-time max-chain (M;);ez, starting from w by M, = w and
My = max{M;, W;,,} where (W;);ez, is Q.-Markov with W, = w.
Let Q,, be the kernel associated with the max-chain. We can now rewrite A more com-
pactly as A = 6(Q, —I) + A(Q,,, — I). Some rearranging gives
o Qu+ 52 O

This is the infinitesimal generator of a jump chain with jump kernel K, so the Markov
semigroup (R );>o on [0, ] admits the representation

A=06+A1)K—-1) where K=

W) = Y, eerlCEDE en iy (53)

n=0

(See, e.g., Siegrist (2022), Section 16.20.)
To generate monotone mixing, we impose the following restrictions.

Assumption 5.1. There exists a b € [0, ], an n € N and an € > 0 such that

Qu(w,Dy) 2 ¢ and Qz(0,Uy) > e. (5.4)

The assumption requires the existence of an intermediate wage level W such that unem-
ployed agents can reach this level and employed agents can fall below this level. Using
Assumption 5.1 and Theorem 5.1, we can obtain global stability:

Proposition 5.1. If Assumption 5.1 holds, then the wage process is globally stable, with
unique stationary distribution ¢*. Moreover,

B(¢R,p*) < Ce*  forallp € P(S)andt > 0, (5.5)
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where

e ODEAD"

C:=2/(1-x), a:=In(1/1—-x)), and x:= .

(5.6)

Proof. First observe that (B) is order-preserving. To see this, note that K is a convex com-
bination of the increasing kernels Q, and Q,, with state-independent weights, hence
increasing. Compositions of increasing kernels are increasing, so K" is increasing for all
n. Finally, (5.3) tells us that F, is a mixture of (K"),,», with state-independent Poisson
weights, hence increasing.

Next we show that P, satisfies the MMC for some ¢t > 0. Let 0, n, and € be as in Assump-
tion 5.1. We first claim that Q7,(0,Uy) > Q¢(0,Uy). To see this, generate (Wy)iez,
from Q, starting at Wy = 0, and let (M )z, be the max-chain constructed from (W),
so that M = max;< Wje. By construction, M,, > W7, so W7 > W implies M,, > w.
Hence Qp,(0, Uy) > Q¢ (0, Uy).

Let n and € be as in Assumption 5.1. The semigroup B assigns positive probability to
the event of n jumps by time 1, with the type of each jump (destruction or offer) de-
termined independently. Starting from w, the event of n consecutive destructions has
probability e=®+4§"/n!, and conditional on this event, the wage follows the Q,-chain
for n steps, falling below W with probability at least Q;;(w, Dy,) > €. Similarly, starting
from 0, the event of n consecutive offers has probability e~(6+Dn /1 and conditional on
this event, the wage follows the max-chain for n steps, rising above » with probability
at least Q}%,(0, Uy,) > Q%(0, Uy,) > €. Combining these bounds,

—(8+4) sn e—(6+/1)/1n

Pl(w’D’i’) 2 nl € and Pl(Oa ULD) > TG’.
Both bounds are strictly positive, so B satisfies the MMC with parameter « as defined in

(5.6). Global stability and the exponential bound (5.5) now follow from Theorem 5.1. [J

Figure 2 illustrates a sample path along with the empirical stationary distribution for a
wage process evolvingon S = [0, 1], withd = 0.1 and A = 0.5. Upon job destruction with
current wage W, the new wage is W' = W - B, where B, ~ Beta(2, 8), so the worker
retains a random fraction of their previous wage, skewed towards large losses. Upon
receiving an outside offer, the offer wage is W' = 0.5+0.5 W-B, where B, ~ Beta(8, 2), so
offers have a floor of 0.5 and a state-dependent component skewed towards high values
(mean 0.8). In this setting, both kernels Q,, and Q,, are increasing: if w < w’, then wB,, <
w'B, and 0.54+0.5w B, < 0.5+0.5w’ B, almost surely. In addition, Assumption 5.1 holds
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W} = 1. Proposition 5.1 then gives global stability with exponential convergence.

with = 0.5and n = 1, since Q,,(w, Dy,) = P{B, < 0.5} ~ 0.98 and Q,(0, Uy,) = P{0.5 >

In the figure, job destructions are marked in red and accepted offers are marked with
green. The empirical stationary distribution is calculated from a simulated path of length
200,000. Convergence of the empirical distribution to the true stationary distribution
follows from the ergodicity result in Theorem 5.1.

Sample path of wage process (6 = 0.1, A = 0.5)
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FIGURE 2. Simulation of the wage dynamics model in Section 5.2.

6. NONCOMPACT STATE SPACE, DISCRETE TIME

Let’s now drop the assumption that the state is compact, allowing us to include many
more useful processes, and to more accurately model properties such as heavy tails in
cross-sectional distributions. Dropping compactness requires us to adopt at least some
restrictions on divergence, so that probability mass does not vanish towards the “edges”
of the state space. Here these restrictions will take the form of tightness conditions,
which are, in turn, connected to order boundedness of trajectories via Proposition 3.1.
We begin in this section by treating discrete time. Later, in Section 7, we will cover
continuous time in a similar environment.
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6.1. Discrete Time Theory. As before, we take (S, <) to be a partially ordered Polish
space and <y to be stochastic dominance on £(S). The space (S, <) is assumed to
satisfy Assumption 3.1. A distribution ¢ is called excessive for a stochastic kernel P on
S if $P <4 ¢ and deficient for P if ¢ <y ¢P. As usual, P is called Feller if Ph € cbS
whenever h € cbS.

Let P be a stochastic kernel on S. As in Kamihigashi and Stachurski (2014), we say
that P is order reversing if there exist two independent P-Markov processes (X;);cz, and
(X{)tez, on a common probability space such that, for every x, x" € S with x’ < x, there
existsa t € Z, with P, ./ {X; < X;} > 0.

Intuitively, order reversing means that no initial ordering is permanent: regardless of
how the two chains start, randomness can eventually reverse their relative positions.
This generalizes the MMC of Hopenhayn and Prescott (1992), which requires mixing
at the least and greatest elements of the state space, to settings where such boundary
elements need not exist.

We can now state our main result for this section.

Theorem 6.1. Let P be an increasing stochastic kernel on S. If P is order reversing, then P
is globally stable if and only if P is bounded in probability.

The key idea behind the proof of Theorem 6.1 is that boundedness in probability, com-
bined with order reversing, provides a form of monotone mixing that leads to asymptotic
contractivity. Crucially, the asymptotic contractivity is with respect to a metric defined
via monotone test functions (the Bhattacharya metric), so a monotone form of mixing
suffices—we do not need anything as strong as irreducibility. Global stability then fol-
lows from Theorem 3.1, since boundedness in probability implies the existence of a tight
trajectory.

To place Theorem 6.1 in context, it is helpful to compare it to Theorems 1 and 2 of Kami-
higashi and Stachurski (2014), where it is shown that an increasing and order reversing
stochastic kernel P on S is globally stable whenever

(KS1) P is bounded in probability and has an excessive or a deficient distribution, or
(KS2) P is bounded in probability and Feller.

Theorem 6.1 improves both (KS1) and (KS2). In particular, it shows that boundedness
in probability is enough for global stability when P is increasing and order reversing. We
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do not need to separately check for the existence of an excessive or deficient distribution,
as in (KS1), nor do we require the Feller condition, as in (KS2).

Theorem 6.1 implies an ergodicity result: If P is increasing, order reversing, and is
bounded in probability, then P has a unique stationary distribution ¢* and
1 n-1
PJlim — > h(X,) = ¢*(h)} =1
n—oo N t=0

for all h € ibS, and also for all 4 € cbS. This follows from Theorem 6.1 and Proposi-
tion 4.1 in Kamihigashi and Stachurski (2016).

6.2. Application: Learning with Belief Shocks. In macroeconomic and financial
modeling, belief shocks are used to generate persistent macroeconomic effects, such
as countercyclical uncertainty, uncertainty spikes, and forecast biases in inflation data
(see, e.g., Orlik and Veldkamp (2014), Cogley and Sargent (2008), or Suda (2010)). These
shocks often represent exogenous events that degrade accumulated information, or re-
placement of incumbents by new arrivals. In this section we use Theorem 6.1 to study
stability and equilibrium properties in a model of Bayesian learning subject to belief
shocks.

In the model, an agent faces uncertainty about a fixed hidden state 6 € {¢,h}. Let
7; € (0,1) represent the agent’s belief that © = h at time ¢. In seeking global stability and
ergodicity, the end points of the unit interval are omitted from the state space because
both are trivial stationary points. We seek to understand the evolution of beliefs on (0, 1),
which represents the dynamics of interest for the applications discussed above. Notice
that this precludes use of the methods pioneered by Hopenhayn and Prescott (1992) and
extended in Section 5, since the state has no least and greatest element.

The state 7, is primarily driven by Bayesian updating while observing 11D signals (Z;),en
drawn from an unknown distribution. If 6 = h, then the sequence of signals is drawn
from density f;. If 6 = ¢, then the sequence is drawn from density f,. Let L(z) :=
fn(2)/ f o(z) denote the likelihood ratio. Upon observing signal Z; , ;, beliefs are updated
according to Bayes’ rule:

. _ e fn(Zs1)
t+1 i fn(Zip) + A =7)fo(Zis1)

Rather than studying 7, directly, we work with the log-odds transformation #; := In(7,/(1—
7;)). Simple algebra shows that, under this transformation, the dynamics for 7z, become

(6.1)

Nee1 = N¢ + &41,  where &y =1InL(Z;y). (6.2)
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The state space for (1;);cz, is R.

We introduce occasional belief shocks that reset the agent’s posterior according to a sto-
chastic kernel Q on R. Under these shocks, the belief process (79;);ez, evolves on R
according to

N1 =Ls1 - Repn + (A =Tq) - + &141), (6.3)

where (I;);en is the belief reset indicator process and R,,; ~ Q(#;, -) is the reset value.
The stochastic kernel Q is assumed to be increasing. Intuitively, this means that beliefs
have some positive correlation over the reset. It includes the special case where reset
values are 1ID. The reset indicator process is 11D and each I, is drawn from Bernoulli(p).

In what follows, we specialize to & = h, so that each Z; is drawn from f}. (Analysis
under 6 = ¢ is very similar.) Let P denote the stochastic kernel corresponding to (6.3)
under this specialization.

Lemma 6.1. The stochastic kernel P for the belief process is increasing.

Proof. Take n; < 7,. Since Q is increasing, Q(#;,-) < Q(1,,). By Strassen’s theo-
rem (see, e.g., Lindvall (2002)), there exists a pair of random variables R, and R, such
that the first component R, is drawn from Q(#;, -), the second component R, is drawn
from Q(n,,-), and R; < R, almost surely. Let I and £ be drawn from their respective
distributions, so that

ni=1-R;+ 1 —1I)-(n; + &) hasdistribution P(z;,-)fori=1,2.

IfI =0,thenn] = +& <n,+&=n, IfI =1, thenn] = R, and }, = R,. In both
cases, 7] < 15. As a result, for any h € ibS,

(Ph)(1m,) = Eh(n}) < Eh(nh) = (Ph)(1,).

This proves that P is increasing. U

We impose the following conditions:

(A1) The log-likelihood ratio has finite variance: o2 = Var(In L(Z)) < oo.
(A2) For all € > 0, there exists a compact K C R such that inf,cg Q(x,K) > 1 —¢.
(A3) For every M > 0, we have P{L(Z) > M} > Owhen Z ~ f},.

Assumptions (A1) and (A3) are naturally satisfied in common settings. (For example, if
fr and f, are Gaussian densities with means ) > u, and common variance o2, then
InL(z) = (up — up)(z — 1)/c® where i = (uy, + u,)/2. This has finite variance and is
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unbounded above since z has full support.) Assumption (A2) is a tightness condition on
the reset kernel and holds trivially when resets are IID.

Lemma 6.2. Under (A1) and (A2), P is bounded in probability.

Proof. Fix x € R and € > 0. By (A2), choose K = [a, b] such that Q(y,K) > 1 — ¢/3 for
all y. Choose T large enough that (1 —p)T < ¢/3. Fort > T, let N, denote the number of
updates since the last reset prior to ¢. The probability that no reset has occurred by time ¢
is(1—p)! < (1—p)T < £/3. Conditional on a reset occurring, the post-reset state lies in K
with probability at least 1 —¢/3. Conditional on N; = n and the last reset landing in K, we
haven; € [a+S,,, b+S,,| where S,, = &;+---+&,,. The random variable N; is stochastically
dominated by N ~ Geometric(o). By Chebyshev’s inequality, P{|S,| > ¢} < no?/c?.
Choose c large enough that

0 2 2
o Mot @ 1-p) €
nZ=:0p(1 p) Cz - Czp < 3'

Then P, {n; & [a—c,b+c]} < eforallt > T. Fort < T, each P!(x,-) is a single
distribution and hence tight. A finite union of compact sets covers these, completing
the proof. O

Lemma 6.3. Under (A3), the kernel P is order reversing.

Proof. Let (n;) and (n;) be independent P-Markov processes with initial conditions 7 >
n'. We will show that P{n; < n}} > 0. To this end, let (I,R, &) and (I',R’,&") be the
independent shocks for the two processes, where R ~ Q(,-)and R" ~ Q(n', -). Consider
theeventA={I=1,I' =0, & > R—n'}. On A, process 1resetston; = Rwhile process 2
updateston; = + & > R = 5y, s0on; < nj. Since the two processes are independent,
I, R, and &’ are mutually independent. Wehave P{I =1} =p > 0,P{I' =0} =1—p > 0,
and, for every realization R = r, P{¢' > r —n'} = P{L(Z) > €" 1> 0 by (A3). Hence
P(A) > 0, proving that P is order reversing. d

Combining the preceding lemmas with Theorem 6.1, we obtain global stability.

Proposition 6.1. Under (A1)-(A3), the belief shock kernel P is globally stable on (Z(R), j3).
Proof. The state space S = R satisfies Assumption 3.1 since order intervals [a, b] are
compact and compact sets are bounded, hence order-bounded. By Lemma 6.2, P is

bounded in probability. By Lemma 6.1, P is increasing. By Lemma 6.3, P is order re-
versing. Therefore, by Theorem 6.1, P is globally stable. 0
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Figure 3 illustrates a simulation of the belief process in 7-space, with Gaussian signals
(up = 0.3, up = 0,0 = 1), reset probability p = 0.04, and 11D Gaussian resets with mean
zero and standard deviation 0.5 in log-odds space. The time series shows the character-
istic pattern of gradual learning (upward drift, since the true state is = h) interrupted
by belief resets that pull the posterior back toward = = 0.5. The empirical stationary dis-
tribution, computed from 200,000 periods, is right-skewed, reflecting the positive drift
from Bayesian updating under the true state. Convergence of the empirical distribution
to the true stationary distribution follows from the ergodicity result implied by Theo-
rem 6.1.

Sample path of belief process (p = 0.04, pj, = 0.3, pe = 0.0)
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FIGURE 3. Simulation of the belief shock model in Section 6.2.

7. NONCOMPACT STATE SPACE, CONTINUOUS TIME

Now we state a continuous time result that is closely related to Theorem 6.1. As before,
we take (S, <) to be a partially ordered Polish space satisfying Assumption 3.1 and <y
to be stochastic dominance on Z(S). We introduce a continuous-time mixing condition
in Section 7.1 and then apply it to a model of income dynamics in Section 7.2.
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7.1. Continuous Time Theory. We start with a mixing condition: a transition proba-
bility function (B) on S will be called weakly order mixing if there exists an (S X S)-valued
strong Markov process ((X;), (X)) on a probability space (Q, F,P) such that

(i) (X;) and (X]) are both (B)-Markov, and
(ii) the stopping time 7 := inf{t > 0 : X; < X/} is F-measurable with

Pyx{t <oo}=1 forallx,x’ €S. (7.1)

As with order reversing, the intuition is that randomness eventually induces the order
X; < Xj, regardless of initial states x and x’. The key difference between weak order
mixing and the order reversing property is that the two processes need not be indepen-
dent. This additional flexibility is used in the applications below, where coupling jump
times (processes jump independently but at the same times) allows us to verify weak
order mixing.

The strong Markov and measurability restrictions in the definition of weak order mixing
hold in essentially all applications of interest, such as when the process has cadlag paths
under the standard constructions (see, e.g., Ethier and Kurtz (2009)). Thus, the real
restriction in weak order mixing is (7.1).

We can now state our main continuous time result for a transition probability function
(R)on S.

Theorem 7.1. Let (B) be increasing. If (B) is weakly order mixing, then (E,) is globally
stable if and only if (R) has at least one tight trajectory.

As in the discrete-time case (Theorem 6.1), global stability is characterized by the com-
bination of mixing properties and tightness. We apply this result to piecewise determin-
istic Markov processes in Section 8 below.

7.2. Application: Income Dynamics Part I. In the model of Gabaix et al. (2016),
individual log income follows a diffusion with constant drift, punctuated by jumps and
random resets. This model is rather stylized. In practice, most workers’ incomes exhibit
neither continuous drift nor positive quadratic variation (e.g., influence from Brownian
motion). Instead, most real-world income processes remain constant for nonzero time
intervals and then jump due to promotions, layoffs, retirement, etc. Here we study a
model of income that mimics these dynamics. (An additional advantage of the model
is ease of simulation: no Euler-Maruyama style discretization is required.) We analyze
stationarity and asymptotics using Theorem 7.1. Then we examine tail properties.
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Let X; represent log income at time ¢. In our model, income shocks arrive at rate ; > 0
and represent raises, promotions, or better job offers. At such an event, log income
jumps from x to x +#, where 7 > 0is an 11D draw from a distribution ¢ on (0, ). Resets
arrive at rate 1, > 0 and represent job loss, health shocks, retirement, or career disrup-
tions: the state jumps from x to h(x) + {, where ¢ is an 11D draw from a reset distribution
von R and h € ibR is a reset function. The assumption that A is increasing represents
the idea that high-wage workers are likely to be better off after career disruptions than
low wage workers. Pure resets can be obtained by setting i equal to some constant.

By the superposition property of Poisson processes, the two independent shock streams
can be merged into a single Poisson process with rate 1 := A; + 4,. At each jump, a
reset occurs with probability p := 1,/4 and an income shock with probability q := 1,/A.
Income is constant between jumps, so the process satisfies X; = Zy , where (Ny);>0
is a Poisson process with parameter A that counts the number of jumps by time ¢, and
(Znnez, is the embedded chain, defined by

NZn+ 1 with probability q (income shock), (72)

n+1

- h(Z,) + {,,1 with probability p (reset).

Here (9,,)nen and (&) ,en are independent and 11D, drawn from u and v respectively. We
can now state the following stability result.

Proposition 7.1. If the support of v is larger than the range of h, then the log income
process is globally stable: there exists a unique stationary distribution ¢* on R and

tlim B($R,¢p*) =0 forall ¢ € Z(R). (7.3)

Proposition 7.1 obviously implies that income itself is globally stable, with unique sta-
tionary density ¢* on (0, o0) given by ¥*(y) = #(In y)/y, where 7 is the density of ¢*.

To clarify the assumptions, let h = infh and h = sup h. The condition on v says that
there exist a, b in the support of v with b — a > h — h. If h is constant (pure resets),
this just means that the reset shock is nondegenerate. If the support of v is all of R,
then the condition is always satisfied, since & is assumed to be bounded. (For this case
the boundedness assumption on h can potentially be weakened via a drift condition on
x — |h(x)|. We leave this analysis to future research.)

Proof of Proposition 7.1. Let (B);> be the transition probability function of the jump
process (X;);>o. We verify that (B) is increasing, weakly order mixing, and has a tight
trajectory. Global stability then follows from Theorem 7.1.
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(R) is increasing. Fix t > 0. On a common probability space, we construct two copies of
the income process from initial conditions x < x’ using the same jump times, the same
shock-type indicators (income vs. reset), and the same shock values. For the embedded
chains, Z, = x < x’' = Z;. If Z,, < Z;, and the (n + 1)-th jump is an income shock, then

Zpy1=Zn+ My < lefz T 0pp1 = I”l+1’

since 7,41 > 0. If it is a reset, then

Zpy1 = h(Zn) + §n+1 < h(Z;z) + §n+1 = Z;q+1’

since his increasing. By induction Z,, < Zj, for all n, and therefore X; = Zy, < Zy, = X;.
It follows directly that B(x, ) <4 B(x',-).

(R) is weakly order mixing. To prove this fact, we construct two copies using the same
jump times and the same shock-type indicators, but independent shock values: (1, $,)
for the first copy and (#;,, ;) for the second. Each marginal is (B)-Markov. The joint
process ((X;), (X{)) is a pure jump process on R? with constant total rate 1 and hence
strong Markov (Rudnicki and Tyran-Kaminska, 2017, Theorem 2.4). Since {(x,x') €
R? : x < x'}isclosed, 7 := inf{t > 0 : X, < X/} is a measurable stopping time.

Let A, be the event that the n-th jump is a reset and ¢, — {, > h — h. On A, we have
Zn=hZp- )+ Sh+ G <h+ 8 Sh(Zy )+ =2y

The last inequality means that 7 < T,, on A,,, where T,, is the n-th jump time. Since the
shock type and shock values at step n are independent of the filtration &,,_;,

P{AR | Fpa} <1 - p8,

where § := P{¢' — ¢ > h — h}. Hence P{r > T,,} < (1 — p§)". By our assumption on the
support of v, we have § > 0 and hence P{r > T,,} - 0asn — o0. As T,, - oo almost
surely, it follows that P, ,{t < oo} = 1.

(R) has a tight trajectory. Fix x, € R and € > 0. Since the shock types and values
(94, §,) are independent of the jump times, the embedded chain (Z,,) is independent of
the counting process (N;). Therefore

Py, (X; € D} = D P(N; = n} P, {Z, & D} < sup P, {Z, & D},
n=0 n>0

so it suffices to find, for each € > 0, a compact D with P, {Z,, & D} < ¢ for every n > 0.

Let R ~ Geom(p) on {0, 1, 2, ...} denote the number of income shocks in a generic cycle
. R . .
between consecutive resets, and let W := > ." 7; be the total income accumulated in
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one such cycle. Before the first reset (i.e., for n < R), every jump is an income shock,
S0Z, =Xy+n + - +1n, < xy+ W. At each reset step k, the post-reset state satisfies
h+ ¢ < Zp < h+ ¢. Between that reset and the next, the chain only accumulates
positive income shocks, so for any n falling in the same cycle,

h+8<Z,<h+§+ W,

where W' is an independent copy of W. Since ({,,) and (5,,) are 11D sequences, the dis-
tributions of ¢, and W’ do not depend on the cycle. It follows that the sequence of dis-
tributions (P"(xy, :))nen Of the embedded chain is order bounded in (Z(R), <4), and
hence tight by Proposition 3.1. Global stability now follows from Theorem 7.1. U

Figure 4 illustrates a simulation of income Y; := exp(X;) with h = 0, u = Exp(20)
(mean raise of 5% in log income), 4; = 1.0, 4, = 0.1, and IID Gaussian reset shocks
¢ ~ N(0,0.09). Income shocks are frequent, producing a staircase pattern of gradual
accumulation depleted by sharp resets. The empirical stationary distribution, computed
from 200,000 time units, is right-skewed with a heavy tail.

Sample path of income process (A = 1.0, Ay = 0.1, § = 20)

4 Income shock
® Reset

Income Y;
w IS
L

[N
L

0 25 50 5 100 125 150 175 200

Empirical stationary distribution

4 6 8 10 12
Income Y

FIGURE 4. Simulation of the pure jump income model in Section 7.2.

The next result specializes the model to obtain a closed-form stationary distribution and
a Pareto tail. Income shocks are exponentially distributed and resets return the agent to
a fixed entry level.
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Corollary 7.1. Let h = x,, v = &y, and u = Exp(6) for some 6 > 0. In this setting,
for the income level Y = eX, the tail of the unique stationary distribution is Pareto: for

Y > Yo = e,

%4

P(Y >y)=q (y—) with «a:= (7.4)
Proof. Since income is constant between jumps and the jump rate 4 is independent of
the state, the stationary distribution of the continuous-time process (X;) coincides with
that of the embedded chain (Z,). The chain regenerates at each reset: the post-reset
state is always x,. Between consecutive resets, the chain accumulates M income shocks
before the next reset, where M ~ Geom(p) on {0, 1,2, ...}. In stationarity, the state is
Xo + Spr where Sy =17 + -+ + 1)

With probability p, M = 0 and Sy, = 0, giving an atom at x,. For M > 1, conditional on
M = m, the sum S,,, ~ Gamma(m, ). Summing over m, the density of Sy, on (0, c0) is

00 gmgm—1 _ B 0 ( es)k ~
Fsn(8) = qum'me 9 = pgfe=® )’ qk' = pq e P%
m=1 ' k=0 :

for s > 0. Since ¢* is the distribution of x, + Sy, it follows that the density of ¢* on
(x> 00) is 7(x) = pqd ePP*=%0)_ Thus, for y > y,

0

-
P(Y > y) = f pqe e—pe(X—X()) dx = qe—pe(lny—xo) =q (l) ) 0
Iny Yo

8. PIECEWISE DETERMINISTIC MARKOV PROCESSES

In this section we develop a general stability result for piecewise deterministic Markov
processes (PDMPs) that can be applied off the shelf in a range of settings. The theory is
presented in Section 8.1 and applied to a model of income dynamics with deterministic
drift in Section 8.2.

8.1. Theory. Let (S, <) be a partially ordered Polish space satisfying Assumption 3.1. A
piecewise deterministic Markov process (PDMP) on S is generated by the following char-
acteristics:

(i) asemi-flow®: SXR, — S,

(ii) a jump intensity A € (0, 00),
(iii) a jump shock space U and shock distribution i on U, and
(iv) ajump function F: SX U — S.



STATIONARY DISTRIBUTIONS IN MONOTONE MARKOV MODELS 29

Here U is a Polish space and the jump function F is assumed to be measurable. The map
® is called a semi-flow because it satisfies ®(x,0) = x and &(P(x, s),t) = P(x,s + t) for
all x € S and s,t > 0. We assume that @ is continuous. Informally, the process evolves
as follows:

(i) Follow the deterministic flow: X; = ®(X,, t) until the first jump.
(ii) At the first jump time T, draw & from u and set X7 = F(Xp-, £).
(iii) Repeat from the new state Xr.

In most applications, the semi-flow is the solution to an ODE. For example, if S = R and
the deterministic dynamics have the linear form x = ax, then ®(x, t) = x exp(at).

To formalize the construction of the associated Markov process (X;);>(, we first collect
the following components:

(i) an S-valued random element X, with distribution p € Z(S),
(ii) a real-valued 11D sequence (E,,),ecn With common distribution Exp(4), and
(iii) a U-valued 1D sequence (£,),en With common distribution ,

All random elements live on a common probability space (Q, F, P). We first build the
embedded chain (Z,)nez, Via
Zo =Xy and Z, = F(®(Z,,Epi1)s §ng1)-

We define the jump times Tj, := 0 and T, := Z?zl E;,while N; :=max{n >0 : T, <t}
counts the number of jumps up until time ¢. Finally, we construct (X;);>¢ via

Xt = (I)(ZNt’t_ TNt) t Z 0.
A more intuitive representation is
X, =oZ,,t-1T, forte|[T,,T,;,;)andn e Z,.

Sample paths are cadlag, with smooth deterministic segments broken by jumps. The
process (X;) obeys the strong Markov property (Rudnicki and Tyran-Kaminska, 2017,
Theorem 2.4). We work with the following assumptions.

Assumption 8.1 (PDMP Monotonicity). The primitives are such that

(i) Forall t > 0, the function x — ®(x, t) is order preserving on S.
(ii) For all u € U, the function x — F(x,u) is order preserving on S.

In the next assumption, & and &’ are independent draws from .
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Assumption 8.2 (PDMP Mixing). There exist measurable functions f;, f, : U — Ssuch
that

fi(§) < F(x,§) < fr(§) forall x € S and P{f,(§) < f1(§)} > 0.

The transition probability function corresponding to the PDMP (X;);> is given by
P (x,B) =P{X, € B| X, = x} (teR,, xeS, Be A).
Under the stated monotonicity and mixing conditions, we can prove the following result.

Theorem 8.1. If Assumptions 8.1 and 8.2 hold, then the PDMP is globally stable, with a
unique stationary distribution ¢* and

tllm B($R,¢p*) =0 forall ¢ e A(S). (8.1)

The proof is based on Theorem 7.1 and can be found in Section A.7. The strategy is to
verify the three hypotheses of Theorem 7.1. Monotonicity is established by coupling two
copies of the PDMP with the same jump times and the same shocks: if one copy starts
above the other, then Assumption 8.1 ensures that it stays above through both the de-
terministic flow and the jumps. Boundedness in probability follows from the pathwise
bounds in Assumption 8.2, which prevent post-jump states from escaping to infinity,
while the exponential inter-arrival times prevent the deterministic flow from carrying
the process too far between jumps. The most interesting step is weak order mixing,
which uses a different coupling: the two copies share jump times but receive indepen-
dent shocks. The condition P{f,(§) < f;(§')} > 0 in Assumption 8.2 then guarantees
that, at each shared jump, there is a positive probability that the relative ordering of the
two processes is reversed, regardless of their current states.

Now we turn to applications.

8.2. Application: Income Dynamics Part II. In Section 7.2 we analyzed income dy-
namics through a pure jump process. We now consider a model of income dynamics
more closely aligned with Gabaix et al. (2016), where log income has a continuous drift
component. Unlike Gabaix et al. (2016), we continue to avoid the assumption of posi-
tive quadratic variation (e.g., Brownian motion), which is difficult to motivate from data.
To make the proofs slightly simpler, we drop the positive income shocks in Section 7.2
(while retaining the resets).

In our model, log income drifts deterministically between jumps, following the ODE
X = g(x) for some locally Lipschitz function g: R — R. At jump times, which occur at
rate A, the state jumps from x to F(x, {), where ¢ is an independent draw from v.
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More formally, we study a PDMP on S = R with the following primitives:

(i) asemi-flow @ : R X R, — R generated by the ODE x = g(x),
(ii) a constant jump intensity 4 > 0,
(iii) a shock distribution v on R, and

(iv) a jump function F(x, z) = h(x) + z, where h € ibS.

Between jumps, X; = ®(Zy;,,t — Ty, ), where (E,),en are IID Exp(4) inter-arrival times
and N; counts jumps up to time ¢ (as in Section 8). At each jump time, the state moves
to h(X7-) + ¢. The embedded chain is Z,,,; = h(®(Z,,, Ep1)) + $pga-

The next proposition shows global stability under essentially the same assumptions as
Proposition 7.1.

Proposition 8.1. If the support of v is larger than the range of h, then the log income
process is globally stable: there exists a unique stationary distribution ¢* and

tlim B(pR,¢*) =0 forall ¢ e Z(R). (8.2)

Proof. We verify Assumptions 8.1 and 8.2. Then we apply Theorem 8.1.

Assumption 8.1(i): the semiflow is order preserving. Since g is locally Lipschitz, the
Picard-Lindelof theorem gives uniqueness of solutions. Fix x; < x, and ¢t > 0. Seekinga
contradiction, suppose that ®(x;, s) > ®(x,, s) for some s > 0. Since ®(x;,0) < P(x,,0)
and @ is continuous, the intermediate value theorem yields ¢, € (0, s] with ®(x;,t,) =
®(x,,ty). Both trajectories pass through the same state at time ¢, and the ODE is au-
tonomous, so uniqueness forces them to agree for all time, contradicting x; # x,. Hence
X — ®(x,t) is strictly increasing for every t > 0.

Assumption 8.1 (ii): the jump function is order preserving. For each { € R, the map
x — F(x,{) = h(x) + ¢ is increasing since h is assumed to be increasing.

Assumption 8.2: bounding functions and coupling. Set fi({) = h+ ¢ and f,({) = h +¢,
where h := infh and h := sup h. By construction, f,(¢) < F(x,¢) < f,(¢) for all x € R.
For the coupling condition, let ¢, {’ be independent draws from v. Then

P < A} =P ={=h—h} >0,

where the strict inequality follows from our assumption on the support of v. Global
stability now follows from Theorem 8.1. 0
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If we specialize to constant drift rate g and a pure reset, we can easily obtain a Pareto tail,
in a result analogous to Corollary 7.1. The tail exponent is 1/g, and hence entirely deter-
mined by the first-order balance between deterministic growth and random resetting.
Further details are available from the authors on request.

Figure 5 illustrates a simulation with constant drift g(x) = u = 0.05, jump rate 1 = 0.15,
purereset h = 0, and 1D Gaussian reset shocks ¢ ~ N(0, 0.09). The time series of income
Y, = Xt displays characteristic PDMP dynamics: smooth exponential growth between
jumps, interrupted by sharp resets. The empirical stationary distribution is right-skewed
with a Pareto tail of exponent A/u = 3.

Sample path of income process (= 0.05, A = 0.15)

® Reset

Income Y;

0 25 50 75 100 125 150 175 200

Empirical stationary distribution (Pareto exponent ¢ = 3)

=
13

Density

=]
(=}
o+

r T T
3 4 5
Income Y

FIGURE 5. Simulation of the income dynamics model in Section 8.2.

9. CONCLUSION

We have shown that an order-preserving semigroup on a complete preordered metric
space is globally stable if and only if it is asymptotically contractive and has at least
one order-bounded trajectory. When applied to monotone Markov models on partially
ordered Polish spaces, this yields a necessary and sufficient condition for the existence,
uniqueness, and global stability of stationary distributions: asymptotic contractivity com-
bined with tightness of at least one trajectory.
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These results unify and extend earlier work by Hopenhayn and Prescott (1992), Kami-
higashi and Stachurski (2014), and other authors, weakening assumptions, introducing
new methods, and removing extraneous side conditions. The abstract semigroup frame-
work covers both discrete and continuous time, as well as nonlinear Markov operators.
Our applications to wage dynamics, Bayesian learning with belief shocks, and income
dynamics with Pareto tails illustrate the breadth of the approach.

Many directions remain open. The mixing conditions used in this paper could poten-
tially be weakened further, for example by allowing state-dependent jump intensities
in the PDMP framework. Our Pareto tail result for income is specialized and may hold
under weaker assumptions. The relationship between tightness and order boundedness
established here may also prove useful in other settings involving monotone economic
dynamics.

APPENDIX A. PROOFS

This appendix collects remaining proofs.

A.1. Proof of Theorem 2.1. Throughout this section, Assumptions 2.1 and 2.2 are in
force.

A.1.1. (ii) implies (i). Let (T;) be globally stable with stationary point x* € X. Then the
sequence given by T;x* for all t € T is an order-bounded trajectory of (7;). Moreover,
picking arbitrary x, y € X and applying the triangle inequality,

d(Tyx, Ty) < d(Tpx, x*) + d(x*, T,y) > 0 (t — ),

where the convergence holds by global stability. Hence (T;) is asymptotically contrac-
tive.

A.1.2. (i) implies (ii). Now we assume that (T;) is asymptotically contractive on X with
at least one order-bounded trajectory. Due to the last property, we can take a,b,x € X
such that (2.2) holds.

Lemma A.1. Foralle > 0, there exists a T € T such that

s,teTwitht<s,t = d(I,x,T;X)<Ee. (A1)
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Proof. Fix ¢ > 0 and then use asymptotic contractivity to choose 7 € T such that
d(T;a,T; b) < €. For s,t > T we have

dT,x,T, %) = d(T,T,_. %, T.T,_, %) < d(T; a, T, b) < c.

The first inequality is due to the diagonal property of d, combined with the fact that
T,_; X and T;_, X both lie in [a, b], which in turn implies that

T,a<T,T,_.,x<T;,b and T,a<T,T,_;x <T,b. O

Lemma A.2. There exists an x* € X such that
d(T; X, x*) >0 as t— oo. (A.2)
Proof. Let (t,),en be an increasing sequence in T with t,, - oo asn — oo. Consider
the sequence defined by x, := T; X. This sequence is Cauchy because, given € > 0, we

can choose 7 € T such that (A.1) holds and then d(x,, x,,) < ¢ for all n, m such that
tw, tm = T. Since X is complete, it follows that (x,,) converges to a limit x*. That is,

d(T; %,x*) >0 as n— oo. (A.3)

We claim that this can be extended to (A.2). To see this, fix ¢ > 0 and choose 7 as in
(A.1). For t > tr and n € N such that ¢, > 7, we have

d(T; x,x*) < d(T; x, T; %) +d(T; %, x*) <e+d(T;, x,x¥)
Applying (A.3) and taking the limit in n completes the argument. O

Lemma A.3. The point x* in Lemma A.2 is stationary for (T).

Proof. Fix s,t € T. From the existence of an order-bounded trajectory we have a <
T; X < b. From the order-preserving property of T; we get Ty a < T;, ;X < Ty b. Since <
is closed, taking the limit with respect to ¢ and applying Lemma A.2 yields

Tya<x*<T,b forall seT. (A4)
In addition, from (A.4) and the order-preserving property of T},
Tyrta Ty x* <T,.;b forall u,teT. (A.5)
Combining (A.4) and (A.5) with the diagonal property (2.1), we get
d(x*, T, x*) <d(T,4¢a, T4 b) forall ueT. (A.6)

Taking the limit in u and using asymptotic contractivity yields T; x* = x*. O
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Proof of Theorem 2.1. We have already shown that x* is stationary for (7;) in Lemma A.3.
Regarding convergence, fix x € X. Since (7T;) is asymptotically contractive and x* is
stationary, we have d(T; x, x*) = d(T; x, T; x*) - 0 as t — oo. This concludes the proof
of Theorem 2.1. OJ

A.2. Proof of Theorem 2.2. We only used closedness of < in Lemma A.3, when we
proved that the limit point x* of the order-bounded trajectory (7; x) is a fixed point of
each T;. We now prove this without closedness by fixing ¢t € T and applying the triangle
inequality to obtain

d(x*, T; x*) < d(x*, Typt X) + d(Type X, T X7).

The first term converges to zero in u by Lemma A.2. If we can show that the second
term also converges to zero in u then we are done. This holds because T; is continuous
and T, X - x*, so, as u — oo,

d(Tyy X, T; x*) = d(T; T, %, T, x*) - d(T; x*, T; x*) = 0.

A.3. Proof of Theorem 3.1. Let the conditions of Theorem 3.1 hold. Because S is a
partially ordered Polish space and Assumption 3.1 is in force, (Z(S), §) is a complete
metric space (Kamihigashi and Stachurski, 2019, Theorem 4.1) and <4 is closed (Kamae
and Krengel, 1978). We begin with the following lemma.

Lemma A.4. If A C Z(S) is tight, then there exists an increasing sequence of order inter-
vals (I)nez, such that SUP 4 $(I5) » 0asn — co.

Proof. Let (¢,) be a positive real sequence with €, | 0. By tightness, we can choose
compact set K, with sup pen #(K§) < €p. By Assumption 3.1, compact sets are order
bounded, so we can also take an order interval I, containing K, with sup sen $(I§5) < €.
Next, we choose a compact set K; with sup sen #(K5) < €, and then, using Assump-
tion 3.1 again, an order interval I; such that I, U K; C I;. This order interval obeys
Iy C I and sup beA $(I7) < €;. Continuing in this way produces an increasing sequence
of order intervals (I,) ez, With sup sen o(I5) — 0. g

Proof of Proposition 3.1. Suppose first that A is tight. We show that there exists a pair
of distributions ¢,u € £(S) such that ¢ < ¢ < uforall $ € A. By Lemma A.4, we
can take an increasing sequence of order intervals (I,,),ez, and a positive real sequence
(e,) with e, | 0 and SUPyep ¢Iy;) <e,foralln € Z,. LetI,, = [x,,y,]. Since (I,,) is
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increasing, the sequence (x,,) is decreasing and (y,,) is increasing. For the distributions
€ and u, we set

(0] (6]
€ = Z a0y, and u:= Z any,, Where a,:=¢€,_;— €y,
n=0 n=0

In the definition above, €_; := 1 and &, is the probability measure concentrated on z.
One easily confirms that both ¢ and u are elements of Z(S).

Now let J be any increasing set in 2. We claim that ¢(J) < u(J) for all ¢ € A. To see that
this is so, fix ¢ € A and suppose first that y,, € J¢ for all m. If this is so, then ¢(J) = 0.
Indeed, fixing m € Z,, the property y,, € J¢ implies J C Ij,. (Otherwise there is an
x € Jn I, and, since J is increasing and x < y,,, we have y,, € J.) This means that
o)) < ¢(I5,) < €5, Taking the limit in m yields ¢(J) = 0. Hence ¢(J) < u(J).

Now consider the other case, where there exists an integer m satisfying
m=minfne Z, : y, €J}

Observe thatJ N I,,_; is empty. (If x is in both, then, since x < y,,_; and x € J, we have
Ym—1 € J, which contradicts the definition of m.) As a result,

$(J) = U NIp_1) + ¢ NI y) = ¢ NI y) < ¢Tp-1) < €
At the same time, since (y,,) is increasing,
UJ) =€m-1 —€m+ €m —€mp1 + €mp1 —Emaa + 0 = €y

As a consequence, we have ¢(J) < u(J). This shows that ¢ <4 u. A similar argument
shows that ¢ <4 ¢ also holds. Hence A is order bounded.

Conversely, suppose A is order bounded, so there exist £,u € Z(S) with € <y ¢ <4 u
for all ¢ € A. Fixe > 0. Since ¢ and u are distributions on a Polish space, they are
tight, so we can choose compact sets K, and K,, with €(K%) < €/2 and u(Kj)) < €/2. By
Assumption 3.1, the compact set K, U K,, is order bounded, so there exist a,b € S with
K, UK, C [a,b]. By Assumption 3.1 again, [a, b] is compact.

LetU, :={x €S : x>a}and Dy :={x € S : x < b}. Then [a,b] = U, N Dy, and
[a,b]® = U5 U Dj. Fix ¢ € A. Since U, is increasing, we have ¢(U,) < ¢(U,), giving
¢(Uy) < €(Uy). Similarly, since Dy is increasing and ¢ <4 u, we have ¢(D}y) < u(Dp).
Now K, C [a,b] implies U; C [a,b]® C K, so ¢(Uy) < €/2. Likewise, u(Dy) < €/2.
Therefore,

$(la, bI°) < $(UL) + $(DS) < £(UL) + (DY) < e.
Since [a, b] is compact and this holds for all ¢ € A, we conclude that A is tight. O
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Proof of Theorem 3.1. Let the conditions of Theorem 3.1 hold.
((ii) < (iii)) This equivalence is immediate from Proposition 3.1.

((i) = (ii)) If (T;) is globally stable, then (T;) is asymptotically contractive by Theo-
rem 2.1. Moreover, when ¢* is the unique stationary distribution, the constant trajectory
(T,*) = (3*) is trivially order bounded.

((ii) = (i)) Suppose that (T;) is asymptotically contractive and has an order-bounded
trajectory. The space (Z(S), ) is complete and 3 satisfies the diagonal property by
Lemma 3.2. Moreover, < is closed with respect to § by Lemma 3.3. Hence (T}) is

globally stable by Theorem 2.1. g

A.4. Proof of Theorem 5.1. Let the conditions of Theorem 5.1 hold. We write |- | for
the floor function.

Lemma A.5. If the conditions of Theorem 5.1 hold, then
(1—-¢€)d, +€d; <4 B(a,) and B,(b,-) <4 (1 —¢€)d} +€dy (A.7)

Proof. See the proof of Eq. (2) in Theorem 2 of Hopenhayn and Prescott (1992). 4

Lemma A.6. If the conditions of Theorem 5.1 hold, then
B(¢RM, YR <2(1 —¢€)* forallp,yp € P(S)andn € Z,. (A.8)

Proof. We set P = B, for brevity. Fix h € ibS with |h| < 1. Define d,, = P"h(a) and
e, = P"h(b). Since P is increasing and h is increasing, P"~1h is also increasing for all
n > 1. Applying the bounds from Lemma A.5 to the increasing function P"~!h yields

d, = (P(P"'h))(@) 2 (1 — €)d,_1 + e(P" ' h)(%)

e, = (P(P"'h)(b) < (1 — €)eq + e(P"Hh)(X)
Subtracting one inequality from the other, we gete, — d,, < (1 —¢)(e,,—; — d,—1), and
hence

en —dp < (1 —¢€)"(eg —do) = (1 —€)"(h(b) — h(a)) < 2(1 —¢€)". (A.9)
Since a is the bottom and b is the top of S, we have (P"h)(a) < (P"*h)(x) < (P"h)(b) for
all x € S, so, integrating with respect to ¢ € H(S),
(P"h)(a) < ¢(P"h) < (P"h)(b).

Therefore, for any two probability measures ¢ and i, we have

[$(P"h) — p(P"h)| < (P"h)(b) — (P"h)(a) < 2(1 — €)™,
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Taking the supremum over all h € ibS with |h| < 1 proves the claim in the lemma. [

Proof of Theorem 5.1. Let the stated conditions hold. We first claim that (B);ct is asymp-
totically contractive. For T = [0, 00), fix t € (0, 00), write t = nu + r where n = |t/u]
and 0 < r < u. By the semigroup property, we have F, = B,,,,, = BB, = B]'F,, so

B($R. R) = B(PE'E, YE'R) < B(#ER", PR),

where the inequality is by the nonexpansiveness in Lemma 4.1. Applying the contrac-
tion bound in Lemma A.6, we obtain

BRI YR <2(1 — )" = 2(1 — )M,
Ast — oo, [t/u] = o0, 50 (B);>¢ is asymptotically contractive, as claimed.

For T = Z,, the proof is similar. We write t = nu + r where n = |t/u| and r is an integer
obeying 0 < r < u. Since F, = BJ'F.,, we can again use Lemmas 4.1 and A.6 to obtain

B(¢R.¥R) < B(¢R, YR') <21 —¢)" -0
ast — oo. Hence (B);ez, is asymptotically contractive.

To complete the proof of global stability, we use Theorem 3.1. For any increasing h € ibS
and any ¢ € Z(S), we have h(a) < ¢(h) < h(b), and hence 5, <4 ¢ <y 0p. In
particular, for any ¢ € (S) and any ¢t € T, we have 8, <4 ¢B =<, 0p. Thus every
trajectory of (F) is order bounded. Since (F) is asymptotically contractive, increasing,
and has an order-bounded trajectory, Theorem 3.1 implies that (F) is globally stable.

For the exponential bound (5.2), let ¢* be the unique fixed point. Since [t/u| > t/u —1,
we have (1—¢)l!/% < (1—¢)/%~1, Writing (1—¢)"/* = e~* where a = In(1/(1—¢))/u > 0,

we obtain

BB, YB) < ——

Setting ¥ = ¢* and using ¢*F, = ¢* yields the bound in (5.2).

e~ 9L,

The monotone ergodicity result in Theorem 5.1 follows from Theorem 3.1 and Proposi-
tion 4.1 of Kamihigashi and Stachurski (2016). O

A.5. Order-Theoretic Mixing and Asymptotic Contractivity. In this section we ex-
plore the connection between order mixing properties and asymptotic contractivity in
the Bhattacharya metric. Here is one key result.
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Proposition A.1. Let (R) be an increasing transition probability function on S. If (F) is
weakly order mixing, then (B) is asymptotically contractive on Z(S) with respect to the
metric 3.

Proof of Proposition A.1. Fix x,x’ € S and h € ibS with |h| < 1. Let ((X;), (X{)) be as in
the definition of weakly order mixing and r be as defined in (7.1). We have

6xBh — 8 Bh = Exh(X;) — Ex h(X}) = ExE;h(X;) — ExEh(X])

By construction, (X;) and (X}) are defined on the same probability space, so we can
rewrite this as

8xBh — 6y hh = [Ex,x’[[th(Xt) —Eh(X))]=A+B,
where
A = By w[Ech(Xy) — E-h(X) [T < £}
B = By v [E-h(X;) — E-h(Xp)T > t}.
Using the strong Markov property and the fact that 7 is a finite stopping time, we can
write A as
A= [Ex,x’[(Pt—rh)(Xr) - (Pt—rh)(X‘;)]{T < t}
Since h is increasing, X; < X; and (R) is increasing, we must have A < 0. Moreover,
B < E, w|E;h(Xy) — E-h(XDHT > t} < 2Py {7 > L.
As a result,
6,Bh—06,,Ph < sz,x’{f > t}.
Since the one-sided bound holds for all x,x" € S, applying it to the pair (x’, x) gives
Ox'Bh —6,Rh < 2P,/ ,{r > t}, and hence

|6,Bh — 6, Bh| < 2maX([|:Dx’x/{T > t}, Ipx’,x{T > t}).
Since h € ibS with |h| < 1 was arbitrary, we can take the supremum to get
B(6xE, 65 F) < 2max(Py {1 > t}, Py it > t}) forallx,x’ €S. (A.10)

We wish to extend this to arbitrary (nondegenerate) initial conditions. To this end, fix
b, € HZ(S). Let (X,X") be any coupling with marginals ¢ and 3. For h € ibS with
|h| < 1, we have

(pR)(h) — (WR)(h) = E[(R)(X)] — E[(RR)(X)] = E[(6xR)(h) — (8xR)(h)].

Taking absolute values and using (A.10), we get

[(@R)(h) — (PR)(W)| < E[B(6x R, 5x/R)]-
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The right-hand side does not depend on h, so taking the supremum over h € ibS with
|h| < 1 gives

B(¢E, YE) < E[B(6xE,6x R)].
By (A.10),
B(¢R, YR) < 2E[max(Px x/{r > t}, Px/ x{t > t})]. (A.11)

Since Py, {t < oo} = 1by (7.1) for all x,x" € S, both Py, ,/{t > t} and Py ,{t >
t} converge to 0 as t — oo for each (x,x’). By the dominated convergence theorem,
the right-hand side of (A.11) converges to 0. Since ¢, € F(S) were arbitrary, (F) is
asymptotically contractive. g

A.6. Proof of Theorem 6.1 and Theorem 7.1. First we prove the discrete time result
in Theorem 6.1.

Proof of Theorem 6.1. Let P be any stochastic kernel on S. If P is globally stable on Z(S),
then P is bounded in probability, since the sequence of distributions ¢t — §,P! = P!(x, )
is convergent and hence tight. (By Prokhorov’s theorem, every weakly convergent se-
quence of probability measures on a Polish space is tight.)

Now suppose that P is increasing, order reversing, and bounded in probability. By
Lemma A.5 from Kamihigashi and Stachurski (2014), there exists an (S X S)-valued
Markov process ((X;), (X{));ez, on a probability space (Q, F, P) such that (X;);e7, and
(X{)tez, are independent, both of these processes are P-Markov, and the stopping time
7:=inf{t > 0 : X; < X;} obeys P, ,/{T < oo} = 1forall x,x" € S. Since < is closed,
{(x,x") € SX S : x < x'} is measurable, so 7 is a stopping time. The strong Markov
property always holds in discrete time (see, e.g., Meyn and Tweedie (2009)). As a result,
the associated discrete time semigroup is weakly order mixing. Proposition A.1 now im-
plies that (R);c7, is asymptotically contractive on &(S) with respect to the metric 8. By
definition, this means that the operator P is asymptotically contractive on Z?(S). Global
stability now follows from Corollary 3.1 (iii), given that boundedness in probability im-
plies existence of a tight trajectory. 4

Now we prove the continuous time result in Theorem 7.1.

Proof of Theorem 7.1. Since (F) is increasing and weakly order mixing, Proposition A.1
implies that (B) is asymptotically contractive on (Z(S), 8). If (R) is globally stable, then
the trajectory t — ¢F is convergent for every ¢ € Z(S), and hence tight (since every
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weakly convergent sequence of probability measures on a Polish space is tight). Con-
versely, if (F) has at least one tight trajectory, then global stability follows from Theo-
rem 3.1, since (B) is order-preserving and asymptotically contractive. U

A.7. Proof of Theorem 8.1. We prove this theorem using a sequence of lemmas.

Lemma A.7. If Assumption 8.1 holds, then (R.) is increasing.

Proof. Fixx,x" € S with x < x’. On a common probability space, construct two PDMPs
(X;) and (X7) starting from x and x’ respectively, using the same jump times (7},) and
the same shocks (£,). The embedded chains satisty Z, = x < x' = Z,. By induction: if
Z, < Zy,then ®(Z,,E, ) < ®(Z,,E, ) by Assumption 8.1 (i) and

Zn+1 = F(q)(Zn’En+1)’ §n+1) < F(q)(Z;vErHl)a §n+1) = Z;,'z+1

by Assumption 8.1 (ii). Hence Z,, < Z,;, for all n. For any t > 0, applying Assump-
tion 8.1 (i) gives

X, = ®(Zy,.t — Ty,) < B2}, t — Tyy,) = X;.
Therefore, for any h € ibS, Rh(x) = E, h(X;) < Ex h(X;) = Bh(x'"). O

Lemma A.8. If Assumptions 8.1 and 8.2 hold, then (R) is bounded in probability.

The idea behind the proof is that the pathwise bounds in Assumption 8.2 prevent the
post-jump states from escaping to infinity, while the inherently exponential inter-arrival
times prevent the deterministic flow from carrying the process too far between jumps.

Proof. Fix x, € S and € > 0. We need to find a compact set D such that P, {X; € D} >
1 —¢forall t > 0. By Assumption 8.2, f;(§,) < Z,, < f5(§,) for all n > 1, so each post-
jump state lies in [ f;(§,), f>(§,)]. Choose a compact K C S with P{f;(§) e K} >1—¢/6
fori =1,2. By Assumption 3.1, K C [a, b] for some a,b € S, and C := [a, b] is compact.
Whenever both f;(£,) and f,(&,) fall in K, the post-jump state Z, liesin K C C.

Next, we show that Zy; , the state at the most recent jump before time ¢, lies in C with
high probability. Formally, £, is independent of (Ey, ... , E,,;) and {N; = n}is determined
by (Ey, ..., Epy1), SO

e g il 4
PyiZn, & C, N, > 1} = Z[P’{Nt=n,Zn§EC}§§ZP{Nt=n}=§.
n=1 n=1

Between consecutive jumps, the process follows the flow ®, so X; = ®(Zy,, R;) where
R; =t — Ty, is the time elapsed since the last jump. The event {R; > M} requires no
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Poisson arrivals in the interval (t — M, t], so P{R, > M} < e=*M_ Choose M > 0 with
e M < ¢/3. Before the first jump (N, = 0), the process follows its initial trajectory:
X; = ®(xy,t). The probability of no jump by time ¢ is P{N, = 0} = e/, which is small
for large t. Choose T > 0 with e=*T < ¢/3.

Since @ is continuous,
D := ®&(C x [0, M]) U @({xo} X [0, T])

is compact. (The first component captures the flow starting from any post-jump state
in C and running for at most M time units. The second captures the initial trajectory
from x, up to time T, covering the possibility that no jump has yet occurred.) Consider
first the case t < T: if N; = 0, then X; = ®(x,,t) € D. For any such t: on the event
{N;: 2 1, Zy, € C, R; < M}, we have X; = ®(Zy,,R;) € D. The three complementary
events each have small probability:

Py (X; & D} < P(N, = 0} + P{Zy, & C, N; > 1} + P{R, > M} < e~ + % +e M,

Fort > T each termisat moste/3, giving a total bound of €. Fort < T the first term covers
the event {N; = 0} (on which X; € D by construction), so P, {X; € D} < &/3+¢/3 <
€. U

Lemma A.9. If Assumptions 8.1 and 8.2 hold, then (F,) is weakly order mixing.

Proof. Construct two PDMPs (X;) and (X;) on a common probability space using the
same Poisson jump times (7,,) but independent shock sequences (&,) and (&), each
11D with common distribution . Each marginal process is (F)-Markov, and the joint
process ((X;),(X;)) is itself a PDMP on S X S (with the same jump rate A4, joint flow
(®(x,t), d(x', 1)), and independent shocks), hence strong Markov.

Fix x,x’ € S and write A, = {Z,, < Z;,} for the event that the two embedded chains
become ordered at the n-th shared jump. On A, the semi-flow identity gives Xy, =
®(Z,,0) = Z, < Zy, = ©(Z},,0) = X7, . Hence T < Ty, where 7 := inf{t > 0 : X; < X{},
and it suffices to show that A,, occurs for some n with probability one.

Let f; and f, be as in Assumption 8.2 and set § := P{f,(§) < fi(§')} > 0. On the event

{fz(fn) < fi6n)}, wehave Z, = F(®(Z,_,,E,), §,) < fz(gn) < fi(6n) S F(®(Z;,_1,En), §n) =
Zy, S0 A, occurs regardless of the pre-jump states. Since (§,, ;) is independent of all
other randomness, P{A}, | #,,_1} < 1 — & for every n. Therefore

Pyxit > T} < PAS N - NASH< (1 -8,

Since Ty — o0 a.s., Py ,{t < 00} = 1. O
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Proof of Theorem 8.1. By Lemma A.7, (R) is increasing. By Lemma A.8, (F) is bounded
in probability, which implies the existence of a tight trajectory. By Lemma A.9, (F) is
weakly order mixing. Global stability now follows from Theorem 7.1. U
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