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Abstract

Many studies exploit variation in the timing of policy adoption across units as an in-
strument for treatment, and use instrumental variable techniques. This paper formalizes
the underlying identification strategy as an instrumented difference-in-differences (DID-
IV). In a simple setting with two periods and two groups, our DID-IV design mainly
consists of a monotonicity assumption, and parallel trends assumptions in the treatment
and the outcome. In this design, a Wald-DID estimand, which scales the DID estimand of
the outcome by the DID estimand of the treatment, captures the local average treatment
effect on the treated (LATET). In contrast to Fuzzy DID design considered in

( ), our DID-IV design does not ez-ante require strong
restrictions on the treatment adoption behavior across units, and our target parameter,
the LATET, is policy-relevant if the instrument is based on the policy change of interest
to the researcher. We extend the canonical DID-IV design to multiple period settings with
the staggered adoption of the instrument across units, which we call a staggered DID-IV
design. We propose an estimation method in staggered DID-IV design that is robust
to treatment effect heterogeneity. We illustrate our findings in the setting of

( ), estimating returns to schooling in the United Kingdom. In this application,
the two-way fixed effects instrumental variable regression, which is the conventional ap-
proach to implement a staggered DID-IV design, yields a negative estimate, whereas our
estimation method indicates the substantial gain from schooling.
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1 Introduction

Instrumental variable (IV) strategies are widely used for causal inference across many fields
in economics. Despite its popularity, empirical researchers commonly face two challenges in
employing the IV method in practice. The first challenge is the internal validity of the IV
estimate; in general, it is difficult to find an instrument that is randomized across units in
practice, especially in observational studies. The second challenge is the external validity of the
IV estimate; under heterogeneous treatment effects, a linear IV estimand captures the average
treatment effect, for those who are affected by the instrument, and this local average treatment
effect (LATE) may not be policy-relevant if the instrument does not represent the policy change
of interest to the researcher ( ( ), ( ).

To enhance at least the external validity of the IV estimate, many studies have exploited
variation in the timing of policy adoption across units as an instrument for treatment, and
use instrumental variable techniques. For example, ( ) estimates returns to schooling
in Indonesia, leveraging variation arising from the new school construction program across
regions and cohorts as an instrument for education attainment. As another example,

( ) estimates the causal link between parents’ and children’s education attainment,
using variation occurring from the different timing of implementation of school reform across
municipalities and cohorts as an instrument for parents’ education attainment. The important
point here is that the underlying identification strategy behind these studies is inconsistent
with IV designs: the instrument based on these policy changes is not randomized across units
in reality, thereby potentially threatening the internal validity of the IV estimate. Rather, the
underlying identification strategy is similar to difference-in-differences (DID) designs, under
which we identify the effect of the policy shock (treatment) on the outcome, exploiting the
variation of that policy change across units and over time.

In this paper, we formalize the underlying identification strategy as an instrumented difference-
in-differences (DID-IV). We define the target parameter and identifying assumptions in this de-
sign, and develop a credible estimation method that is robust to treatment effect heterogeneity
in multiple time periods settings. Importantly, this design does not require the randomization
assumption of the instrument. In this design, we can achieve the internal and external validity
of the IV estimate if the parallel trends assumptions in the treatment and the outcome are
plausible in a given application, and the instrument is based on the policy shift of interest to
the researcher.

First, we consider a simple setting with two periods and two groups: some units are not
exposed to the instrument over two periods (unexposed group), whereas some units become
exposed at the second period (exposed group). In this setting, our target parameter is the
local average treatment effect on the treated (LATET); this parameter measures the treatment
effects, for those who belong to an exposed group and are induced to treatment by instru-
ment in the second period. Our DID-IV design mainly consists of a monotonicity assumption,
and parallel trends assumptions in the treatment and the outcome between exposed and un-
exposed groups. This framework comes from a simple and motivating observation: in the
two-group/two-period (2 x 2) settings, a popular estimand, which we call the Wald-DID esti-
mand, scales the DID estimand of the outcome by the DID estimand of the treatment between
the two groups. Indeed, we show that the Wald-DID estimand captures the LATET under 2 x 2
DID-IV designs.

In DID-IV designs, the interpretation of the parallel trends assumption in the outcome
is less clear than that of the parallel trends assumption in DID designs because it does not
depend on the untreated outcome, but depends on the outcome under no exposure to the



instrument, which we call an unexposed outcome. Motivated by this observation, we next
clarify the interpretation of the parallel trends assumption in the outcome in DID-IV designs.
Specifically, we first uncover the selection mechanism behind DID-IV designs; we show that in
DID-IV settings, time also plays the role of instrument, that is, time also affects one’s treatment
choices over time in the absence of the policy shock. Following to the terminology in

( ), we divide the population into time groups defined by the potential treatment
choices without instrument during the two periods: time always-takers, time never-takers, time
compliers, and time defiers. For instance, the time compliers do not adopt the treatment in
the first period, but become adopt it in the second period without instrument. We then show
that the average time trend in the unexposed outcome equals a weighted average of the indirect
effect of time on the outcome through treatment in each time group. We call this an expected
time gain, and show that the parallel trends assumption in the outcome in DID-IV designs
requires the same expected time gain between exposed and unexposed groups.

( ) (hereafter, ”dCDH?” in this section) also consider
the same setting in this article, but formalize 2 x 2 DID-IV designs differently, calling them
Fuzzy DID designs. The main difference between this article and dCDH lies in the definition of
target parameter: we focus on the LATET, whereas dCDH focus on the switcher local average
treatment effect on the treated (SLATET); this parameter measures the treatment effects, for
those who belong to an exposed group and start to receive the treatment in the second period.
Accordingly, the identifying assumptions in dCDH are also different from those in this article.
Furthermore, dCDH argue that the Wald-DID estimand identifies the SLATET under Fuzzy
DID designs if the treatment effect is stable over time, and propose the alternative estimands
that are free from the strong restriction on treatment effect heterogeneity.

Motivated by the disagreement between this article and dCDH, we next compare DID-IV
designs to Fuzzy DID designs, and point out the issues inherent in Fuzzy DID designs. First,
we show that dCDH’s identifying assumptions ez-ante impose the strong restrictions on the
treatment adoption behavior across units. It turns out that these restrictions are asymmetric
between exposed and unexposed groups, and difficult to defend from the institutional knowledge
of the problem in a given application. Next, under these restrictions, we show that dCDH’s
target parameter, the SLATET, can be decomposed into a weighted average of two different
causal parameters: one parameter measures the treatment effects among the sub-population of
the compliers and the other parameter measures the treatment effects among the time compliers,
who are affected by time but not affected by instrument. This decomposition result for the
SLATET has two concerning implications. First, the interpretation of the SLATET is less clear
than that of the LATET in DID-IV designs. Second, the SLATET may not be policy-relevant
even when the instrument is based on the policy change of interest to the researcher because
this parameter is always contaminated by the treatment effects among the time compliers.

We also revisit the 7issue” raised by dCDH regarding the use of the Wald-DID estimand,
and demonstrate that while their argument is correct, it is misguided. Specifically, we first
show that their argument stems from their reliance on the parallel trends assumption in DID
designs. We then argue that this assumption is unsuitable for DID-IV settings for three reasons.
First, this assumption generally fails to capture the average time trends of the outcome even
in an unexposed group. This is because in DID-IV settings, units are allowed to receive the
treatment in the absence of the policy shock (instrument). Second, in most applications of
the DID-IV method, it is generally infeasible to impute the untreated potential outcomes (e.g.,

( ), ( )). For instance, in ( ), this assumption requires
that the data contain the units with zero education attainment, which is unrealistic in practice.
Finally, in DID-IV settings, we can not directly test this assumption using the pre-exposed



period data in general. Indeed, we show that the placebo test proposed by dCDH is incomplete
for assessing the plausibility of this assumption.

Next, we extend the canonical DID-IV design to multiple period settings with the staggered
adoption of the instrument across units. In this setting, units start exposed to the instrument
at a particular point in time and remain exposed to that instrument afterward. Indeed, in
most DID-IV applications, researchers exploit variation in the timing of policy adoption across
units in more than two periods, instrumenting for the treatment with the natural variation.
The instrument is constructed, for instance from the staggered adoption of school reforms

across municipalities or across countries (e.g. ( ), ( ), and
( )), the phase-in introduction of head starts across states (e.g.

( )), or the gradual adoption of broadband internet programs across municipalities

(e.g. ( ), ( )). We refer to the underlying identification

strategy as a staggered DID-IV design, and establish the target parameter and identifying
assumptions. Specifically, in this design, we first partition units into mutually exclusive and
exhaustive cohorts by the initial exposure date of the instrument. We then define our target
parameter as the cohort specific local average treatment effect on the treated (CLATT); this
parameter is a natural generalization of the LATET in 2 x 2 DID-IV designs, and measures the
treatment effects, for those who belong to cohort e and are the compliers at a given relative
period [ from the initial exposure to the instrument. Finally, we extend the identification
assumptions in 2 x 2 DID-IV designs to multiple period settings and state the interpretation
of each assumption.

We extend our DID-IV designs in several directions. We first show that our DID-IV frame-
work can be applied when we have a non-binary, ordered treatment. We also consider extensions
to repeated cross sections, and triple DID-IV designs. Lastly, we consider the case when we
introduce the treatment path in potential outcomes in 2 x 2 DID-IV designs.

Finally, we propose a regression-based method to consistently estimate our target parame-
ter in staggered DID-IV designs under heterogeneous treatment effects. In practice, when re-
searchers implicitly rely on a staggered DID-IV design, they usually implement this design via

two-way fixed effects instrumental variable regressions. In companion paper ( ( ),
however, we show that in more than two periods, the TWFEIV estimand generally fails to
summarize the treatment effects under staggered DID-IV designs. Specifically, ( )

shows that under staggered DID-IV designs, the TWFEIV estimand is a weighted average of
all possible CLATTs, but some weights can be negative if the effect of the instrument on the
treatment or the outcome is not stable over time. Our proposed method avoids this issue and
is robust to treatment effect heterogeneity. Our estimation procedure consists of two steps.
First, we subset the data which contain only two cohorts and two periods. Next, in each data
set, we run the TWFEIV regression. We call this a stacked two stage least squares (STS) re-
gression and ensure its validity. Following to ( ), we also propose
the weighting scheme to summarize the treatment effects under staggered DID-IV designs. In
our weighting scheme, the weight reflects the share of compliers in a given relative period [ in
cohort e. We also discuss the procedure of pretrends tests to check the validity of the parallel
trends assumptions in the treatment and the outcome in DID-IV designs.

We illustrate our findings with the setting of ( ) who estimate returns to
schooling in the United Kingdom, exploiting variation in the timing of implementation of school
reforms between Britain and North Ireland as an instrument for education attainment. In
this application, we first assess the plausibility of DID-IV identification assumptions implicitly
imposed by ( ). We then estimate the TWFEIV regression in the author’s
setting. We find that the TWFEIV estimate is strictly negative and not significantly different



from zero. Actually, the TWFEIV regression performs the ”bad comparisons” (c.f.

( )) in the author’s setting: we treat the already exposed units as controls during the
periods after both regions were affected by the policy change. Finally, we use our estimation
method to reassess returns to schooling in the U.K. We find that our STS estimates are all
positive in each relative period after the school reform, and our weighting scheme yields a more
plausible estimate than the TWFEIV estimate. Specifically, our weighting estimate indicates
the roughly 20% gain from schooling in the U.K.

Overall, this paper provides a new econometric framework by combining the IV techniques
with DID designs. Our DID-IV design can be applied to various empirical settings. First, it
can cope with the general adoption process of the treatment when we are interested in the
effect of the treatment on the outcome in DID designs. For instance, consider the case that
some units already receive the treatment in period 0 before the policy shock, which distributes
the treatment in period 1. In this setting, the canonical DID design is infeasible in practice
unless we ez-ante discard these units from the data. On the other hand, our DID-IV design
can be directly applied to this setting, allowing us to identify the LATET. In other words, we
can view that DID-IV is DID with the noncompliance of the assigned treatment.

Second, our DID-IV design can yield valid counterfactuals to estimate the treatment effect
when we have no control group under DID designs. For instance, suppose that the treatment is
education attainment and we are interested in returns to schooling as in ( ). In this
setting, the canonical DID design generally fails to construct the control group, as the data
would not contain the units with zero education attainment in reality. On the other hand, our
DID-IV design can partition units into exposed and unexposed groups depending on whether
the unit is exposed to the policy shock (instrument). Once these groups are created under
this design, one can identify the LATET by comparing the evolution of the treatment and the
outcome between the two groups.

Finally, our DID-IV design can overcome the endogeneity issue in empirical work. In prac-
tice, due to the endogenous adoption of the treatment over time, researchers often fail to
identify the treatment effect via simple linear regressions or two-way fixed effects regressions
in panel data settings. In our DID-IV design, one can cope with the common identification
challenge by leveraging variation in the timing of policy adoption across units as an instrument
for treatment. Importantly, in this design, the identifying variation does not come from the
random assignment of the policy shock across units; it mainly comes from the parallel trends
assumption in the treatment and the outcome over time. This identification strategy would
be less demanding than IV designs in some applications, enhancing the internal and external
validity of the IV estimate in practice.

The rest of the paper is organized as follows. The next subsection discusses the related
literature. Section 2 establishes DID-IV designs in a simple setting with two periods and two
groups. Section 3 formalizes the target parameter and identifying assumptions in staggered
DID-IV designs. Section | contains extensions. Section 5 presents our estimation method.
Section O presents our empirical application. Section 7 concludes. All proofs are given in the
Appendix.

1.1 Related literature

Our paper is related to a recent DID-IV literature ( ( );
( ); ( )). We contribute to this literature in three
important ways.

The first contribution of this paper is to investigate the detailed connections between DID-
IV and Fuzzy DID designs proposed by ( ) (henceforth,



"dCDH” in this section). In econometrics, a pioneering work formalizing 2 x 2 DID-IV designs
is ( ), who shows that the Wald-DID estimand identifies the local average
treatment effect on the treated (LATET) under parallel trends assumptions in the treatment
and the outcome, and a monotonicity assumption. ( ) also consider 2 x 2 DID-
IV designs with non-binary, ordered treatment settings. Build on the work in

( ), however, ( ) formalize 2 x 2 DID-IV designs
differently and call them Fuzzy DID designs; the settings are the same between the two designs,
but the target parameter and identifying assumptions are different from each other.

In this paper, we first formalize 2 x 2 DID-IV designs and complement
( ) and ( ). Specifically, we introduce the path of the instrument in
2 x 2 DID-IV designs and uncover the "hidden assumption” in the previous literature. This
assumption requires the no anticipatory behavior of the treatment adoption before the exposure
to the instrument. We also investigate the selection mechanism behind 2 x 2 DID-IV designs,
and clarify the interpretation of the parallel trends assumption in the outcome.

Given our identification results and the terminology developed in this paper, we then com-
pare DID-IV to Fuzzy DID designs, and point out the issues inherent in Fuzzy DID designs.
Specifically, we show that the identifying assumptions in Fuzzy DID designs ex-ante requires
the strong restrictions on the treatment adoption behavior across units, and the target param-
eter in Fuzzy DID designs can be decomposed into a weighted average of two different causal
parameters. The discussion organizes the relationship between the two designs in the previ-
ous literature, which essentially treat the same setting, and indicate the relative advantages of
DID-IV over Fuzzy DID.

The second contribution of this paper is to extend 2 x 2 DID-IV designs to multiple period
settings with the staggered adoption of the instrument across units. In practice, in order to
estimate the treatment effects, empirical researchers often leverage variation in the timing of
policy adoption across units as an instrument for treatment in more than two periods (e.g.,

( ), ( ), and ( )). No previous
studies, however, extend 2 x 2 DID-IV designs to such important settings. Our staggered DID-
IV designs ensure the theoretical validity of the underlying identification strategy behind these
studies, and allow the practitioners to estimate the local average treatment effect on the treated
even when the treatment adoption is endogenous over time.

Finally, this paper provides a credible estimation method in staggered DID-IV designs under
heterogeneous treatment effects. When empirical researchers implicitly rely on the staggered
DID-IV design in practice, they commonly implement this design via TWFEIV regressions (e.g.

( ), ( )). In companion paper ( ( )), however, we
show that the TWFEIV estimand potentially fails to summarize the treatment effects under
staggered DID-1V designs if the effect of the instrument on the treatment or the outcome evolves
over time. Our proposed estimation method would serve as an alternative to the TWFEIV
estimator and make DID-IV designs more credible in a given application.

Our paper is also related to a recent and growing DID literature. Several recent papers
have pointed out the issue of implementing DID designs via two-way fixed effects regressions
or its dynamic specifications in the presence of heterogeneous treatment effects (

(2022); (2021); (2021);
(2020); (2021); (2021);

( )). All of these papers have documented that regression coefficients by the conventional
approaches may fail to properly summarize treatment effects under DID designs. Some of these
papers have proposed an alternative estimation method that delivers a sensible estimand and is
robust to treatment effect heterogeneity. None of these papers, however, have explicitly consid-



ered the causal interpretation of the TWFEIV estimand when researchers exploit variation in
the timing of policy adoption across units as an instrument for the treatment. In this paper, we
formalize the rationale behind using the TWFEIV regression as an instrumented difference-in-
differences design, and provide a reliable estimation method in this design in multiple periods
settings. Built on the work in this paper, ( ) studies the properties of the TWFEIV
estimand under staggered DID-IV design and point out the issue of implementing this design
via TWFEIV regressions.

2 DID-IV in two time periods

In this section, we formalize an instrumented difference-in-differences (DID-IV) in two-period /two-
group settings. We first establish the target parameter and identifying assumptions in this
design. We then uncover the selection mechanism behind this design, and clarify the interpre-
tation of the parallel assumption in the outcome. We next describe the relationship between
DID and DID-IV, indicating that DID-IV is DID with the noncompliance of the assigned treat-
ment. At the end of this section, we also describe the connections between DID-IV and Fuzzy
DID proposed by ( ).

2.1 Set up

We introduce the notation we use throughout section 2. We consider a panel data setting with
two periods and N units. For any random variable R, we denote S(R) to be its support. For
cach i € {1,...,N} and ¢t € {0,1}, let Y;; denote the outcome, and D,; € {0,1} denote the
treatment status: D;; = 1 if unit ¢ receives the treatment in period ¢t and D, ; = 0 if unit ¢ does
not receives the treatment in period t. Let Z;; € {0,1} denote the instrument status: Z;; = 1
if unit ¢ is exposed to the instrument in period ¢ and Z;; = 0 if unit 7 is not exposed to the
instrument in period ¢. Throughout section 2, we assume that {Y; o, Y;1, Dio, Di1, Zio, Zi,l}fil
are independent and identically distributed (i.i.d).

We introduce the path of the treatment and the instrument. Let D; = (D, 0, D;1) be the
treatment path and Z; = (Z; 0, Z; 1) be the instrument path. We assume that no one is exposed
to the instrument in period ¢t = 0: Z;y = 0 for all 7. Hereafter, we refer to this as a sharp
assignment of the instrument. We denote E; € {0,1} to be the group variable: E; = 1 if
unit 7 is exposed to the instrument in period t = 1 (exposed group) and E; = 0 if unit 7 is
not exposed to the instrument in period ¢ = 1 (unexposed group). In contrast to the sharp
assignment of the instrument, we allow the general adoption process for the treatment: we
assume that the treatment path can take four values with non-zero probability, that is, we have
{(0,0), (0, 1), (1,0), (1,1)} € S(D).

In practice, researchers are interested in the effect of a treatment D, ; on an outcome Y; ;, and
the instrument Z;; typically represents a program or a policy shock, which occurs in period
t = 1 and encourages people to adopt the treatment. For instance, ( ) estimates
returns to schooling in Indonesia, using a new school construction program across regions as
an instrument for education attainment.

Next, we introduce the potential outcomes framework. Let Y;;(d,z) denote the potential
outcome in period ¢ when unit ¢ receives the treatment path d € S(D) and the instrument
path z € §(Z). Similarly, let D;+(z) denote the potential treatment status in period ¢ when
unit ¢ receives the instrument path z € S(Z). Hereafter, we refer to D;+((0,0)) as unexposed
treatment and D, ;((0,1)) as exposed treatment.

We make a no carryover assumption on the potential outcomes Y;(d, 2).



Assumption 1 (No carryover assumption).
VZ € S(Z),Vd € S(D), Y;o(d, Z) = }/;'70(d0, Z), Y;,l(d, Z) = }/;'71((11, Z),
where d = (dy, d;) is the generic element of the treatment path D;.

Assumption | states that potential outcomes Y;;(d, z) depend only on the current treatment
status d; and the instrument path z. In the DID literature, several recent papers impose
this assumption with settings of a non-staggered treatment; see, e.g.,

(2020) and (2021).

Next, we introduce the group variable GZ = (D;1((0,0)), D;1((0,1))), which describes the
type of unit 7 according to the response of D;; on the instrument path z. Specifically, the
first element D;;((0,0)) represents the potential treatment choice in period ¢ = 1 if unit 4
belongs to an unexposed group, and the second element D;;((0,1)) represents the potential
treatment choice in period ¢ = 1 if unit ¢ belongs to an exposed group. Following to the
terminology in (1994), we define GZ = (0,0) = NTZ to be the never-
takers, GZ = (1,1) = ATZ to be the always-takers, GZ = (0,1) = CM?Z to be the compliers,
and GZ = (1,0) = DFZ to be the defiers.

Henceforth, we keep Assumption I. In the next section, we use the notations developed so
far to define our target parameter in 2 x 2 DID-IV designs.

2.2 Target parameter in two time periods

In 2 x 2 DID-IV designs, our target parameter is the local average treatment effect on the
treated (LATET) in period ¢ = 1 defined below.

Definition. The local average treatment effect on the treated (LATET) in period ¢t =1 is

LATET = E[Y;1(1) — Y;1(0)|E; = 1, D1 ((0,1)) > D;.1((0,0))]

= E[Y;1(1) = Yi1(0)|E; = 1,0M7].

This parameter measures the treatment effects in period 1, for those who belong to an
exposed group (E; = 1), and are induced to treatment by instrument in period 1. In the
DID-IV literature, ( ) consider the same target parameter, and

( ) define the local treatment effect (LATE) in period ¢t = 1 as their target parameter,
which is unconditional on F;. The LATET has been also proposed in heterogeneous effects IV
models with binary instrument; see, e.g., ( ) and ( ).

We define the LATET as our target parameter for two reasons. First, this parameter would
be particularly of interest if the instrument reflects a policy change of interest (

( ), ( ). ( ), for instance, are interested in
"whether investments in infrastructure can cause an increase in education attainment, and
whether an increase in education attainment causes an increase in earnings”. To answer this
question, the author exploits a new school construction program across regions as an instrument
for education attainment. In this context, the LATET would be a policy-relevant parameter
in the presence of heterogeneous treatment effects. Second, the LATET is a natural extension

"'When treatment is binary and there exist only two periods, one can explicitly introduce the treatment
path in potential outcomes because it takes only four values. We therefore consider this case in Appendix
as an extension. One can also weaken Assumption | in other cases such as non-binary, ordered treatments or
multiple time periods, but this would requires the cumbersome notation and complicates the definition of our
target parameter, thus is beyond scope of this paper.



of the target parameter in DID designs, the so-called average treatment effects on the treated
(ATT). In section 2.5, we show that both causal parameters measure the treatment effects
among the units who are affected by instrument (policy shock) and belong to an exposed group

(B = 1).

Remark 1. ( ) define the switcher local average treat-
ment effect on the treated (SLATET) as their target parameter in the same setting we are
considering here”.

Definition. The switcher local average treatment effect on the treated (SLATET) is

)

= BYi1(1) = Y1 (0)|E; = 1, SW],

)

where the switcher (SW) is the units who become treated in period 1.

This parameter measures the treatment effects among the units who belong to an exposed
group (F; = 1) and switch to receive the treatment in period 1 (SW). As we will show in Ap-
pendix F, it turns out that this parameter is different from the LATET and can be decomposed
into a weighted average of two different causal parameters. In section 2.0, we provide a detailed
discussion of the connections between this article and

(2018).

2.3 Identification assumptions in two time periods

This section establishes DID-IV designs in a simple setting with two groups and two periods.
In this setting, a popular estimand is the ratio between the DID estimand of the outcome and
the DID estimand of the treatment ( ( ) ( )):

E[Y;1 — Yio|E; = 1] — E[Y;, — Yio|E; = 0]
w = .
PIP ™ E[D;y — Dig|E; = 1] — E[D;1 — Dy o|E; = 0]

Following to the terminology in ( ), we call this the
Wald-DID estimand. This estimand is obtained from the IV regression of the outcome on the
treatment where the group and post-time dummies are included instruments and the interaction
of the two is excluded instrument.

In practice, the Wald-DID estimand wp;p is commonly interpreted as measuring the local
average treatment effect (LATE) in the presence of heterogeneous treatment effects, but the
underlying identifying assumptions are not stated formally. ( ), for instance, notes
that 7if returns to education are not constant, the 2SLS estimates are a weighted average of
the returns to education for people who are affected by the instruments (

(1995))".

We consider the following identifying assumptions for the Wald-DID estimand to capture the
LATET. Henceforth, we assume that the denominator of the Wald-DID estimand is different
from zero without loss of generality.

Assumption 2 (Exclusion restriction for potential outcomes).

Vz € 8(2),vd € S(D),Vt € {0,1},Y;,(d, z) = Y;,(d).

2 ( ) consider the same situation in repeated cross section settings.
We therefore rewrite their target parameter by the notation we use in this article.




This assumption requires that the instrument path does not directly affect potential out-
comes other than through treatment. This assumption is common in the IV literature; see

e.g., ( ) and ( ). In the DID-IV literature,
( ) and ( ) impose a similar assumption without introducing the instru-
ment path.

Given Assumption | and Assumption 2, we can write the observed outcomes Y;, as
Yie = DiYi (1) + (1 — D;1)Yis(0).

Assumption | and Assumption 2 also allow us to introduce the notion of exposed and
unexposed outcomes. For any z € S(Z), let Y;4(D;:(z)) denote the potential outcome if the
instrument path were z:

Yit(Dir(2)) = Diy(2)Yir(1) + (1 = Diy(2))Yis(0).

Hereafter, we refer to Y;+(D;+((0,0))) as unexposed outcomes and Y;;(D;+((0,1))) as exposed
outcomes. Note that we can not observe different potential outcomes for the same unit at the
same time. For instance, when unit 7 is assigned to z = (0,0), that is, unit 7 is not exposed
to the instrument during the two periods, we can observe only Y;(D;.((0,0))), and can not
observe Y; ;(D;+((0,1))) for that unit.

Next, we make the following monotonicity assumption as in ( ).

Assumption 3 (Monotonicity Assumption in period t = 1).
PT(Di’l(((), 1)) Z Dzjl((0,0))) =1 or PT’(DZ'J((O, ].)) S Dzyl((0,0))) =1.

This assumption requires that the instrument path affects the treatment choice at pe-
riod ¢ = 1 in a monotone (uniform) way. This assumption implies that the group variable
GZ = (D;1((0,0)), D; 1((0,1))) can take three values with non-zero probability. In the DID-IV
literature, ( ) and ( ) make the same assumption. Here-

after, we consider the type of monotonicity assumption which rules out the existence of the
defiers DFZ.

Assumption 4 (No anticipation in the first stage).
D;o((0,1)) = D;0((0,0)) a.s. for all units ¢ with E; = 1.

Assumption 4 requires that the potential treatment choice before the exposure to instrument
is equal to the baseline treatment choice D;((0,0)) in an exposed group. This assumption
restricts the anticipatory behavior and would be plausible if the instrument path is ez-ante not
known for all the units in an exposed group. This assumption is ”hidden assumption” in the
previous DID-IV literature: ( ) and ( ) implicitly impose
this assumption by writing observed treatment choice in period t = 0 as D, ((0).

In the DID literature, recent studies impose the no anticipation assumption on untreated

potential outcomes in several ways. ( ) and
( ) assume the average version of the no anticipation assumption, whereas
( ) assume the no anticipation for all units i. ( ) take the intermediate ap-
proach: they assume the no anticipation for the treated units. Our no anticipation assumption
on potential treatment choices is in line with that of ( ).

Next, we impose the parallel trends assumptions in the treatment and the outcome. In
the DID-IV literature, ( ) and ( ) assume the similar
assumptions.



Assumption 5 (Parallel Trends Assumption in the treatment).
E1D;1((0,0)) = Dio((0,0))[ E; = 0] = E[Di1((0,0)) = Dio((0,0))| £ = 1].

Assumption 5 is a parallel trends assumption in the treatment. This assumption requires
that the expectation of the treatment between exposed and unexposed groups would have
followed the same path if the assignment of the instrument had not occurred. For instance, in

( ), this assumption requires that the evolution of mean education attainment would
have been the same between exposed and unexposed groups if the policy shock had not occurred
during two periods.

Assumption 6 (Parallel Trends Assumption in the outcome).
E[Yi1(D;,1((0,0))) = Yio(Dio((0,0)))|E; = 0] = E[Y;1(D;1((0,0))) = Yi0(Dio((0,0)))[E; = 1.

Assumption 0 is a parallel trends assumption in the outcome. This assumption requires
that the evolution of the unexposed outcome is the same on average between exposed and
unexposed groups. For instance, in ( ), this assumption requires that the expectation
of log annual earnings would have followed the same path from period 0 to period 1 between
exposed and unexposed groups in the absence of the policy shock.

When empirical researchers exploit variation arising from policy shock as an instrument for
the treatment and use the Wald-DID estimand, they often refer to Assumption 5 and 6. For
instance, ( ) estimates returns to schooling in Indonesia, relying on ”the identification
assumption that the evolution of wages and education across cohorts would not have varied
systematically from one region to another in the absence of the program”.

The theorem below shows that if Assumptions | - 6 hold, the Wald-DID estimand captures
the local average treatment effects on the treated (LATET) in period 1.

Theorem 1. If Assumptions -6 hold, the Wald-DID estimand wp;p is equal to the LATET
in period ¢ = 1, that is,
wprp = E[Y;1(1) — Yi1(0)|E; = 1,CM7).

)

holds.
Proof. See Appendix A. n

We now provide the intuition behind 2 x 2 DID-IV designs. As we already noted, the Wald-
DID estimand scales the DID estimand of the outcome by the DID estimand of the treatment.
Motivated by this observation, under 2 x 2 DID-IV designs, we rely on the common DID iden-
tification strategy both in the numerator and the denominator of the Wald-DID estimand (see
Figure 1). First, in the denominator of the Wald-DID estimand, we use the DID identification
strategy to identify the direct effect of the instrument on the treatment: we recover the ex-
pectation of the unexposed treatment in period ¢ = 1 in an exposed group (z = (0,1)), using
Assumption / (no anticipation in the first stage) and Assumption 5 (parallel trends assump-
tion in the treatment). Next, in the numerator of the Wald-DID estimand, we use the DID
identification strategy in order to identify the indirect effect of the instrument on the outcome
through treatment: we recover the expectation of the unexposed outcome in period ¢t = 1 in an
exposed group (z = (0,1)), using Assumption 6 (parallel trends assumption in the outcome).
Finally, by scaling the indirect effect obtained from the numerator by the direct effect obtained
from the denominator, we can capture the LATET in period t = 1.
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Fig. 1. DID-IV identification strategy in two periods and two groups. Notes: This figure plots the evolution
of the expectation of the treatment (First stage DID) and the outcome (Reduced form DID) for exposed and
unexposed groups respectively. The dotted line represents the counterfactual trends of the expectation of the
treatment and the outcome in an exposed group. The effects of the instrument on the treatment and the
outcome are 0.2 and 2 respectively, and the local average treatment effect on the treated is 10.

2.4 Interpreting the parallel trends assumption in the outcome

So far, we have formalized the target parameter and identifying assumptions in 2 x 2 DID-IV
designs. Overall, in this design, we rely on the common DID identification strategy in both
the denominator and the numerator of the Wald-DID estimand in order to identify the effects
of the instrument on the treatment and the outcome. The interpretation of the parallel trends
assumption in the outcome, however, is less clear than that of the parallel trends assumption in
the canonical DID designs because it does not depend on the untreated outcome, but depends
on the unexposed outcome.

In this section, we clarify the interpretation of the parallel trends assumption in the outcome
in 2x2 DID-IV designs. To do so, we first uncover the selection mechanism behind the canonical
DID-IV designs. Specifically, we show that in 2 x 2 DID-IV designs, time also plays the role of
instrument, and investigate how the identifying assumptions in 2 x 2 DID-IV designs restrict
the treatment adoption behavior across units in exposed and unexposed groups, respectively.
We then show that the average time trend in the outcome is equal to a weighted average of
the indirect effect of time on the outcome through treatment. We call this an expected time
gain and show that the parallel trends assumption in the outcome requires the homogeneous
expected time gain between exposed and unexposed groups.

First, we introduce the additional notation. Let GI' = (D;((0,0)), D;1((0,0))) denote the
group variable for unit ¢, which represents the treatment adoption process from period 0 to
period 1 if the instrument path were z = (0,0): the first element D;(((0,0)) represents the
potential treatment choice without instrument in period 0 and the second element D; ;((0,0))
represents the potential treatment choice without instrument in period 1.

11



Table 1. Exposed group (assigned to z = (0, 1))

observed counterfactual

(Do((0,0)), D1((0,1))) D, ((0,0)) =1 D,((0,0)) =0
Dy((0,0)) =1,D4((0,1)) =1 AT? N ATT CM?% NDFT
Dy((0,0)) =1,D4((0,1)) =0 DFZ N ATT NT? A DFT
Dy((0,0)) =0,D:((0,1)) =1 AT? NCMT CM?% ANNTT
Dy((0,0)) =0,D4:((0,1)) =0 DFZ NCMT NT? ANNTT

Table 2. Unexposed group (assigned to z = (0,0))

observed counterfactual

(Do((0,0)), D1((0,0))) D,((0,1)) =1 D, ((0,1)) =0
Dy((0,0)) =1, D;((0,0)) =1 AT? N ATT DFZ N ATT
Dy((0,0)) =1, D:((0,0)) =0 CM?% N DFT NT? N DFT
Dy((0,0)) =0,D4((0,0)) =1 ATZ NOMT DF? NCMT
Dy((0,0)) =0,D1((0,0)) =0 CM?% ANNTT NT? ANTT

We recall that in 2 x 2 DID-IV designs, the units are allowed to take the treatment without
instrument during the two periods. In this setting, one can see that time also plays the role of
instrument, that is, time also affects one’s treatment choices during the two periods.

Similar to the group variable GZ introduced in section 2.1, we define GF = (0,0) = NT7 to
be the time never-takers, GI' = (1,1) = AT” to be the time always-takers, GI = (0,1) = CM7T
to be the time compliers, and GI = (1,0) = DFT to be the time defiers. The time never-
takers NTT and the time always-takers ATT do not change their treatment status without
instrument during the two periods. In other words, their treatment choices are time-invariant
in the absence of the policy shock (instrument). On the other hand, the time compliers C M7
are induced to treatment in period 1 without instrument, and the time defiers DF” leave the
treatment in period 1 without instrument, that is, their treatment choices are affected by time
in the absence of the policy shock.

By exploiting the group variables GZ and G7, we can describe how the identifying assump-
tions in 2 x 2 DID-IV designs restrict the treatment adoption behavior across units in exposed
and unexposed groups, respectively. Table | and Table 2 show that we can partition units in
exposed and unexposed groups into six mutually exclusive and exhaustive types under 2 x 2
DID-IV designs. Here, Assumption 3 (monotonicity assumption) excludes the defiers DFZ in
exposed and unexposed groups respectively, the types painted in gray color in both tables.

In an exposed group, we can observe (Dg((0,0)), D1((0,1))), but can not observe D;((0,0))
for each unit (see Table 1). Here, we use Assumption | (no anticipation assumption in the
first stage), replacing Dy((0,1)) with Dy((0,0)). In an unexposed group, we can observe
(Do((0,0)), D1((0,0))), but can not observe D;((0,1)) for each unit (see Table 2). If, for
instance, the observed treatment choices of unit ¢ in an exposed group are D; ¢((0,0)) = 0 and
D;1((0,1)) = 1, and the counterfactual treatment choice is D;;((0,0)) = 0, that unit belongs
to the type CM% A NTT: unit i is induced to the treatment by instrument but not by time.
If the observed treatment choices of unit ¢ in an unexposed group are D;((0,0)) = 0 and
D;1((0,0)) = 1, and the counterfactual treatment choice is D;;((0,1)) = 1, that unit belongs
to the type AT? A CMT: unit 7 is induced to the treatment by time but not by instrument.
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Given these tables, we now consider the interpretation of the parallel trends assumption
in the outcome. Let Ay and A; denote the average time trends of the unexposed outcome in
exposed and unexposed groups, respectively:

Ao = E|
Al EE[

1(D;1((0,0))) = Yio(Dip((0,0)))|E; = 0],
1(D;1((0,0))) = Yio(Dip((0,0))) | Es = 1].

oy

We note that the parallel trends assumption in the outcome requires Ay = A;. At the same
time, we also note that Ag is estimable by the observed change in outcomes in an unexposed
group during the two periods, whereas A; is fundamentally unobservable because exposed group
is assigned to the instrument path z = (0, 1).

To make the interpretations of Ay and A; clear, we introduce the additional notation. For
each time group ¢' € {ATT, NTT,CM™*,DF"}, let wy . = Pr|GY = ¢'|E; = €] denote the
population share in group E; = e € {0,1}. Let A, . denote the expectation of the potential
outcome path in the absence of the policy shock for time group ¢* in group F; = e:

For instance, weoyry = PrlCMT|E; = 0] and Agyrg = E[Yi(1) — Yi(0)|CMT, E; = 0]
represent the population share and the expectation of the outcome path without instrument
for the time compliers in an unexposed group, respectively.

Each wy . and Ay, are estimable in an unexposed group (e = 0): we can identify the
time group of unit ¢ in an unexposed group and can observe the evolution of the outcome
without instrument. For instance, when the observed treatment choices are D, (((0,0)) = 0
and D;;((0,0)) = 1 for unit ¢ in an unexposed group, we can figure out that unit ¢ is the
time compliers CM”, and can observe the potential outcome path (Y;(0),Y; (1)) without
instrument for that unit. On the other hand, each wy . and Ay . are unobservables in an
exposed group (e = 1) because we can not specify the time group of unit 7 in that group. For
instance, when the observed treatment choices are D, ((0,0)) =0 and D;;((0,1)) = 1 for unit
¢ in an exposed group, we can not distinguish whether unit ¢ belongs to the time compliers
CMT or the time never takers NTT (see Table 1).

We can interpret each Ayt . as the indirect effect of time on the outcome through treatment
for time group ¢' in group E; = e. First, Aypr, and Aypr . only reflect the expectation of the
time effect for treated and untreated potential outcomes respectively:

Aurre = BY;1(1) = Yio(1)|AT", E, = ],

J/

-~

Time effect among ATT

Ayrre = E[Y;1(0) = Y1 (0)INT", B = €.

-~

Time effect among NT7T

This is because the time always-takers AT? and the time never-takers NT7 do not change their
treatment status during the two periods. If the exclusion restriction of time on the outcome
holds, that is, Y;1(1) = Y;o(1) and Y;1(0) = Y;o(0) hold for all units i (in other words, the
stationary conditions hold), these quantities are equal to zero. Next, Agyr, and Appr, can
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be decomposed into two terms:

Acyr e = EY;1(0) = Yio(0)|[CMT, E; = e] + E[Y;1(1) — Y;1(0)[CM", E; = €]

Y
S/

~
Selection gain among CM 7T

Appr. = E[Yi1(1) = Y;0(1)|DF", E; = €] + E[Y;1(0) — Yi1(1)|DF",E; = €].

v~

Selection gain among DFT

The first terms in Agpr o and Appr o represent the expectation of the time effect for untreated
and treated potential outcomes in each time group in group E; = e, respectively. The second
term represents the selection gain in each time group in group E; = e, respectively. The latter
terms arise because the time compliers CM7T and the time defiers DEFT are affected by time
and change their treatment status from period 0 to period 1.

The following theorem establishes the relationship between A, and Ay .

Theorem 2. Suppose Assumptions |-4 hold, then
Ae = ngt’eAgt767
gt

where the weight wg: . is non-negative and sum to one, that is, } . w . = 1 holds.
Proof. See Appendix A. O

Theorem 2 shows that the average time trend of the unexposed outcome in group e is equal
to a weighted average of the indirect effect of time on the outcome through treatment for each
time group ¢' in group e. The weight assigned to each Ay . is natural in that it reflects the
population share in each time group ¢' in group e. In this paper, we call A, an expected time
gain in group e hereafter.

In light of the view discussed so far, we can conclude that the parallel trends assumption
in the outcome (Assumption 0), i.e., Ag = A; requires the same expected time gain between
exposed and unexposed groups, that is, the whole indirect effects of time on the outcome
through treatment are the same on average between the two groups.

Assumption 6 is required for DID-IV identification strategy because in the numerator of
the Wald-DID estimand, we should isolate the indirect effect of the instrument on the outcome
through treatment from that of time in an exposed group. The underlying idea to capture
the former effect is parallel to that in DID designs: we purge the latter effect by exploiting
the observed time trend of the outcome in the group that did not receive the policy shock
(instrument) in the second period. In practice, if there exist pre-exposed period data, we can
indirectly check the validity of Assumption ¢ as well as Assumption 5, comparing the evolution
of the outcome between exposed and unexposed groups. The formal discussion for the pretrend
test is provided in section

2.5 Relationship between DID and DID-IV

In this section, we describe the relationship between DID and DID-IV designs, and provide the
view that DID-IV is DID with the noncompliance of the assigned treatment.

According to section 2.1, we first introduce the notation in DID designs. Let Z; = (Z; 0, Zi1
denote the path of a program, which distributes the treatment D,,, and let D; = (D, 0, D;1
denote the path of the treatment for unit ¢. In the canonical DID set up, Z; = (Z;o, Zia

takes only two values: Z; = (0,1) if unit 7 is assigned to the program in period 1 (treatmen

)

)

)
)
)
¢
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Table 3. Exposed group (assigned to z = (0, 1))

observed counterfactual
(Do((0,0)), D1((0,1))) D1((0,0)) =0
Dy((0,0)) =0,D1((0,1)) =1 CM#% NNTT

Table 4. Treatment group (assigned to z = (0,0))

observed counterfactual
(Do((0,0)), D1((0,0))) D1((0,1)) =1
Dy((0,0)) =0, D4:((0,0)) =0 CM#% ANNT™T

group) and Z; = (0,0) if unit 7 is not assigned to the program in period 1 (control group). Let
E; € {0,1} denote the group variable: E; = 1 if unit ¢ belongs to the treatment group and
E; = 0 if unit ¢ belongs to the control group. Hereafter, in this section, we refer to treatment
and control groups as exposed and unexposed groups, respectively.

Note that in the common DID set up, the treatment status D;; is equal to the exposure to
the program Z; ; because we ex ante impose two restrictions on the treatment adoption behavior
across units. First, we assume that all the units are not allowed to receive the treatment in
period 0:

D;((0,1)) = D;,((0,0)) =0 for all s. (1)

Second, we assume that unit ¢ should receive the treatment in period 1 if that unit belongs to
an exposed group, and should not receive the treatment in period 1 if that unit belongs to an
unexposed group:

1= Di,l(((), 1)) > Di,l((O, O)) =0 for all 4. (2)

These restrictions imply that we have Tables 3-1 under DID designs: there exists only the type
CM?% A NT" in exposed and unexposed groups, respectively.

Then, under these restrictions, we can show that DID-IV designs nest DID designs as
a special case along with three dimensions. First, Assumptions 3-5 in DID-IV designs are
automatically satisfied in DID designs. Assumption 3 follows from (2) and Assumption
follows from (1). Assumption 6 follows from combining (1) with (2).

Second, the ATT, the target parameter in DID designs, is equal to the LATET in the
canonical DID set up. This follows from Tables 3 -

ATT = E[Y;1(1) = Y1 (0)| E; = 1]
= E[Y; (1) = Yi,(0)|E; = 1,CM7]
= LATET.

We note that both ATT and LATET measure the treatment effects, for those who are in an
exposed group (assigned to z = (0,1)) and are induced to treatment by instrument (C'M?7).
We therefore define the LATET as our target parameter in DID-IV designs in section

Finally, a well-known parallel trends assumption in DID designs can also be interpreted as
requiring the same expected time gain between exposed and unexposed groups. From Tables
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- 4, we can rewrite the parallel trends assumption in the untreated outcome as follows:

E[Yi1(0) = Yio(0)|E; = 0] = E[Y;1(0) = Yio(0)| E; = 1]

<= E[Y;1(0) — Yio(0)|E; = 0, NT"] = E[Y;1(0) — Y;o(0)|E; = 1, NT"]
< ANTT,O — ANTT,l
<~ Ag = Ay,

where the last equivalence holds because we have only the time never takers NT7 in exposed
and unexposed groups respectively under DID designs:

wypr o= Pr(NTT|E;=¢) =1, forall e=0,1.

Overall, this section clarifies that DID-IV is a natural generalization of DID, and the differ-
ences between the two designs arise because DID-IV allows the noncompliance of the assigned
treatment: D;; # Z;;. In the next section, we compare DID-IV and Fuzzy DID considered in

(2018).

2.6 Comparing DID-IV to Fuzzy DID

( ) (Henceforth, "dCDH?” in this section) also investi-
gate the identification assumptions for the Wald-DID estimand to capture some causal effects
under the same setting in this article. However, they formalize 2 x 2 DID-1V designs differently,
calling them Fuzzy DID designs. In this section, we compare DID-IV to Fuzzy DID and point
out the issues embedded in Fuzzy DID. The detailed discussion is given in Appendix I, and
this section provides the overview of that discussion.

The main difference between dCDH and this article is in the definition of target parameter:
we focus on the LATET, whereas dCDH focus on the SLATET (see section 2.2 in this article).
Accordingly, the identifying assumptions in Fuzzy DID designs are different from those in
2 x 2 DID-IV designs. Furthermore, dCDH argue that the Wald-DID estimand identifies the
SLATET only if the treatment effect is stable over time, and propose the alternative estimands
that do not require the strong restriction on treatment effect heterogeneity.

In Appendix I, we first show that the identifying assumptions in Fuzzy DID designs ez-
ante impose the strong restrictions on the treatment adoption behavior across units and these
restrictions are asymmetric between exposed and unexposed groups.

Specifically, we examine how dCDH’s identifying assumptions exclude the types in the two
groups and construct Tables 5-6°, which are in line with Tables 1-2 in this article. From these
tables, one can see that dCDH exclude the defiers DFZ and the type NT? ADF' in an exposed
group, and the defiers DF'#, the time defiers C M7 and the time compliers DFT in an unexposed
group. Note that in our DID-IV design, we exclude only the defiers DF?Z in exposed and
unexposed groups by a monotonicity assumption. The difference between dCDH’s restrictions
and ours is critical for empirical application; in contrast to the monotonicity assumption, which
excludes the defiers in both groups, dCDH’s additional restrictions can be difficult to defend
from the institutional knowledge of the problem in a given application. This is because these
restrictions ex-ante exclude the units who change the treatment adoption in the absence of the
policy shock (instrument).

Next, under Tables 5-0, we show that dCDH’s target parameter, the SLATET, can be
decomposed into a weighted average of two different causal parameters. The one parameter

3Because dCDH consider repeated cross section settings, we can observe either Dy (0) or Dq(1) for each unit
in Tables 5-0.
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Table 5. Exposed group (z = 1)

observed counterfactual

Dy(0) or D;(1) Dy(0) =1 D.(0)=0
Dy(0)=1,D:(1) =1 AT? N ATT CM? AN DFT
Dy(0) =1,D:(1) =0 DFZ% N ATT NT? A DFT
Do(0) =0,D:(1) =1 AT? NCMT CM? NNTT
Do(0) =0,D1(1) =0 DFZ NCMT NT? NNTT

Table 6. Unexposed group (z = 0)

observed counterfactual

Do(0) or D4(0) Dy(1) =1 Di(1)=0
Dy(0) =1,D;(0) =1 AT? N ATT DFZ N ATT
Do(0) =1,D1(0) =0 CM?% NDFT NT? A DFT
Dy(0) =0,D,(0) =1 ATZ NCMT DFZ ANCMT
Dy(0) =0,D:(0) =0 CM?% ANNTT NT? NNTT

measures the treatment effects among the type CM% A ATT, who are the sub-population of the
compliers. The other causal parameter measures the treatment effects among the time compliers
CM?T. The time compliers are the units who switch from non-treatment to treatment in period
1 in the absence of the policy shock (instrument), that is, they are affected by time but not
affected by the instrument. This decomposition result for the SLATET has two concerning
implications. First, the interpretation of the SLATET is less clear than that of the LATET.
Second, the SLATET may not be policy-relevant even when the instrument is based on the
policy change of interest to the researcher because this parameter is always contaminated by
the treatment effects among the time compliers.

Finally, we revisit the "issue” raised by dCDH regarding the use of the Wald-DID estimand,
and show that while their argument is correct, it is misguided. During this discussion, we also
clarify why dCDH ex-ante exclude so many types in exposed and unexposed groups for the
Wald-DID estimand to identify the SLATET.

First, we show that dCDH’s argument regarding the use of the Wald-DID estimand is based
on their reliance on the parallel trends assumption in DID designs. Recall that in our DID-IV
design, we do not assume the parallel trends assumption in the untreated outcome, but assume
the parallel trends assumption in the unexposed outcome. Because some units are allowed to
adopt the treatment without instrument in DID-IV settings, the former type of parallel trends
assumption is generally not sufficient to capture the average time trend of the outcome in an
unexposed group. We show that this fact leads dCDH to impose the stable treatment effect
assumption for the Wald-DID estimand to identify the SLATET. In the proof of our argument,
we also demonstrate that imposing the parallel trends assumption in DID designs yields the
strong restrictions on the treatment adoption behavior across units under Fuzzy DID designs.

Next, after confirming that dCDH’s argument is based on the parallel trends assumption in
DID designs, we argue that this assumption is unsuitable for DID-IV settings for three reasons.
First, as already noted, this assumption is not sufficient to identify the average time trends of
the outcome even in an unexposed group. Second, in most applications of the DID-IV method,
we can not impute the untreated potential outcomes in general (e.g., ( )
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( )). For instance, in ( ), this assumption requires the data to contain the
parents with zero education attainment, which is unrealistic in practice. Finally, in most of the
DID-IV settings, we can not test this assumption using pre-exposed period data, as some units
can potentially adopt the treatment before period 0. Indeed, we show that dCDH’s placebo
test is incomplete for assessing the validity of this assumption. Surprisingly, we also show that
their placebo test coincides with our pretrends test with only a slight modification, which we
will introduce in section for assessing the plausibility of Assumption 5 and Assumption

3 DID-IV in multiple time periods

We now extend the 2x 2 DID-IV design to multiple periods settings with the staggered adoption
of the instrument across units. In reality, many studies exploit variation in the timing of policy
adoption across units as an instrument for treatment in more than two periods (e.g.

( ), ( ), ( ), and ( )). We refer
to the underlying identification strategy as a staggered DID-IV design, and establish the target
parameter and identifying assumptions.

3.1 Set up

We introduce the notation we use throughout section 3 to section 5. We consider a panel
data setting with 7" periods and N units. For each i € {1,... N} and t € {1,...,T}, let Y,
denote the outcome and D, ; € {0, 1} denote the treatment status, and Z;; € {0,1} denote the
instrument status. Let D; = (D;1,...,D;r) and Z; = (Z;1,...,Z;r) denote the path of the
treatment and the instrument for unit 7. Throughout section 3 to section 5, we assume that
{Yis, Dis, Zi 1 1, are independent and identically distributed (i.i.d).

We make the following assumption about the assignment process of the instrument.

Assumption 7 (Staggered adoption for Z; ;). For s < t, Z; s < Z;; where s,t € {1,...T}.

Assumption 7 requires that once units start exposed to the instrument, units remain exposed
to that instrument afterward. In the DID literature, several papers make the similar assumption
for the adoption process of the treatment and call it the ”"staggered treatment adoption”; see,
s (2022), (2021) and (2021).

Given Assumption 7, we can uniquely characterize one’s instrument path by the initial
exposure date of the instrument, which we denote F; = min{t : Z;; = 1}. If unit ¢ is not
exposed to the instrument for all time periods, we define F; = co. Based on the initial exposure
period F;, we can uniquely partition units into mutually exclusive and exhaustive cohorts e for
e € {1,2,...,T,00}: all the units in cohort e start exposed to the instrument in period E; = e.

Similar to the two periods setting in section 2.1, we allow the general adoption process for
the treatment: the treatment can potentially turn on/off repeatedly over time.

( ) and ( ) consider the same setting in the recent
DID literature.

Next, we introduce the potential outcomes framework in multiple time periods. Let Y;(d, 2)
denote the potential outcome in period ¢ when unit i receives the treatment path d € S(D)
and the instrument path z € S(Z). Similarly, let D;;(z) denote the potential treatment status
in period ¢ when unit i receives the instrument path z € S(7).

Assumption 7 allows us to rewrite D;,(z) by the initial exposure date E; = e. Let Df,
denote the potential treatment status in period ¢ if unit ¢ is first exposed to the instrument in
period e. Let D7} denote the potential treatment status in period ¢ if unit ¢ is never exposed
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to the instrument. Hereafter, we call D} the "never exposed treatment”. Since the adoption
date of the instrument uniquely pins down one’s instrument path, we can write the observed
treatment status D;; for unit ¢ in period ¢ as

Diy =D+ ) (Df, = D) 1{E; = c}.

1<e<T

We define D;; — Dp; to be the effect of an instrument on treatment for unit ¢ in period
t, which is the difference between the observed treatment status D,; to the never exposed
treatment status Df3. Hereafter, we refer to D;; — Dg5 as the individual exposed effect in
the first stage. In the DID literature, ( ) and
( ) define the effect of a treatment on an outcome in the same fashion.

Next, we introduce the group variable which describes the type of unit ¢ in period ¢, based
on the reaction of potential treatment choices in period ¢ to the instrument path z. Let
Giet = (D53, D5,) (t > e) be the group variable in period ¢ for unit 7 and the initial exposure
date e. Specifically, the first element D5 represents the treatment status in period ¢ if unit
i is never exposed to the instrument E; = oo and the second element Df, represents the
treatment status in period t if unit ¢ is first exposed to the instrument at F; = e. Following
to the terminology in section , we define G;.; = (0,0) = NT,,; to be the never-takers,
Gier = (1,1) = AT, ; to be the always-takers, G;.; = (0,1) = C'M,, to be the compliers and
Gier = (1,0) = DF,; to be the defiers in period ¢ and the initial exposure date e.

Finally, we make a no carryover assumption on potential outcomes Y;(d, 2).

Assumption 8 (No carryover assumption).
Vz € S(Z),Vd € S(D),Vt c {1, C ,T}, E,t(d, Z) = )/i,t(dta Z)

Henceforth, we keep Assumption 7 and 5. In the next section, we define the target parameter
in staggered DID-IV designs.

3.2 Target parameter in staggered DID-IV designs

In staggered DID-IV designs, our target parameter is the cohort specific local average treatment
effect on the treated (CLATT) defined below.

Definition. The cohort specific local average treatment effect on the treated (CLATT) at a
given relative period [ from the initial adoption of the instrument is

CLATT, cy1 = E[Yieri(1) = Yiena(0)|Es = €, D ..y > D724

= E[Y er1(1) = Yier1(0)|E; = €, C M, e1].

Each CLATT is a natural generalization of the LATET in section and suitable for the
setting of the staggered instrument adoption. This parameter measures the treatment effects at
a given relative period [ from the initial exposure date E; = e, for those who belong to cohort e,
and are the compliers C'M, .4, that is, who are induced to treatment by instrument in period
e + [. Each CLATT can potentially vary across cohorts and over time because it depends on
cohort e, relative period ! and the compliers CM, ..;. We note that the composition of the
compliers can overlap over the post-exposure periods in cohort e. For instance, some units in
cohort e may belong to CM, . for all the relative periods (I > e): they are affected by the
instrument for all post-exposure periods.
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This parameter would be policy-relevant if researchers leverage the policy change of their
interest as an instrument for the treatment. Suppose for instance that the treatment repre-
sents participation in a job training program, the outcome represents real earnings, and the
instrument represents a policy shock that encourages people to receive the treatment. In this
example, if the instrument is an important policy lever for the researchers (e.g., nudge), each
CLATT is of particular interest because the compliers in each relative period after a policy
change represents the dynamic effect of that policy on the take up rates of the program, and
this parameter can be interpreted as estimating the effect of participation in job training on
real earnings among those affected by the policy shock in each relative period.

3.3 Identification assumptions in staggered DID-IV designs

In this section, we establish the identification assumptions in staggered DID-IV designs. These
assumptions are the natural generalization of Assumptions 1-6 in 2 x 2 DID-IV designs.

Assumption 9 (Exclusion Restriction in multiple time periods).
Vze S(Z),Vde S(D),Vt e {1,...,T},Yii(d, z) =Y (d) a.s.

Assumption 9 extends the exclusion restriction in two time periods (Assumption 2) to
multiple period settings. This assumption requires that the instrument path does not directly
affect the potential outcome for all time periods and its effects are only through treatment.

Given Assumption 8 and Assumption 9, we can write the potential outcome Y;;(d, z) as
Yie(de) = D;Yie(1) + (1 — D;1)Y;4(0). Following to section 2.3, we introduce the potential
outcomes in period ¢ if unit 7 is assigned to the instrument path z € S(Z):

Yis(Dig(2)) = Dig(2)Yie(1) + (1 = Dis(2))Yi(0).

Since the initial exposure date E; completely characterizes the instrument path, we can write
the potential outcomes for cohort e and cohort oo as Yi(Dy,) and Y;(D7?) respectively. The
potential outcome Y@t(Df,t) represents the outcome status in period ¢ if unit ¢ is first exposed to
the instrument in period e and the potential outcome Y;;(D;y) represents the outcome status
in period ¢ if unit 7 is never exposed to the instrument. Hereafter, we refer to Y;,(D55) as the
"never exposed outcome”.

Assumption 10 (Monotonicity Assumption in multiple time periods).

Pr(DS,,; > D

ie+l = z,eJrl) =1 or Pr(DieJrl < D,

< D;i2y;) =1 forall e € S(E;) and for all [ > 0.

This assumption requires that the instrument path affects the treatment adoption behavior
in a monotone way for all relative periods after the initial exposure date E; = e. We recall
that we define D;; — D7y to be the effect of an instrument on treatment for unit ¢ in period
t. Assumption [0 requires that the individual exposed effect in the first stage should be non-
negative (or non-positive) during the periods after the initial exposure to the instrument for all
i. This assumption implies that the group variable G ., = (D7, D5,) can take three values with
non-zero probability for all e and all ¢ > e. Hereafter, we consider the type of the monotonicity
assumption that rules out the existence of the defiers DF,; for all ¢ > e in any cohort e.

Assumption 11 (No anticipation in the first stage).

ter = Dieyy a.s. foralld, forall e € S(E;) and for all I < 0.
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Assumption |1 requires that potential treatment choices in any [ period before the initial
exposure to the instrument is equal to the never exposed treatment. This assumption is a
natural generalization of Assumption 4 to multiple period settings and restricts the anticipatory
behavior before the initial exposure to the instrument.

Assumption 12 (Parallel Trends Assumption in the treatment in multiple time periods).
For all s <t, E[DJ; — D|E; = €] is same for all e € S(Ej).

Assumption is a parallel trends assumption in the treatment in multiple periods and
multiple cohorts. This assumption requires that the trends of the treatment across cohorts
would have followed the same path, on average, if there is no exposure to the instrument.
Assumption 12 is analogous to that of ( ) and
( ) in DID designs: these studies impose the same type of parallel trends assumption on
untreated outcomes with settings of multiple periods and multiple cohorts.

Assumption 13 (Parallel Trends Assumption in the outcome in multiple time periods).
For all s <t, E[Y;(D}) = Yis(D:%)|E; = e] is same for all e € S(E).

Assumption is a parallel trends assumption in the outcome with settings of multiple
periods and multiple cohorts. This assumption requires that the expectation of the never
exposed outcome across cohorts would have followed the same evolution if the assignment of
the instrument had not occurred. From the discussion in section 2.4, we can interpret that this
assumption requires the same expected time gain across cohorts and over time: the effects of
time on the outcome through treatment are the same on average across cohorts and over time.

4 Extensions

This section contains extensions to non-binary, ordered treatments, triple DID-IV designs, and
repeated cross sections. It also includes the case when we introduce the treatment path in
potential outcomes in 2 x 2 DID-IV designs. For more details and the proofs in this section,
see Appendix

Non-binary, ordered treatment

Up to now, we have considered only the case of a binary treatment. However the same idea
can be applied when treatment takes a finite number of ordered values, that is, we have D, €
{0,1,...,J}. When we have only two periods and treatment is non-binary, our target parameter
is the average causal response on the treated (ACRT) defined below.

Definition. The average causal response on the treated (ACRT) is
J
ACRT = Y wy - EIi(j) — Yi(G — DIDu((0.1)) 2 j > Dy ((0,0)), 5, = 1],
j=1
where the weight w; is:

v = PrDi((0,1) > j > Di((0,0)|E: = 1)
TS Pr(Di((0,1) > j > Di((0,0)]E; = 1)
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The average causal response on the treated (ACRT) is a weighted average of the effects of a
unit increase in the treatment on the outcome, for those who belong to an exposed group and
are induced to increase the treatment in period ¢t = 1 by instrument. The ACRT is similar to the
average causal response (ACR) considered in ( ), but the difference here
is that each weight w; and the associated causal parameter in this parameter are conditional
on F; = 1.

Theorem 3 below shows that if we have a non-binary, ordered treatment, the Wald-DID
estimand is equal to the average causal response on the treated (ACRT) under the same as-
sumptions in Theorem

Theorem 3. If Assumptions -0 hold, the Wald-DID estimand Wp;p is equal to the ACRT.

Woip = ij — Y1 = DID:a((0,1)) = j > Dia((0,0)), E; = 1]
= AC’RT.
Proof. See Appendix ) n

If we have a non-binary, ordered treatment in staggered DID-IV designs, our target parame-
ter is the cohort specific average causal response on the treated (CACRT), which is the natural
generalization of the ACRT. The identifying assumptions are the same in section

Definition. The cohort specific average causal response on the treated (CACRT) at a given
relative period [ from the initial adoption of the instrument is

OAORTQE-H Zwe-l—lj ze—i—l(]) - Y;G-H( )|E =€, Dz e+l > ] > Dz e+l]

where the weight wg, ;

Pr(Di . > j > Djgy|Ei = e)

Z] IPT( i,e+1 >-] > D’Le+l|Ei:6).

e
weJrl,j

Triple DID-IV designs

As we have seen in section 2 and 3, our DID-IV designs mainly rely on the parallel trends
assumption in the treatment and the outcome. In practice, if the data contain three different
dimensions (e.g., cohort e, time ¢, and demographic group g), one can instead use the triple
DID identification strategy to estimate the effects of the instrument on the treatment and the
outcome, which we call a triple DID-IV design. In this design, one can replace Assumption 5 and

(Assumption 12 and 13 in multiple time periods) with common acceleration assumptions in
the treatment and the outcome ( ( ) ( ), and

(2020)).
Repeated cross sections

In some applications, researchers have no access to panel data and use repeated cross section
data’. In Appendix , we consider repeated cross section data settings and present the

4As an empirical example, ( ) implicitly use triple DID-IV designs to estimate the effects
of NO (Nitrogen Oxides) emissions on medication purchases and mortality rates, exploiting the NO, Budget
Trading program as an instrument for NOy emissions.

5Tt also includes the case that researchers use the cross section data, and exploit a policy shock across
cohorts as an instrument for the treatment as in ( ).
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identification assumptions in DID-IV designs.

Introducing the treatment path in 2 x 2 DID-IV designs

In section , we impose Assumption | (No carryover assumption) on potential outcomes
Yi+(d,z) as we consider the non-staggered adoption of the treatment. We can extend our
results to the case where we introduce the treatment path in potential outcomes with binary
treatment. In this case, our target parameter slightly changes with the cumbersome notation,
formally defined below.

Definition. The local average treatment effect on the treated with the treatment path (LATET?)
1s

LATET/ =Wy - A() + wi - Al
where Ay and A, are:

Ao = E[Vi((1,1)) = Yi((L,0)|E; = 1,(CM? A DFT)],
A = E[Y1((0,1)) = Y1((0,0)|E; = 1, (CM?Z A NTT)].
The weights wy and w, are:

B Pr((CM? A DFT)|E; = 1)
7 Pr((CMZ ADFT)|E, = 1) + Pr((CMZ ANTT)[E; = 1)

wlzl—wo.

In Appendix , we show that the similar assumptions as in Assumptions -6 in section
are sufficient for the Wald-DID to capture the LATET".

5 Estimation and Inference

When researchers leverage variation in the timing of policy adoption across units as an instru-

ment for treatment and implicitly rely on a staggered DID-IV design, they usually implement

this design via TWFEIV regressions (e.g., ( ), ( ),
(2005), (2015), and (2013)).

In companion paper ( ( )), however, we show that in more than two periods,
the TWFEIV estimand potentially fails to summarize the treatment effects under staggered
DID-IV designs in the presence of heterogeneous treatment effects. Specifically, ( )
shows that under staggered DID-IV designs, the TWFEIV estimand is a weighted average of
all possible CLATTs, but some weights can be negative if the effect of the instrument on the
treatment or the outcome is not stable over time.

In this section, we propose an alternative estimation method in staggered DID-IV designs
that is robust to treatment effect heterogeneity. First, we propose a simple regression-based
method for estimating each CLATT. Following to ( ), we then
propose a weighting scheme to construct the summary causal parameters from each CLATT.
At the end of this section, we also discuss the pretrends tests for checking the plausibility of
parallel trends assumption in the treatment and the outcome in DID-IV designs.

6See also the discussions in ( ), who decompose the numerator and
denominator in the TWFEIV estimand separately, and point out the issue of interpreting this estimand causally.
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5.1 Stacked two stage least squares regression

In this section, we propose a regression-based method to consistently estimate our target pa-
rameter in staggered DID-IV designs. Recall that if we have a binary treatment, our target
parameter is the CLATT, .., for each cohort e and a relative period [ > 0:

CLATTe,e-l-l - E[Yi,e—‘rl(l) - E,e—&-l(o)lEi =e, CMe,e+l]-
Our estimation method consists of two steps.

Step 1.

We create the data sets for each CLATT, ;. Each data set includes the units of time
t =e—1and t = e+, who are either in cohort e € {2,...,T} or in the set of some unexposed
cohorts, U (e ¢ U).

Researchers should carefully specify the choice set U in practice. If there exists a never
exposed cohort E; = oo, we can set U = {oo} and estimate CLATT, .; for all cohorts (e €
{2,...,T}) and all relative time periods (I > 0). If there exists no never exposed cohort, we
can set U = max{E;}, i.e., the last exposed cohort. In this case, we can estimate CLATT, .4,
for cohort e € {2,... , max{E;} — 1} and relative time period [ € {0,..., max{E;} — 1 — e}
because every unit will be exposed to the instrument after time ¢ = max{E;}. We note that the
units in an already exposed cohort e = 1 are not included in any data sets because we should
include the pre-exposed period e — 1 for estimating each CLATT, .4;.

Step 2.

In each data set, we run the following IV regression and obtain the IV estimator B;‘fv
Yio = 8"+ B0U{E; = e} + BT = e + 1} + B Dy + €.
The first stage regression is:
Dy =75 + Wi’.ll{Ei =et+ 71T =e+ 1} + 7 (1{E; =} - 1{T; = e +1}) + nZ’Z,

where the group indicator 1{F; = e} and the post-period indicator 1{T; = e + [} are the
included instruments and the interaction of the two is the excluded instrument.
Formally, our proposed estimator CLATT, .4 = Bf‘l/ takes the following form:

de,l

ﬁ-e,l )

CLATT oy = 55 =

where 4%! and 7¢! are:

En[(Vieri = Yie ) - {Ei= e} Ex[(Yiew — Yie 1) - 1{E, € U}]

~e,l
a0l —
=G4y, — &2,
seld _ En[(Diett = Die—1) - H{E; = e}|  En[(Dier1 — Die—1) - 1{E; € U}

Here, Ey[-] is the sample analog of the conditional expectation. We note that the IV estimator
CLATT, .4, is the Wald-DID estimator for each CLATT, ..;, where the choice set U is an
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unexposed group and time ¢ = e — 1 is a pre-exposed period. From the estimation procedure
above, we call this a stacked two-stage least squares (STS) estimator.
Our STS estimator is related to the DID estimators in staggered DID designs recently

proposed by ( ) and ( ). Specifically, the
DID estimator of the treatment and the outcome in our STS estimator corresponds to that
of ( ), and coincides with that of ( ) for

the case when we have no covariates and use never treated units as a control group. Their
proposed methods avoid the issue of two-way fixed effects estimators in staggered DID designs,
and our STS estimator avoids the issue of two-way fixed effects instrumental variable estimators
in staggered DID-IV designs.

Theorem ! below guarantees the validity of our STS estimator.

Theorem 4. Suppose Assumptions 7-13 hold. Then, the STS estimator C’mTeﬁH is con-
sistent and asymptotically normal:

VA(CLATT ooy — CLAT T, o 1) % N0,V (1.01)).

where 1; ; is influence function for CLATT ce+1 and defined in Equation (25) in Appendix
Proof. See Appendix (. n

From Theorem “, we can also construct the standard error of the STS estimator, using the
sample analogue of the asymptotic variance V' (¢); ;).

Remark 2. Our estimation procedure is identical if we have a non-binary, ordered treatment
or use repeated cross section data. In Appendix (', we present the influence function of our
SLS estimator in repeated cross section settings.

In triple DID-IV designs, one can replace the IV regression in step 2 with the following one
(9: = A, B):

e,l e,l e,l e,l e,l e,l e,l
Y;,t — Mo + 61 lEi:e + 52 1Ti=6+l + 63 lgz:A + Bﬁl 1Ei=6,Ti=8+l + BE) 1Ei=€,gi=A + 56 1Ti:€+l:gi:A
e,l e,l
+ BrvDi + it

The first stage regression is:

e,l e,l e,l e,l e,l e,l e,l
Diy=my" +7 1g—e + 7 Ipymepy + 75 Lgon + ) 1p—e Tymet + 5 1g,—c.g,=4 + 6" LTy—eqi,g,=4

el e,l
+ 1Ei:€7Ti:€+lygi:A + Mt

where 1,4 is the indicator function and takes one if A is true. In Appendix (', we also present
the influence function of our triple DID-IV estimator ﬁf‘l/

5.2 Weighting scheme

The previous section provides the method to estimate each C'LATT, ., in staggered DID-
IV designs. In some applications, each CLATT, .4, is of intrinsic interest if researchers are
interested in the treatment effect heterogeneity across cohort e and relative period . However, in
many cases, researchers may also want to estimate summary causal parameters, which capture
the overall effect of a treatment on an outcome. Actually, in staggered DID-IV designs, each
CLATT, .+; depends not only on cohort e, relative period [, but also on the compliers C'M, ;.
In this case, each CLATT, ., may be difficult to interpret when the number of cohorts and the
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relative period are fairly large, and when the members of compliers C'M, .4; in cohort e vary
and overlap over time.

In this section, we explain how one can construct the summary causal parameters from each
CLATT in staggered DID-IV designs, based on the weighting scheme proposed by

(2021).

Specifically, we consider the following weighting scheme as in
(2021):

T

0[\/ — Z Zw(e,t) . CLATTe,ta

e t=1

where w(e, t) are some reasonable weighting functions assigned to each CLATT, ;.

To propose the weighting functions for a variety of summary causal parameters in staggered
DID-IV designs, we first define the average effect of the instrument on the treatment at a given
relative period [ from the initial exposure to the instrument in cohort e. We call this the cohort
specific average exposed effect on the treated in the first stage (CAET, ;e +1), formally defined
below.

Definition. The cohort specific average exposed effect on the treated in the first stage (CAET, ;)
at a given relative period [ from the initial adoption of the instrument is

CAETel,e—i-l = E[Di,e-i-l - Dz?g+l|Ei = 6]-

If treatment is binary, each CETT 61 ; 1s equal to the share of the compliers in cohort e in
period e + [:

CAETel,e—i-l = E[D ., — DigplEi = €]
= Pr(CM. .| E; = e).

In staggered DID designs, ( ) propose various aggregated mea-
sures along with different dimensions of treatment effect heterogeneity. We can employ their
framework straightforwardly, but in staggered DID-IV designs, we should more carefully specify
the weighting functions assigned to each summary measure.

For instance, to aggregate dynamic treatment effects in cohort e over time in staggered DID
designs, ( ) consider the following summary measure:

1

bl® =751

T
> CATT(é, 1),
t=e

where the CATT(é,t) is the cohort specific average treatment effect on the treated at time ¢ in
cohort € (see, e.g., ( ), ( ).

( ) construct the summary measure . (€) by equally weighting each CATT(é,t)
across all post-treatment periods because all the units in cohort e adopt the treatment after
they start exposed to that treatment.

In staggered DID-IV designs, we propose the following summary measure 6,,(¢)’" that
corresponds with 6,.(é):

T 1
6)sel(é>lv = Z TC’AETé’t 1
Zt:é CAETé,t

t=e

CLATT:,,
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Table 7. Weights for a variety of summary causal parameters

Target Parameter w(e, t)
o1V H{e+I<T}{t=e+I1}P(E=¢lE+1<T) CAET, o
s e < =e =e <
@ ZeES(E) CAETel,e+l
oIy e+l <TH{t=e+}P(E=e|E+1 <T) CAET. o
es(Ll’) - - ) Yeesm) CAET,
CAET}
01V 1{t>ell{e =}t —
>1—: CAETE,
N CAET!
4 1{t > e}1{t =i} P(E = e|E < t) ot
°(®) D ees(E) CAET,
germmIV 1{t>el1{t <T}P(E=¢|lE <t CAET.
c(f) {t>ef1{t <t}P(E=¢|lE < )ZeES(E) OAETe{t
0" 1{t > e}P(E = €|E <T)/ Y cqm) Yoty 1t > e} P(E =¢|E <T)
CAET!
e 1{t > e}P(E = e|E <T) ot

> CAET,,

Notes: This table represents the specific expressions for the weights on each CLATT (e, t)
or each CACRT (e, t) in a variety of summary causal parameters. Each target parameter
corresponds with that of ( ). We superscript IV to associate
each parameter with staggered DID-IV designs.

where the weights are non-negative and sum to one by construction. This parameter summarizes
each CLATT;, in cohort € across all post-exposed periods and the weight assigned to each
CLATT:, reflects the relative share of the compliers C'M;; in period ¢ during the periods after
the initial exposure to the instrument in cohort €. This weighting scheme would be reasonable
in that it is designed to be larger at the period when the proportion of the compliers is relatively
higher in cohort e.

By similar arguments, we can specify the weighting functions for various summary measures
in staggered DID-IV designs, which correspond with those in ( ).
In Table 7, we summarize the specific expressions for the weights assigned to each CLATT;,
in each summary causal parameter. Here, we define each causal parameter by the notation
analogous to that of ( ) and superscript IV to associate each
parameter with staggered DID-IV designs. Note that our proposed weighting functions are
the same under non-binary, ordered treatment settings, in which our target parameter is the

CACRT:,.
Estimation and Inference
We can construct the consistent estimator for the summary causal parameter 87V as follows:
T —_—
0" =" e t)- CLATT,,,
e t=1

where (e, t) is the sample analog of each w(e,t) and CLATT et 1s the consistent estimator
for each CLATT, ,, obtained from the stacked IV regression in section 5.1. Each (e, t) is the
regular asymptotically linear estimator:

1 = .,
7 D G+ op(1),
i=1
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w
1,e,t

Corollary | below represents the asymptotic distribution of the plug-in estimator Oy and
ensures its validity.

where represents the influence function, and satisfies E[(}%, ;] = 0 and E[(}%, ;" Tl < .

i,e,t i,e,t

Corollary 1. If the assumptions of Theorem ‘I hold,
Vil —0n) 5 NO,V(I)),

where the influence function 1%V takes the following form:

T

=3 " (wlet)  ies + ¢y - CLATT,) .

e t=1

5.3 Pretrend test

In this section, we describe how one can conduct pretrend tests to check the validity of the
parallel trends assumption in the outcome and the treatment.

Suppose that data are available for period ¢ = —1. Then, one can assess the plausibility of
Assumption 5 between period ¢t = —1 and ¢ = 0 by testing the following null hypothesis

E[Di,o — Di,—1|Ei = O] = E[Di,O — Di,—1|Ei = 1}
> E[D;p((0,0)) — D;,-1((0,0))[ E; = 0] = E[D;((0,0)) — D; -1 ((0,0))[E; = 1].  (3)

Similarly, one can assess the plausibility of Assumption 6 between period t = —1 and ¢t = 0 by
testing the following null hypothesis

ElYio—=Yi_1|E; =0] = EYio =Y, 1| E; = 1]
<= E[Yio(Dio((0,0))) = Y; -1(Di,-1((0,0)))|E; = 0] = E[Y;0(Di0((0,0))) — n,—l(Di,—l((07(04))))|Ei =1].

We can generalize these tests to multiple pre-exposed periods settings by using the pretrends
tests recently developed in the context of DID designs ( ( ),
( ), ( )); we can apply these tools to the first stage and
the reduced form respectively to confirm the plausibility of Assumption 12 and

Remark 3. When researchers implement the staggered DID-IV design via TWFEIV regres-
sions, they often use the dynamic specifications in the first stage and the reduced form:

Yii = pui + 0y +Zall{t_Ei =1} + €, (5)
I

Dy =+ + Zﬁll{t — B =1} +niy, (6)
]

where E; represents the initial exposure date. They plot the coefficients «; in equation (5) and
B, in equation () in each relative period [, and test whether the coefficients before the initial
exposure to the instrument are significantly different from zero or not (e.g.,
(2015) and (2019)).

However, such tests are problematic if the effects of the instrument on the treatment and
outcome are heterogeneous. ( ) shows that in staggered DID designs,
the coefficient for pre-treatment periods on event study regressions can be different from zero
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even when the no anticipation assumption and the parallel trends assumption in the untreated
outcome are plausible. Because we can view that Y;; and D;, are the outcomes and Z;; is
the binary absorbing treatment in equations (5)-(0), it is inappropriate to check whether the
coefficients of pre-exposed periods are statistically different from zero or not as a way of testing
Assumption 12 and Assumption

6 Application

( ) estimates returns to schooling using a major education reform in the United
Kingdom that increased the years of compulsory schooling from 14 to 15. Specifically,
( ) exploit variation resulting from the different timing of implementation of school

reforms between Britain (England, Scotland, and Wales) and Northern Ireland as an instrument
for education attainment: the school-leaving age increased in Britain in 1947, while the reform
was not implemented until 1957 in Northern Ireland. The data are a sample of individuals in
Britain and Northern Ireland, who were aged 14 between 1936 and 1965, constructed from com-
bining the series of U.K. General Household Surveys between 1984 and 2006; see

( ), ( ) for details.

In the first part of their analysis, ( ) adopts regression discontinuity designs
(RDD) and analyzes the data sets in Britain and Northern Ireland separately. Due to the im-
precision of their standard errors’, ( ) then moves to ”a difference-in-differences
and instrumental-variables analysis by combining the two sets of U.K. data”.

Specifically, ( ) (more precisely, ( )) runs the following two-

way fixed effects instrumental variable regression with the education reform as an excluded
instrument for education attainment:

Yie = pin. + 04+ BrvDiy + €4, (7)
Diy=yn +Co+7Zi 4 + nig. (8)

Here, a cohort (a year when aged 14) plays a role of time as it determines the exposure to the
policy change. The dependent variables Y;; and D;; are log annual earnings and education
attainment for unit ¢ and cohort ¢, respectively. Both the first stage and the reduced form
regressions include a birth cohort fixed effect and a North Ireland fixed effect. The binary
instrument Z;; € {0, 1} takes one if unit ¢ in cohort ¢ is exposed to the policy change.

The staggered introduction of the school reform can be viewed as a natural experiment,
but is not randomized across regions in reality; ( ) notes that the reform was
implemented with political support, taking into account the cost and benefit. This indicates
that ( ) implicitly relies on a staggered DID-IV identification strategy instead
of the IV design. Indeed, ( ) presents the corresponding plots of British and
Northern Irish average education attainment and average log earnings by cohort to illustrate
the evolution of these variables before and after the policy shock.

In the author’s setting, however, the effect of the school reform on education attainment and
log annual earnings can differ between Britain and North Ireland, and potentially vary across
cohorts. The author is also clearly conscious of the heterogeneous treatment effects: the title
of this paper is ”Estimating Average and Local Average Treatment Effects of Education when
Compulsory Schooling Laws Really Matter”. The TWFEIV estimator, therefore, can poten-
tially fail to aggregate the treatment effects, yielding a misleading conclusion under staggered
DID-IV designs.

7 ( ) consider inference in regression discontinuity designs with a discrete running
variable and apply their theory to ( ).
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In this section, we first assess the identifying assumptions in staggered DID-IV designs
implicitly imposed by ( ). We then estimate the TWFEIV regression in the
author’s setting. Finally, we estimate the target parameter and its summary measure by em-
ploying our proposed method and weighting scheme.

6.1 Assessing the identifying assumptions in staggered DID-IV designs

We first discuss the validity of the staggered DID-IV identification strategy in

( ). In the author’s setting, our target parameter is the cohort specific average causal
response on the treated (CACRT), as education attainment is a non-binary, ordered treatment.
We can identify each CACRT and its summary measure if the underlying DID-IV identifying
assumptions seem plausible.

Exclusion restriction. It would be plausible, given that the policy reform did not affect
log annual earnings other than by increasing education attainment. This assumption may be
violated for instance if the reform affected both the quality and quantity of education.

Monotonicity assumption. It would be automatically satisfied in the author’s setting:
the policy change (instrument) increased the minimum schooling-leaving age from 14 to 15,
which ensures that there are no defiers during the periods after the policy shock.

No anticipation in the first stage. It would be plausible that there is no anticipa-
tion, if the treatment adoption behavior is the same as the one in the absence of the policy
change before its implementation in England. This assumption may be violated if units have
private knowledge about the probability of extended education and manipulate their education
attainment before the policy shock.

Next, we assess the validity of the parallel trends assumptions in the treatment and the
outcome. To do so, we use the interacted two-way fixed effects regressions proposed by
( ) in the first stage and the reduced form, respectively. The results are
shown in Figure

Parallel trends assumption in the treatment. It requires that the expectation of
education attainment would have followed the same path between England and North Ireland
across cohorts in the absence of the school reform. Panel (a) in Figure 2 plots the results of
the interacted two-way fixed effects regression in the first stage along with a 95% pointwise
confidence interval. The pre-exposed estimates are not significantly different from zero and
indicate the validity of Assumption

Parallel trends assumption in the outcome. It requires that the expectation of log
annual earnings would have followed the same evolution between England and North Ireland
across cohorts in the absence of the school reform. Panel (b) in Figure 2 plots the results of
the interacted two-way fixed effects regression in the reduced form along with a 95% pointwise
confidence interval. The pre-exposed estimates seems consistent with Assumption 13: though
there exists an upward pretrends, all the estimates before the initial exposure to the policy
change are not significantly different from zero.
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(a) First stage DID (b) Reduced form DID
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Fig. 2. The effect of the instrument in the first stage and reduced form in the setting of ( ).
Notes: The results for the effect of the school reform on education attainment (Panel (a)) and on log annual
earnings (Panel (b)) under the staggered DID-IV identification strategy. The unexposed group U is a last-
exposed cohort, North Ireland and the reference period is ¢ = 1946. The blue lines represent the estimates with
pointwise 95% confidence intervals for pre-exposed periods in both panels. These should be equal to zero under
the null hypothesis that the parallel trends assumptions in the treatment and the outcome hold. The red lines
represent the estimates with pointwise 95% confidence intervals for post-exposed periods in both panels.

Figure 2 also sheds light on the dynamic effects of the policy reform on education attainment
and log annual earnings in post-exposed periods. In Panel (a), the estimated increase in years
of schooling after the reform ranges from 0.56 to 0.87, and all the estimates are statistically
significant. In Panel (b), the estimated increase in log annual earnings after the reform varies
from 8% to 25%, and 5 out of 10 estimates are statistically significant.

Note that the post-exposed estimates in Panel (b) do not capture each CACRT in post-
exposed periods: each estimate in the reduced form is not scaled by the corresponding estimate
in the first stage. In the next section, we estimate each CACRT in post-exposed periods by
employing our proposed estimation method.

6.2 Illustrating our estimation method

We start by estimating two-way fixed effects instrumental variable regression in the author’s
setting. To clearly illustrate the pitfalls of TWFEIV regression, in our estimation, we slightly

modify the author’s specification. Specifically, ( ) (more precisely
( )) includes some covariates (survey year, sex, and a quartic in age) and runs the weighted
regression in the main specification (see ( ), ( ) for details),

whereas we exclude such covariates and do not apply their weights to our regression.

The result is shown in Table 5. The TWFEIV estimate is —0.009 and it is not significantly
different from 0, which indicates that on the whole, the returns to schooling in the U.K. is nearly
zero. However, this may be a misleading conclusion: we cannot interpret that the TWFEIV
estimand captures the properly weighted average of each CACRT if the effect of the school
reform on education attainment or log annual earnings is not stable across cohorts (

(2024)).
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Fig. 3. The cohort specific average causal response on the treated in each relative period in the setting of

( ). Notes: The results for returns to schooling under the staggered DID-IV identification
strategy. The unexposed group U is North Ireland and the reference period is period ¢t = 1946. The red lines
represent the stacked two stage least squares estimates with pointwise 95% confidence intervals for post-exposed
periods.

Table 8. Returns to schooling in ( )
Estimate Standard Error 95% CI
TSLS with fixed effects -0.009 0.039 [-0.085, 0.068]
017 (e) 0.240 0.098 [0.047, 0.433]

Notes: Sample size 82790 observations.

The TWFEIV regression performs the "bad comparisons” (c.f. ( )) in
the author’s setting: when we run the TWFEIV regression, we treat the set of already exposed
units in North Ireland as controls between 1957 and 1965, as both regions are already exposed
to the policy shock during these periods. In Appendix ), we quantify the bias terms of the
TWEFEIV estimand by using Lemma 7 in ( ), and show that the TWFEIV estimand
is negatively biased in ( ). Specifically, we show that all the bias terms are
positive, whereas all the assigned weights are negative, which yields the downward bias for the
TWFEIV estimand.

We now employ our proposed method to estimate each CACRT. We first create data sets by
cohort ¢ (¢t = 1947,...,1956). Each data set only contains units of cohort ¢ and cohort ¢t = 1946
in England and North Ireland. We define North Ireland as an unexposed group U and discard
the units who were aged at 14 between 1957 and 1965 in order to avoid the bad comparisons.
We then run TSLS regression in each data set. The standard error is calculated by using the
influence function shown in equation (26) in Appendix

Figure 3 plots the point estimates and the corresponding 95% confidence intervals in each
relative period after the school reform. The estimates for each CACRT., ; range from 14% to
38% with wide confidence intervals, and 4 out of 10 estimates are statistically significant.

Finally, we estimate the summary causal measure by aggregating each CACRT. ;. Specif-
ically, we estimate the weighted average of each CACRT,; during post-exposed periods in
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England (e = 1947):

1956
CAET!
v _ et
esel (6) - § : 1956 CAETét CACRT@J'

t=1947 t=1947

Here, each weight assigned to the CAC RT,; represents the relative amount of the effect of the
policy reform on education attainment during post-exposed periods in England.

The result is shown in Table 8. The estimate is 0.24 and it is significantly different from
zero. The estimated returns to schooling are substantial; it is likely because each CACRT.
captures the returns to schooling among the compliers: such units may belong to relatively
low-skilled labor or low-income family, and have potentially much gain from the school reform.

The estimates obtained from our proposed method and weighting scheme are significantly
different from the TWFEIV estimate: our STS estimates and its summary measure are all
positive, whereas the TWFEIV estimate is strictly negative. Overall, our results indicate that
the economic returns of education are substantial in the U.K. and the estimation method
matters in staggered DID-IV designs in practice.

7 Conclusion

Instrumental variable strategies are pervasive in economics to estimate the effect of a treatment
on an outcome. In this design, however, we commonly face two challenges: the internal and
external validity of the IV estimate. To overcome at least the external validity, many studies
have leveraged variation occurring from the different timing of policy adoption across units as
an instrument for treatment, and use instrumental variable techniques. The instrument based
on these policy changes, however, generally fails to satisfy the randomization assumption in IV
designs in practice, casting the doubt on the internal validity of the IV estimate. Rather, the
underlying identification strategy is parallel to DID designs, under which we identify the effect
of the policy shock on the outcome, leveraging the variation of the exposure to that policy
shock across units and over time.

In this paper, we formalize the underlying identification strategy as an instrumented difference-
in-differences (DID-IV) by combining the IV techniques with DID designs. We start by con-
sidering a simple setting with two periods and two groups. In this setting, our DID-IV design
mainly consists of a monotonicity assumption, and parallel trends assumptions in the treatment
and the outcome between the two groups. We show that the Wald-DID estimand captures the
local average treatment effect on the treated (LATET) under 2 x 2 DID-IV designs. We also
clarify the interpretation of the parallel trends assumption in the outcome. Specifically, we
show that in DID-IV settings, time also plays the role of instrument, and the parallel trends as-
sumption in the outcome requires the same expected time gain between exposed and unexposed
groups. Finally, we compare DID-IV to Fuzzy DID designs considered in

( ), and point out the issues inherent in Fuzzy DID designs.

Next, we consider the DID-IV design in the case where there are more than two time periods
and units become exposed to the instrument at different times. We call this a staggered DID-IV
design, and formalize the target parameter and identifying assumptions. Specifically, our target
parameter in this design is the cohort specific local average treatment effects on the treated
(CLATT). The identifying assumptions are the natural generalization of those in 2 x 2 DID-IV
designs.

We also provide the estimation method in staggered DID-IV designs, which does not require
strong restrictions on treatment effect heterogeneity. In practice, most DID-IV applications im-
plement the staggered DID-IV design by running TWFEIV regressions. In companion paper
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( ( )), however, we show that the conventional approach is inadequate for summa-
rizing the treatment effects if the effect of the instrument on the treatment or the outcome
is not stable over time. Our estimation method carefully chooses the comparison groups and
does not suffer from the bias arising from the time-varying exposed effects. We also propose
the weighting scheme in staggered DID-IV designs, and explain how one can conduct pretrends
test to assess the validity of the parallel trends assumption in the treatment and the outcome.
Finally, we illustrate the empirical relevance of our findings with the setting of
( ) who estimate returns to schooling in the United Kingdom, exploiting the timing variation
of the introduction of school reforms between British and North Ireland. First, we assess
the underlying DID-IV identification strategy in the author’s setting and check whether the
identifying assumptions are plausible. Next, we estimate a TWFEIV regression and our stacked
two stage least squares regressions in each dataset. We find that the TWFEV estimate turns
out to be strictly negative, whereas our STS estimates are all positive. Finally, we estimate the
summary causal parameter by exploiting our STS estimates. The estimate for the summary
measure is also positive and indicates that returns to schooling are substantial in the U.K.
Overall, this paper provides a new econometric framework for estimating the causal effects
when the treatment adoption is potentially endogenous over time, but researchers can use vari-
ation in the timing of policy adoption across units as an instrument for the treatment. To
avoid the issue of using the TWFEIV estimator under this design, we also provide a reliable
estimation method that is free from strong restrictions on treatment effect heterogeneity. Fur-
ther developing alternative estimation methods and diagnostic tools will be a promising area
for future research, facilitating the credibility of DID-IV research design in practice.
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A Proofs in section

Proof of Theorem 1.

Proof. First we consider the denominator of the Wald-DID estimand. For the denominator, we
have

E[Dy — Do|E = 1] — E[D; — Do|E = 0]

=E[D1((0,1)) = Do((0, 1))|E = 1] = E[D1((0,0)) — Do((0,0))| E = 0]
=E[D:((0,1)) = D1((0,0))|E = 1] (9)
+{E[D1((0,0)) = Do((0,1))| E = 1] = E[D1((0,0)) — Do((0,0))|E = 0]}
=E[D:((0,1)) = D1((0,0))|E = 1]
+ {E[D1((0,0)) = Do((0,0))|E = 1] = E[D:1((0,0)) — Do((0,0))| E = 0]}
=Pr(D:((0,1)) > D1((0,0))| E = 1)
=Pr(CM?|E =1). (10)

where the second equality follows from the simple manipulation. The third equality follows
from Assumption / (no anticipation in the first stage) and the forth equality follows from
Assumption 3 (Monotonicity assumption) and Assumption 5 (Parallel Trends Assumption in
the treatment).

Next, to show that the Wald-DID estimand equals to the LATET, it suffices to show that
ElY1 = Yo|E = 1] - E[Y, = Yo|E = 0] = E[YA(1) = Y1(0)|E = 1,CM?] - Pr(CM?|E = 1)
= LATET - Pr(CM?|E = 1).
For the numerator, we have

EYy = Yo|E = 1] = E[Y1 — Yo|E = (]

=EY1(D1((0,1))) = Yo(Do((0, )| E = 1] = E[Y1(D1((0,0))) = Yo(Do((0,0)))|E = 0]
=E[Y1(D1((0,1))) = Y1(D1((0,0))) | E = 1]

+{EM(D1((0,0))) = Yo(Do((0, N)[E = 1] — E[Y1(D1((0,0))) — Yo(Do((0,0)))|E = 0]}
=E[Y1(D1((0,1))) = Y1(D1((0,0))) | E = 1]

+{EM1(D1((0,0))) = Yo(Do((0,0)))|E = 1] = E[Y1(D1((0,0))) = Yo(Do((0,0)))| £ = 0]}
=E[(D1((0,1)) = D1((0,0))) - (Y2 (1) = Y1(0))| B = 1]

=E[Y:(1) = Y1(0)|E = 1,CM?] - Pr(CM?|E = 1).
=LATET - Pr(CM?|E = 1). (11)

The first equality follows from Assumption | (No carryover assumption) and Assumption
(Exclusion restriction). The second equality follows from the simple manipulation. The third
equality follows from Assumption 4. The forth equality follows from Assumption 6 (Parallel
Trends Assumption in the outcome) and the simple calculation. The fifth equality follows from
the Law of Iterated Expectations and Assumption

Combining the result (11) with (10), we obtain

ElY, —Yo|E=1]—-EY, - Y,|E=0]  LATET-Pr(CM?E =1)
E[D, — Do|E =1] — E[D; — Dy|E=1] Pr(CMZ|E =1)
= LATET.

Completing the proof. O
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Proof of Theorem 2.

Recall that we define A, as follows:
A = EYi(D1((0,0))) — Yo(Dol(0, 0))| E = e].

Then, we obtain:

A, = E[Y1(1) = Yo (1)|ATT, E = €] Pr(ATT|E = )
+ E[Y1(0) = Yo(0)|[NTT E = ] Pr(NTT|E = e)
+ E[Y1(1) — Yo(0)|CMT E = ] Pr(CM™|E = e)
+ E[Y1(0) = Yo(1)|DFT E = ¢]Pr(DFT|E = ¢)
= Wyt Ayt e
7

Here the first equality follows from the Law of Iterated Expectation and the second equality
follows from the definition of wy: . and Ay .. Clearly, the weight wg: . sum to one by construc-
tion.

Completing the proof.

B Extensions

B.1 Non-binary, ordered treatment

Proof of Theorem 3.

Proof. Let A, ; = 1(Dy((0,2)) > j) be the indicator function for t € {0,1},z € {0,1} and
j €10,...,J +1}. We note that A, =1 and A\ ;,, = 0 hold for all ¢ and z by construction.
Here, we can rewrite the observed outcome Y; as follows:

Yy = 21 - Yi(Di((0,1))) + (1 = Z1) - Ya(D:((0,0)))
J J
= {21 : ZYQ(J') : (Xi,j - Xi,j+1>} + {(1 —71) - ZY;&(J) ‘ ()‘é,j - /\6,j+1)} -

where we use Assumption | and
For the numerator in the Wald DID estimand, we have:

EY: = Y3 B =1] - E[Y: — Yol E = 0]

= E[Y1(D1((0,1))) — Yi(D1((0,0)))| E = 1]

+{E[Y1(D1((0,0))) — Yo(Do((0,0)))|E = 1] = E[Y1(D1((0,0))) — Yo(Do((0,0)))|E = 0]}
= EY1(D1((0,1))) — Yi(D1((0,0)))| E = 1].

Here the first equality follows from the simple manipulation and Assumption 4. The second
equality follows from Assumption

38



In terms of the A, ;» we write the previous expression as:

EX(D1((0, 1)) = i(Dy((0,0))| B = 1]

=F Zyl(j) : P‘%,j - )‘%,j—&-l - )‘(1),j + )‘(1),j+1”E =1
Lj=0
o
=E Z(YI(J> - Yl(j - 1)) : [)‘%,j - )‘(l),j] + Yl(o) ’ ()‘%,0 - /\(1),0)‘E =1
=1
o
=E > () -V -1)- M, - N JE=1
=1

where the second equality follows from the fact: Aj, — Ago = 1.
We note that A ; > g ; from Assumption 3 and that Aj ; and Ag ; can take only two values,
zero or one. Therefore, we obtain:

B

B[S 0h0) = Vil - 1) - M, — A JIE =1

j=1

M-

E[(Yl(]) - Yl(j - 1)‘)&,]‘ - )‘(1),]‘ =1, F= 1]P7’()‘%,j - )\(1),9‘ = 1|E = 1)

1

J

M-

E[(V1(j) =Y1(j = DID1((0,1)) = j > D1((0,0)), £ = 1]

7=1

x Pr(D1((0,1)) > j > D1((0,0))|E = 1). (12)
For the denominator in the Wald-DID estimand, by the similar argument, we first obtain:
E[Dy, — Do|E = 1] — E[Dy — Dy|E = 0]
= E[D:((0,1)) — D1((0,0))| £ = 1]
+{E[D1((0,0)) = Do((0,0))|E = 1] = E[D1((0,0)) = Do((0,0))[E = 0]}
= E[D1((0,1)) = D1((0,0))|E = 1].
Here the first equality follows from the simple algebra and Assumption 4. The second equality

follows from Assumption
Then, we have:

E[D1((0 1)) = D1((0,0))| £ = 1]

=F Z] )\%]4’1 )‘(1]j+/\0j+1”E:1
Lj=0
[
=L Z[)‘i,j - Acl),jHE =1
| j=1
J
=Y Pr(Di((0,1)) > j > Di((0,0))|E = 1). (13)
j=1
Combining the result (13) with (12), we obtain the desired result. O
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B.2 Repeated cross sections

In this section, we present our identification results under repeated cross section settings.

B.2.1 Two time periods

Let Y; and D; denote the outcome and the treatment for unit i. Let Z; denote the instrument
path for unit i: Z; = (0,0) if unit ¢ is not exposed to the instrument and Z; = (0,0) if unit 4
is exposed to the instrument. Let E; € {0, 1} denote the group indicator for unit i: E; = 1 if
Z;=(0,1) and E; =0 if Z; = (0,0). Let T; € {0, 1} denote the binary indicator for time. For
all z € §(Z7), let Y;(0, 2),Y;(1, z), and D;(z) denote potential outcomes and potential treatment
choices for unit i. Let D;;(z) denote potential treatment choices under 7; = ¢. We assume that
{Y;, D;, Z;, E;, T;}_, are independent and identically distributed (i.i.d).

In two periods and two groups settings, our target parameter is the local average treatment
effect in period 1:

LATET = E[Y;(1) = Y;(0)|T; = 1, E; = 1, D; 1((0,1)) > D;1((0,0))]
= ElY;(1) = Y;(0)|T; = 1, E; = 1,CM”].

We make the following identification assumptions for the Wald-DID estimand to capture
the LATET. These assumptions are suitable for repeated cross section settings.

Assumption 14 (Exclusion restriction).
V2 € 8(2).Y:(0,2) = Y;(0), Yi(L 2) = Yi(1).
Assumption 15 (Monotonicity).
Pr(D;1((0,1)) > D;1((0,0))) = 1.
Assumption 16 (No anticipation in the first stage).
D;o((0,1)) = D;0((0,0)) a.s. for all units ¢ with E; = 1.
Assumption 17 (Parallel Trends assumption in the treatment).

E[D;((0,0))|E; = 1,T, = 1] — E[D;((0,0))|E; = 1,T; = 0]
=E[D;((0,0))|E; = 0,T; = 1] — E[D;((0,0))|E; = 0,T; = 0].

Assumption 18 (Parallel Trends assumption in the outcome).

EYi(Di(0,0)|E; = 1,T; = 1] = E[Yi(D;i(0,0))| E; = 1,T; = 0]
=FE[Y;(D;(0,0))|E; = 0,T; = 1] — E[Y;(D;(0,0))|E; = 0,T; = 0].
Theorem 5 below shows that the Wald-DID estimand is equal to the local average treatment
effect on the treated (LATET) in period 1 under Assumptions 1/-15. Here, we assume the

binary treatment, but non-binary, ordered treatment case is easy to extend as in Theorem
(thus we omit it for brevity). In the proof, we omit the index i to ease the notation.
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Theorem 5. Suppose Assumptions [4-18 hold. If we assume a binary treatment, the Wald-
DID estimand corresponds to the local average treatment effect on the treated (LATET) in
period 1:

_EY|[E=1,T=1-E[Y|[E=1,T=0—{E[Y|E=0,T=1]— E[Y|E=0,T = 0]}
YPID = EDIE=1,T=1 - EDE=1T=0—{E[DE=0,T =1 — E[D|E=0,T = 0]}

=EY(1)-Y(0)T=1,E=1,CM?

— LATET.

Proof. First we consider the denominator of the Wald-DID estimand. For the denominator, we
have

E[D|E=1,T=1] - E[D|E =1,T =0]— {E[D|E=0,T = 1] — E[D|E =0,T = 0]}
—E[D((0,1))|E=1,T = 1] — E[D((0,1))|E = 1,T = 0]
—{E[D((0,0))|E = 0,T = 1] — E[D((0,0))|E = 0,T = 0]}
—E[D((0,1)) — D((0,0))|E = 1,T = 1]

+{MDMWME:LT:H—EWMMME:LT:N

—{E[D((0,0))|E =0,T =1] — E[D((0,0))|E =0,T = O]}}
—E[D((0,1)) ~ D((0,0))|E = 1,7 =1

+{EWWWME:LT:H—MD@ﬂME:LT:m

—{E[D((0,0))|E =0,T =1] — E[D((0,0))|E =0,T = 0]}}

=Pr(Dy((0,1)) > Dy ((0,0)|E = 1,T = 1)
=Pr(CM?|E=1,T =1). (14)

The second equality follows from the simple manipulation. The third equality follows from
Assumption 16 and the forth equality follows from Assumption 15 and Assumption
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Next, for the numerator, we have
EYIE=1,T=1-EY|E=1,T=0—-{EY|E=0,T=1]—-E[Y|E=0,T =0]}
=E[Y(D((0,1))|E=1,T =1] - E[Y/(D((0,1))|E = 1,T = (]
—{EY(D((0,0))|E =0,T = 1] = E[Y (D((0,0)))|E' = 0,T = 0]}
=E[Y(D((0,1))) = Y(D((0,0)))|E = 1,T = 1]

+ {E[Y(D((0,0)))|E =1,T=1]-FEY(D((0,1))|E=1,T =0]

—{EY(D(0,0)[E =0,T =1] = E[Y(D((0,0))|[E = 0,T = 0]}
=E[Y(D((0,1))) = Y(D((0,0)|E =1,T = 1]

+{EWUWQ®ME:LTzH—EW@MQ@ME:LT:m

— {E[Y(D((0.0)))|E = 0, = 1] - E[Y (D((0,0)))|E = 0,T = 01}

EY(D((0,1))) = Y(D((0,0)))|E = 1,T = 1]

=E[(D((0,1)) = D((0,0))) - (Y(1) = Y(0))| E = 1,T = 1]

=E[Y(1)=Y(0)|T =1,E =1,CM?]- Pr(CM?|E =1,T = 1).

=LATET - Pr(CM?|E =1,T =1). (15)

The second equality follows from the simple manipulation. The third equality follows from
Assumption 16. The forth equality follows from Assumption and the simple calculation.
The fifth equality follows from the Law of Iterated Expectations and Assumption
Combining the result (1) with (15), we obtain
LATET - Pr(CM?|E=1,T =1)
WpiD = A S —
Pr(CM?|E=1,T=1)
= LATET.

Completing the proof. O

B.2.2 Multiple time periods

Let T; € {1,...,T} denote the time period when unit i is observed and let Z;; denote the
instrument status under 7; = t. We assume Assumption 7 in section 3, that is, we assume the
staggered assignment of the instrument across units. In addition, we assume Assumption
(Exclusion restriction), which allows us to write Y;(D;, z) = Y;(D;). Let E; € {1,...,T, 00}
denote the cohort which unit i belongs to. Let Y;(Df) and D{ denote potential outcomes and
potential treatment choices when unit ¢ belongs to cohort e. Let D7, denote potential treatment
choices under T; = ¢ when unit ¢ belongs to cohort e. We assume that {Y;, D;, Z;, E;, T;}_, are
independent and identically distributed (i.i.d).

In multiple time periods and multiple cohorts settings, our target parameter is the cohort
specific local average treatment effect on the treated in period T'= e + [:

CLATT, .1 = E[Y;(1) = Yi(0)|T; = e + I, E; = ¢, Df oy > D]
=EY:(1)=Y,(0)|T; =e+1,E =e,CM. ).
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When repeated cross section data are available and we have multiple time periods, our staggered
DID-IV designs consist of Assumptions 7, 10, (in section 3), Assumption (Exclusion
restriction), and the following parallel trends assumptions.

Assumption 19 (Parallel Trends Assumption in the treatment in multiple time periods).
For all s <t, E[D|E; =e,T;, =t| — E[D°|E; = e,T; = s] is same for all e € S(E;).
Assumption 20 (Parallel Trends Assumption in the outcome in multiple time periods).

For all s <t, E[Yi(DX)|E; =e,T;, =t] — E[Y;(D°)|E; = e, T; = s| is same for all e € S(E;).

B.3 Introducing the treatment path in 2 x 2 DID-IV designs

In this section, we discuss the DID-IV identification strategy in two periods with a binary
treatment, introducing the treatment path in potential outcomes Y;:(d, z). We first consider
the two types of the no anticipation assumption on potential outcomes Y;.(d, z) instead of
imposing Assumption | (No carryover assumption). We then define the ezpected time gain and
formalize the parallel trends assumption in the outcome as in Assumption 6 in this setting.
Finally, we show that a Wald-DID estimand identifies the LATET’ (see section 1) under the
suitable assumptions similar to the ones in section 2.3. Henceforth, we consider the same setting
as in section except that we do not adopt Assumption
First, we make the following no anticipation assumptions on the outcome.

Assumption 21 (No anticipation on the outcome among the CM?Z A NTT in an exposed
group).

V2 € 8(Z),Yi0((0,1),2) = Y;0((0,0), 2) for all the units with E; =1 and (CM? A NTT).

This assumption requires that the potential outcome at period 0 is same as the baseline
outcome Y; o((0,0), z) given the instrument path z, for those who are assigned to the instrument
z = (0,1) and belongs to the type CM% A NTT. We note that this assumption corresponds
to the no anticipation assumption usually made in the common DID set up as in
( ) (see Table 3 and Table 4 in section 2.5)".

Assumption 22 (No anticipation on the outcome among the CM?Z A DFT in an exposed
group).

Vz € 8(Z),Yio((1,1),2) = Yip((1,0),2) for all the units with E; = 1 and (CM?Z A DFT).

This assumption requires that the potential outcome at period 0 is same as the baseline
outcome Y;o((1,0), z) given the instrument path z, for those who are assigned to the instrument
z = (0,1) and belongs to the type CMZ A DFT. Assumption is inherent to the DID-IV
identification strategy when we introduce the treatment path.

We can rationalize Assumption and 22 by noting that both the two Assumptions and
the no anticipation assumption proposed by the recent DID literature restrict the anticipatory
behavior of the units who belong to the exposed group and the compliers CM?Z.

8Here, it is inconsequential whether the instrument path z is included or not in potential outcomes because
we have d = z in the common DID set up.
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We now make the parallel trends assumption in the outcome that is suitable for the set up
we are considering here. We first define the similar notation as in section 2.4. Let A . denote
the expectation of the time trends in each groups in group E; = e:

Let Ay and A; denote the ezpected time gain in unexposed and exposed groups respectively:
AO = Z ’wgtﬂﬁgt,o,
gt

Ar=) wyalg,
gt

where the definition of the weight wy: . is same as in section

As we previously noted in section 2.4, the parallel trends assumption in the outcome can be
interpreted as requiring the homogeneous expected time gain between exposed and unexposed
groups. The following assumption indeed make a such restriction in the current set up.

Assumption 23 (Parallel trend assumption in the outcome). The expected time gain between
exposed and unexposed groups is same, that is, we have Ay = A;.

The theorem below shows that a Wald-DID estimand is equal to the target parameter
LATET' under Assumption 2-5 and Assumption 21-

Theorem 6. Suppose Assumption 2-5 and Assumption 21-23 holds. Then, a Wald-DID esti-
mand corresponds to LAT ET’, that is, we have

EYy = Yo|E = 1] - E[Yi — Yo|E = (]

— LATET'.
E[Dy — Do|E = 1] — E[D; — Do|E = 0]

Proof. First, we consider the denominator of the Wald-DID estimand. From the similar argu-
ment in the proof of Theorem 1, one can show the following result:

E[D), — Dy|E = 1] — E[D, — Dy|E = 0] = Pr(CM?|E = 1)

= Pr(CM? NDFT|E =1) + Pr(CM? AN\NTT|E =1).
(16)

Here the second equality holds from the fact that we can partition the compliers CM? in an
exposed group into (CMZ A DFT) and (CMZ% A NTT) (see Table 1).

44



Next, for the numerator, we first decompose E[Y; — Yy|E = 1] as follows.

EYi-YE=1]= A(JMT,11UC1\4T,1 + AATT,1wATT,1
+ E[Y1((0,1)) = Yo((0,1)|E = 1,(CMZ ANTT
+ E[Y1((1,1)) = Yo((1,1))|E = 1,(CM? A DFT
+ E[Y1((1,0)) = Yo((1,0))|E = 1,(NT? A DF)|Pr((NT* ANDFT)|E = 1)
+ E[Y1((0,0)) = Y5((0,0)|E = 1,(NT? A NTT)|Pr((NT? ANTT)|E = 1)

= AcyriWopt 1 + D arT 1WarT 4

|Pr((CM? ANTTE = 1)
]

)1Pr((
)|Pr((CM? A DFT)|E =1)

+ E[Y1((0,1)) = Y1((0,0)|E = 1,(CMZ A NTH)|Pr((CM? ANNTT|E = 1)
+ E[Y1((0,0)) — Yo((0,0)|E = 1,(CMZ A NTH)|Pr((CM? ANNTT|E = 1)
+ E[Yi((1,1)) = Yi((1,0)|E = 1,(CMZ A DF)|Pr((CM? AN DFT)|E = 1)
+ E[Y1((1,0)) = Yo((1,0)|E = 1,(CMZ A DFT)|Pr((CM? AN DFT)|E = 1)
+ E[Y1((1,0)) — Yo((1,0)|E = 1,(NT? A DF)|Pr((NT? ADFT)|E = 1)
+ E[Y1((0,0)) — Y5((0,0))|E = 1,(NT? ANTH|Pr(NT? ANTT)|E = 1)

= Aoy WenT + AATT,1U)ATT,1
+ ANT’f,leTT,1 + ADFT,leFT,l
+ E[Y1((0,1)) = Y1((0,0)|E = 1,(CM? A NTH)|Pr((CM? ANTT)|E = 1)
+ E[Y1((1,1)) = Y1((1,0)|E = 1,(CM? A DET)|Pr((CM? A DFT)|E = 1)
= /A
+ E[Y1((0,1)) = Y1((0,0))|E = 1,(CMZ ANT")|Pr((CM? ANTT)|E = 1)
+ EYi((1,1)) = Yi((1,0)|E = 1,(CM? A DFT)|Pr((CM? A DFT)|E = 1)
(17)
The first equality follows from Table | and Assumption 2. The second equality follows from
Assumption 21, Assumption 22 and simple manipulation. The third equality follows from Table

. The final equality follows from the definition of the expected time gain A;.
We next decompose E[Y; — Yy|E = 0] as follows.

EIYi - Yol E =0

= E[Y1((1,1)) = Yo((1, 1))|E = 0, AT"] Pr(AT"|E = 0)

+ E[Y1((0,1)) = ¥5((0,1))|E = 0,CMT]Pr(CMT|E = 0)

+ E[Y1((0,0)) = ¥5((0,0))|E = 0, NTT|Pr(NT"|E = 0)

+ E[Y1((1,0)) = Y5((1,0))|E = 0, DF']Pr(DF"|E = 0)

= A,. (18)

Here the first equality follows from Table 2 and the second equality follows from the definition
of the expected time gain Ay.
From the result (18) with (17) and Assumption 23, we obtain

EY1 = Yo|E =1] = E[Y1 = Yo|E = 0]
= E[Y1((0,1)) = Y1((0,0)|E = 1,(CMZ A NTH)|Pr((CM?% A NTT)|E = 1)
+ EY1((1,1)) = Yi((1,0)|E = 1,(CM# A DED)|Pr((CM? ADF|E =1).  (19)

Combining the result (19) with (16), we obtain the desired result. O
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C Proof in section

C.1 Proof of Theorem

First, we prove the consistency of our SLS estimator. Recall that 4*! and 7% take the following
form:

En[(Yien = Yien1) HEi=e}]  En[(Yiers — Yie1) H{E; € U}]

de,l —

sel _ En[(Diesi — Die1) - 1{E; = e}] B En[(Dieti — Die1) - 1{E; € U}]
= 7%;,1 — fril.

We assume that 4! and 7' are well defined. More precisely, we assume that cohort e is
non-empty, that is, Y " 1{E; = e} > 0 and there exist some sets of the unexposed cohort
UC{u:e—1<u<T} that are non-empty, i.e., > 1{E; € U} > 0. This assumption
guarantees that each Wald-DID estimator

e @evl
CLATTe’e+l - ol
7T k]
A A2
. Qe — gy
Al — a2

is also well defined. -
First we derive the probability limit of CLATT, ;. We note that by the Law of Large
Numbers and Slutsky’s theorem, we have

al E[(Yieri — Yieo1) - {E; = e}]
: Pr(E; =e)
= BYier = Yiea| B = e]

where the second equality follows from the Law of Iterated Expectations.
By the similar arguments, we have

073,l 2 E[Y;,eJrl - Y;',efl‘Ei e U]
7}@,5 & E[Di,e+l - Di,e—l|Ei = 6]
ﬁ?,z L EDjer1 — Dien|E; € Ul

From the Slutsky’s theorem, we have

E[Y;,e—i—l - }/;76—1‘Ei = 6] - E[Y;'7e+l - Y;Z,e—1|Ei € U]

. 20
ED;cti — Dje1|E; =€] — E[D;et; — Dje1|E; € U] (20)

CLATT oy &

Lastly, it remains to show that the right hand side of (20) is equal to CLATT, .4;.
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For the numerator, we have
ElYjeri —Yiea|Ei = €] = E[Yioy — Yie | Ei € U
=EYier1 — Yiea|Ei =] =Y E[Yies — Yie1|E; = €] Pr(E; = e|E; € U)
eclU
:E[Y;,e-H(Die—i-l) —Yie1 (D7 ie—1 )| Ei = €] ZE iett(Diest) = Yie1(D7, ie— I|E; € UlPr(E; = e|E; € U)
eclU
=ElYieri(D5 cyt) = Vien(Diep) | Ei = €] + EYieni(Dieyy) = Yie-1(Die 1) Ei = €]
— Y EYien(D2y) = Yiea (D)) E; € UIPr(E; = e|E; € U)
eclU
:Em,eH(DfeH) =Y en(D; e+l)|E = e
+ EYie(Digyr) = Yie-1(Die1)] = ElYien(Dieyy) = Yie1(Die_y)]
—E[Yieni(1) = Yient(0)|Es = e, CMe o) Pr(CM, o 1i|Bi = ). (21)

The third equality follows from Assumption &, 9 and 11. The forth equality follows from
Assumption 13 and the fifth equality follows from Assumption
For the denominator, by the similar calculations,

EDjeri — Die1|E; =€) — EDjeq; — Dje1|E; € U]
_E[Dzee—l—l ;.2+I|Ei:e]+E[D;.<ci+l ze 1|E _6 ZE ze—i—l ze 1|E —G]PT( _€|E EU)

ecU

= Pr(CM, u|E; =), (22)

where the final equality follows from Assumption 10 and Assumption
Combining the result (21) with (22), we obtain the desirable result:

E[Yz‘,e+l — Y;l,e—l‘Ei =e] — E[Yi,eu — Yz’,e—1|E7; e U]
E[D;et; — Dje1|E; = €] — E[D; s — Dj 1| E; € U]
_ ElYien(1) = Yier(0)|Bi = e, Mooy Pr(CM, 11| Ei =€)
Pr(CM . |E; = e)

— CLATT, ...

Next, we prove that our STS estimator is asymptotically normal, deriving its influence
function.

We define 0., to be
E[Y;‘,e—l—l - Y;,e—1|Ei - 6] - E[Y;,e—&—l - Yi,e—1|Ei S U]

0., = =CLATT,,

! EDjeri —Dje1|E;i =€ — E[Dj ey — D 1|E; € U]( e+
_ O‘;z - O‘ezz,z
B Wé,z - 7?3,1 .

We use the following fact repeatedly in the derivation. This fact is also found in

(2018).
Fact 1. If

n

1 I &
\/ﬁ( %;%‘*’Op V(B _B):%;bi‘{'%(l)

47



we have

ﬂ(g . E) s 5 tol
First we derive the influence function of \/n(a}, + a2, — (o}, + a2;)). We note that
1 n
V(En[I{E; = e}] = BE[I{E; = e}]) = NG > (HEi = e} — E[L{E,; = ¢})).

and
VI(EN|[(Yiert = Yiet) H{E; = e}] = E[(Yier1 — Yie-1) {E; = e}])

- % S (Viest = Yiemn) - HEs = €} = Bl(Viuns = Yiumr) - 1{E; = €],

From the observations and using Fact 1, we obtain

. 1 KUE =¢€} [(Yiew — Yiee1) — E[Yiey — Yie 1 |Ei = €]]
1 - 1 - (3 1,€ 2,€ 1,€ 2,€ (3 1 .
1 n
= =2 et +0,(1)
By symmetry, we also obtain the influence function of v/n(a2; — a2,):
R 1 —~UHE =U} - [(Yiert = Yie1) = E[Yier1 — Yiea|Ei = U]
2 . 2 - ) 2,e 1,€ 1,e 2,€ 7 1 ]

= % Z (bi,e,l + Op(1>~

This implies that
. . 1
\/ﬁ@éi,l - ag,l - (ai,z - ail)) = % Z(C@e,l — i) +0p(1)

= =2 a0l (23)

Next we derive the influence function of \/n(7;, + @2, — (7,, + 7Z;)). From the symmetry,
by replacing Y with D, we obtain the following:

N 1 ¢
\/H(W;,z - Wg,z - (77;,1 - Wz,z)) = % Z(m,e,l — i) +0p(1)

= % i bi,e,l + Op(1)7 (24)
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where we define

= l{Ei — e} ) [(Dz‘,e+l - Di,e—l) - E[Di,e+l - Di7e—1|Ei = e]]

Th',e,l - E[l{EZ _ 6}] )
f‘ _ ]—{Ez = U} . [(Dz’,e—i-l - Di,e—l) - E[Di,e—i-l - Di,e—l‘Ei = U]]
T B[1{E: = U}] |

Using (23), (21) and Fact 1, by some calculations, we obtain

Al 1 2

A2
- OdeJ (6]

— Oée el — Oée
VI(CLATT, o) — CLATT, o) = /n(—2—28 — Lol
7Te,l - 7Te,l 7Te,l - We,l

=%Xﬂmwmx

where the influence function ;. is:

7pi,e,l
1 O‘i,z - O‘g,z
= —W;J — Wf,l (Cz‘,e,z - ¢i,e,z - m(m,e,z - §z‘,e,z)
o 1 1{EZ = 6} [5£e,l - E[(sze,”Ei = GH 1{EZ = U} [5£e,l - (E[(Sf,e,”Ei = UD}
T EH{E; = e}] E[1{E; = U}] ’

(25)

where we define 5£e7l = Yiert = Yiee1) = Oes - (Dier1 — Die—1).
Therefore, the asymptotic variance V' (); ;) is

V ($ies)
1 E[1{E: = e} [0~ BOL B =el]"] | E[UE=U} [0, — (B0, = U]]']
(mly —72))? B[L{E; = e}]? E[{E, = U}] |

C.2 Repeated cross sections

We also present the influence function of our STS estimator when repeated cross section data
are available.”. Let 67, define

)

o = Qe et] — Oee—1 — [BU,C-H - ﬁU,e—l]
l g
© Te,e+l — Tee—1 — [’YU,e—l—l - ’YU,e—l]

where

Qeyt = E[Y;’El = 677—;' = t]a BU,t = E[Y;’Ez S U7T’1 = t]?
7Te,t - E[DllEz = €7ﬂ e t]7 ’7U,t = E[DZ|EZ c U’E — t] (t — €+l,€— 1)

In repeated cross section settings, our STS estimator is the sample analog of 67 ;, which

we denote é;l. By the similar arguments in the proof of Theorem *, one can show that é;l is

9The derivation here is essentially the same in ( ), who present
the influence function of the Wald-DID estimator in repeated cross section settings with two periods and two
groups.
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consistent for CLATT, .1; under Assumptions 7, 10, 11, 14, 19, and 20, and have the following
influence function:

1
Vieg =
o ﬂ-;,l - 7T [%z 7@2,5]
% ]-e,e—H : [5i,e,l - [ i,e,l‘Ei = 671—’1' =e+ l]] . 16,6—1 . [51',@,1 - E[di,e,l|Ei = 6,7—‘1’ =€ — 1]]
E[]-e,e—i-l] E[le,e—l]
- Lyeyi [0ieq — Ediea| B € UT, = e +]] + Lye1 - [0ieq — Elbiei|Bi € U, T; = e —1]]
E[]-U,e—H] E[1U7€—1] 7
(26)
where 5zel =Y, — e D;.

C.3 Triple DID-IV designs

We also present the influence function of our triple DID-IV estimator when panel or repeated

cross section data are available. Let 07, and 07, define
p _ QeA— Qep — [ﬁU,A - 5U,B]
elg —

Te,A — Te,B — [’YU,A - 7U,B] ’

r _ |\ Ceet1,A — Qee—1,4) — \leetl,B — Qee—I,B)] — Ue+l,A — PUe—-1,A) — Ue+l,B — MU,e—1,B
_ ) — ( )] — (8 B ) — (B B )]
[(Tre,e—i—l,A - 7"-e,e—l,A) - (ﬂ-e,e—i—l,B - 7"—e,e—l,B)] - [(7U7e+l,A - /YU,e—l,A) - (/VU,e—i—l,B - IYU,e—l,B)]

el,g — )

where

Qeg = EYier1 —Yiea|Ei=e,0i =4, Buyg = EYier —Yie|Ei €U, g;=¢'],
Teg = E[Dicri — Die1lEi =€, =g, Wy = E[Dicyi — Dica|Ei €U, gi=¢'] (¢ = A, B),

and

Qe t g = E[Y;|Ez = 671—% =1,9i= gl]v ﬁU,t,g' = E[Y;|EZ € U’T; =1,0; = g/]’
Terg = EDi|Ei =e, T, =t,9:=4¢'], Yoig = EDi|Ei€UT,=t,9.=¢] (¢ =A B, t=e+1l,e—1).

In panel data settings, our triple DID-IV estimator is the sample analog of 49’;[’ , and has the
following influence function:

1
P . — .
laeyl’g D[Df;l’g (CZ €, AT CZ,E,B <Z7U7A + CZ,U,B)?
where DIDSZ g Te, A= TeB — [Yv,.a — .8, 556717“(, = (Yieqs — Yie1) — ‘92179 (Diert = Die—1),
and

16,9' ’ [5£e,l,g - [ 'Lelg|E = g/H 1U79' ’ [5£e,l,g - [ zelg|E € U gi = H

Gie,g = s Gug =
I E[le,g ] ! E[lU,g ]

In repeated cross section data settings, our triple DID-IV estimator is the sample analog of

¢.1,o and has the following influence function:

,,
i,e,l,9

1
DZ—D,,, ([Ci,e,e+l,A - Ci,e,efl,A - Ci,e,e+l,B + Ci,e,efl,B] - [Ci,U,eJrl,A - Ci,U,efl,A - Ci,U,eJrl,B + Ci,U,efl,B])a

el,g
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where D[Dg lg [(7-(6 e+l,A = Tee—1 A) (ﬂ—e,e—‘rl,B - 71—e,e—l,B)] - [(’YU,E—H,A - ’YU,e—l,A) - (7U,e+l,B -
fYU,E*l,B)]? éz,e,hg 9219 D“ and

C o 1€7t79/ ’ [5'Ze,l,g [ i elg|E €, E =1,9; = gl]]
iet,g — )
! E[letg]
C‘ o 1U=t79/ ’ [5£e,l,g [ 'LelgIE € U T =1 yGi = gH
3,Ujt,g E[].Utg]
D Decomposing the TWFEIV estimand in ( )

In this appendix we quantify the bias terms in the TWFEIV estimand, arising from the bad
comparisons in ( ). Hereafter, let e = 1947 and U = 1957 denote England and
North Ireland respectively, and let N, denotes the sample size for England in cohort ¢. Let
R.; denote the sample mean of random variable R;; in region e (e = 1947,1957) and cohort :

Net

et— e(i),t-

First, we decompose the TWFEIV estimator B v as follows

BW _ Zt etZet [ — Ye 1946 — (YU,t - YU,1946)]
Zt e,tZe,t [ et — De,1946 - (DU,t - DU,1946)]
5 NetZei [Dey = Deoss — (Dug — Duious)] - WDIDy,
Zt etZet [ et — De19a6 — (DU,t — DU,1946)]

I

where we define:

Yer — Yer0a6 — (Yur — Yu1046)]
[Det — De 1946 — (Duy — Duioae)] 7

VIfDTDe’t =

and ZAe,t is the residuals from regressing Z;; on the cohort and North Ireland fixed effects
By the similar arguments in the proof of Theorem ‘; one can show that in staggered DID-IV
designs, we have

0 (t<e)
—— ) CLATT,, W=tztzo
WDIDei =\ CAET!,- CLATT., — CAET}, - CLATTy, (> 0) (27)

CAET}, - CAETy,
where CAET], = E[D; — D{°|T; = t, E; = €]. Similarly, we have
0 (t <e)

[Dey — Dejoss — (Duy — Duaoss)] =  CAET., (U—-1>t>e) (28)
CAET}, — CAET}, (t>U)

10For the detailed calculation steps, see the proof of Lemma 7 in ( ). In our decomposition, the
reference period (¢t = 1) in the proof is ¢t = 1946.
e can write Zit = Ze, because Z; , only varies across cohorts and regions.
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Combining the result (27) with (28) and by the Slutsky’s theorem, we obtain the following

decomposition result for the TWFEIV estimand in ( ):
Brv=Y wi, CLATT;+) wi,- A, (29)
U—-1>t>e t>U

where A, is:

CAET!,- CLATT,; — CAET},, - CLAT Ty,
CAET!, — CAET}, ’

: 1 2 .
and the weights w,, and w?, are:

E[Zi|Ei =] ney - CAET},

et > E[Zig|Ei = €] -ney- CAET), + . E|Zi4|E; = €] - ney - (CAET), — CAET},,)’
U-1>t>e t>U

(30)

wgt i _ E[Zz,t|Ez - 6] “Ney - (CA?Te{t - CATT(},t) :

© > E[Ziy|E;i = €] ney - CAETY + Y E[Ziy|E; = €] - ney - (CAET}, — CAET})

U-T>t>e t>U

(31)

where n.; and E[ZA”|EZ = e] represent the population share and population residuals for

England in cohort ¢ respectively.
In ( ), we can only identify CLATT, ; between 1947 and 1956 because the

policy change occurred in England in 1947 and in North Ireland in 1957. This implies that
cach A.; in equation (29) is the bias term arising from the bad comparisons between 1957 and
1965 performed by the TWFEIV regression.

Figure | plots the weight and the corresponding estimate for each CLATT,; and A.; (bias
term). The consistent estimators for each w},, w?,, CLATT,, and A., are constructed from
the sample analogue, using equations (27) - (28).

Figure /1 shows that all the CLATTs are positive and positively weighted, whereas all the
bias terms are positive and negatively weighted. This indicates that the TWFEIV estimand is

negatively biased in the setting of ( ).

E Comparing DID-1V to Fuzzy DID

In this appendix we compare DID-IV and Fuzzy DID proposed by

( ) (henceforth, ”dCDH”). We assume that the reader has briefly read
dCDH. We first explain how dCDH’s identifying assumptions are related to ours in this article.
We then point out the issues inherent in Fuzzy DID designs. First, we show that dCDH’s as-
sumptions ex ante impose strong and asymmetric restrictions on treatment adoption behavior
across units between exposed and unexposed groups. Next, under these restrictions, we show
that dCDH’s target parameter, the SLATET, can be decomposed into a weighted average of
two different causal parameters. At the end of this appendix, we also revisit the ”issue” pointed
out by dCDH regarding the use of the Wald-DID estimand, and show that while their argument
is correct, it is misguided.
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Fig. 4. Decomposition result for the TWFEIV estimand in ( ). Notes: The figure plots the

estimated weights and the corresponding estimates for each CLATT, ;, and A, ; (bias term). The closed squares
are the weights and the corresponding estimates for each CLATT, ;. The closed triangles are the weights and
the corresponding estimates for each A.; (bias term).

E.1 Comparing dCDH’s identifying assumptions to ours

In this section, we investigate the detailed connections between dCDH’s identifying assumptions
and ours. Because dCDH consider the repeated cross section settings, when we compare the
identifying assumptions between the two papers, we will refer to Assumptions 14-18 in this
article. For now, we ignore the difference in the definition of target parameter between dCDH
and this article.

dCDH consider the following identification assumptions for the Wald-DID estimand to cap-
ture their target parameter, the SLATET . We note that in dCDH, a group variable G plays
the role of instrument Z in our notation . In the following, we therefore replace G with Z and
call the groups Z =1 and Z = 0 exposed and unexposed groups, respectively.” For the detail
explanations for each assumption, see dCDH.

Assumption 24 (Fuzzy design).

E[D|Z=1,T =1] > E[D|Z =1,T =0), (32)
E[D|Z=1,T=1]-E[D|Z=1,T=0]> E[D|Z=0,T =1 — E[D|Z=0,T =0]. (33)

Assumption 25 (Stable percentage of treated units in an unexposed group).

0<E[D|Z=0T=1=E[D|Z=0T=0] <1,

12Tn repeated cross section settings, the formal definition is provided in Assumption

13 This follows from two observations in dCDH. First, dCDH call the groups G = 1 and G = 0 treatment and
control groups, respectively. Second, the group variable G is included in Assumption 26 (Treatment participation
equation).

Note that in Appendix in this article, we construct the group variable E from the instrument path Z
in order to uncover Assumption (No anticipation in the first stage), which is the hidden assumption in the
previous literature.
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Assumption 26 (Treatment participation equation).
D =1{V > vzr}, with V L T|Z.
Assumption 27 (Parallel Trends assumption in the untreated outcome).
EY(0)|Z=1,T=1-E[Y(0)|Z=1,T=0]=E[Y(0)|Z=0,T=1] - E[Y(0)|Z=0,T =0].
Assumption 28 (Stable treatment effect over time).
ElY(1)=Y(0)|Z, T =1,Dy(Z) =1 =E[Y(1) =Y (0)|Z,T = 0,Do(Z) = 1].

In Assumption 2%, we modify the dCDH’s notation D(¢) in order to ease its interpretation:
we define D;(Z) = 1{V > vz} to be the treatment status under time 7' = ¢ in group Z instead
of defining it as D(t).

We now state the relationships between dCDH’s assumptions and ours. We first explain
the similarities. First, both dCDH and this article impose the condition (33) in Assumption
(Fuzzy design), as Assumptions 15-17 in this article imply this condition

Next, the treatment participation equation in Assumption 20 corresponds to Assumption
(Monotonicity) in this article. The equivalence between the treatment participation equation
and the potential treatment choices framework with Assumption (Monotonicity) follows
from the result of ( ). Here, we point out that dCDH implicitly assume the sharp
assignment of the instrument Z in their proofs: they assume vy = vy in Assumption 20,
that is, they assume that the thresholds in the treatment participation equation are the same
between exposed and unexposed groups in period 0.

Finally, dCDH implicitly impose Assumption 1/ (Exclusion Restriction) and Assumption
(No anticipation in the first stage) in this article when they formalize potential outcomes and
treatment participation equations. Specifically, dCDH do not introduce the instrument path
in their framework and define potential outcomes as Y (D), which implies Assumption 14. As
one can see in Assumption 20, dCDH assume that the treatment participation equation only
depends on the current instrument status, which implies Assumption 16 since dCDH assume
the sharp assignment of the instrument: vy = vgp.

We next describe the differences between dCDH’s assumptions and ours. First, dCDH
assume the parallel trends assumption in the untreated outcome (Assumption 27), whereas we
assume the parallel trends assumption in the unexposed outcome. Second, dCDH assume the
stable treatment rate assumption in an unexposed group (Assumption 25), whereas we assume
the parallel trends assumption in the treatment between exposed and unexposed groups. Third,
dCDH impose the independence assumption between unobserved heterogeneity V' and time
variable T" given Z in Assumption 20, whereas we do not impose such restriction. Forth, dCDH
argue that the Wald-DID estimand requires the stable treatment effect assumption during the
two periods (Assumption 28) to capture the SLATET, whereas we do not require such restriction
in order for this estimand to identify the LATET. Finally, dCDH assume the condition (32)
in Assumption 21 (Fuzzy design), which requires that the treatment rate in an exposed group
increases between the two periods, whereas we do not assume this condition.

5From Assumptions 15-17, we have:

EDIE=1,T=1]-[D|E=1,T =0 - (E[D|E=0,T =1] - E[D|E =0,T = 0))
=E[D1((0,1)) = D1((0,0))|[E = 1,T = 1]
=Pr(CM?|E=1,T=1) > 0.
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Remark E.1.1. When Assumption 25 is violated, dCDH consider the following assumption in
order for the Wald-DID estimand to capture the SLATET.

Assumption 29 (Homogeneous treatment effect between exposed and unexposed groups).
SLATET = SLATET',
where we define

SLATET = E[Y(1) - Y(0)|Z =1,T = 1, D,(1) > Dy(0)],
SLATET' = E[Y(1) = Y (0)|Z = 0,T = 1, D;(0) # Dy(0)].

This assumption requires that the treatment effects among the switchers should be the
same between exposed and unexposed groups, which dCDH call the ”homogeneous” treatment
effect assumption. In Appendix , we present the decomposition result for the SLATET,
and show that we cannot straightforwardly interpret this assumption as requiring the ”homo-
geneous” treatment effect between the two groups. In the following discussion, we therefore
treat Assumptions 24-28 as dCDH’s main identifying assumptions.

E.2 Strong and asymmetric restrictions in Fuzzy DID designs

In this section, we show that dCDH’s identifying assumptions implicitly impose strong and
asymmetric restrictions on treatment adoption behavior across units between exposed and
unexposed groups. First, we prove some lemmas implied by dCDH’s assumptions. Based on
these lemmas, we then create the tables which present all the types in exposed and unexposed
groups under Fuzzy DID designs. These tables show that dCDH’s assumptions ex-ante exclude
many types in both groups and these restrictions are heavily assigned on an unexposed group.
At the end of this section, we provide the empirical implication of the distinction between
dCDH’s restrictions and ours in DID-IV designs.

First, we show that Assumption 26 (Treatment Participation equation) implies the following
assumption.

Assumption 30 (Monotone change in treatment in exposed and unexposed groups). For all
z € {0,1},

Pr(Dy(z) > D1(2)|Z =2) =1 or Pr(Dy(z) < Di1(2)|Z=2)=1
holds.

Here, recall that we define D;(Z) = 1{V > vz} to be the treatment status under 7' =t in
group Z.

Lemma 1. Assumption 20 implies Assumption

Proof. Fix z € {0,1}. Then we have v,; < v,9 or v, > V0.
Therefore, conditioning Z = z, we have

Di(z) = 1{V > v,1} < Do(z) =1{V > v,0} as. or Di(z) =1{V > 0,1} > Dy(z) = 1{V > v,0} aus.

because we assume that the unobserved heterogeneity V' is independent of time variable T’
conditional on the instrument Z.
Completing the proof. O

16qCDH denote SLATET and SLATET’ as A and A’ respectively. When we define the SLATET, we use
Dy(0) = Dy(1), which follows from the sharp assignment of the instrument: v19 = vgo.
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Lemma | shows that in Fuzzy DID designs, the treatment status changes between period
0 and period 1 in a monotone (uniform) way in exposed and unexposed groups, respectively.
We note that the treatment participation equation itself does not imply Assumption 30: the
independence between the unobserved heterogeneity V' and time variable T" given Z yields this
assumption. Indeed, in this article, we do not assume this restriction.

As we have seen in section 2.4 in this article, time also plays the role of instrument in DID-IV
settings. From this observation, we can view that in an unexposed group (z = 0), Assumption

corresponds to a monotonicity assumption with respect to time, formally defined below.

Assumption 31 (Monotonicity Assumption w.r.t. time in an unexposed group).
Pr(Dy(0) < D1(0)|Z =0) or Pr(Dy(0) > D1(0)|Z = 0).

Assumption 31 requires that time affects the treatment adoption process from period 0 to
period 1 in a monotone (uniform) way in an unexposed group z = 0. In terms of the notation
introduced in section in this article, this assumption implies that the group variable GT can
take three values with non-zero probability. Hereafter, we consider the type of Assumption
which rules out the existence of the time-defiers DF7 in an unexposed group.

Next, we show that dCDH’s assumptions imply that there are no time compliers CM7T and
time defiers DFT in an unexposed group (z = 0).

Lemma 2. Suppose Assumption 25, Assumption 26 and Assumption 31 hold. Then, there are
no time compliers CM7 and time defiers DFT in an unexposed group (z = 0).

Proof. Without loss of generality, suppose that Assumption 31 excludes the time defiers DF7
in an unexposed group (z = 0).
Then, Assumption 25 implies:
EDIT=1,Z=01=FE[D|T=0,Z =0
<= Pr(D;(0) > Dy(0)|Z =0)=0
< Pr(CM*|Z=0)=0 (34)

The first equivalence follows from V' L T'|Z in Assumption 20. Equation (34) implies that there
are no time comliers C M7 in an unexposed group (z = 0). O

Finally, we show that the condition (32) in Assumption 2/ (Fuzzy design) and Assumption
imply that in an exposed group (z = 1), there are no units switching from treatment to non
treatment between period 0 and period 1. In other words, in Assumption 30, we should have:

Pr(Dy(1) < Dy(1)|Z = 1) = 1.

Lemma 3. The condition (32) in Assumption and Assumption imply Pr(Dy(1) <
Di(1)|Z = 1)=1.
Proof. From the condition (32) in Assumption 2/, we have
E[D|Z=1,T=1]> E[D|Z=1,T = (]
<= E[D:(1) — Dy(1)|Z =1] >0
<= Pr(Dy(1) > Do(1)|Z =1) — Pr(Do(1) > D:(1)|Z =1) > 0, (35)
where the first equivalence follows from V' 1L T'|Z in Assumption 26. Recall that Assumption

implies Assumption 30 from Lemma |. Suppose that Pr(Dy(1) > D;(1)|Z = 1) = 1 holds.
Then, we have Pr(Dy(1) > Dy(1)|Z = 1) = 0. This contradicts with the condition (35). O
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Table 9. Exposed group (z = 1)

observed counterfactual

Dy(0) or D;(1) Dy(0) =1 D.(0)=0
Dy(0)=1,D:(1) =1 AT? N ATT CM? AN DFT
Dy(0) =1,D:(1) =0 DFZ% N ATT NT? A DFT
Do(0) =0,D:(1) =1 AT? NCMT CM? NNTT
Do(0) =0,D1(1) =0 DFZ NCMT NT? NNTT

Table 10. Unexposed group (z = 0)

observed counterfactual

Do(0) or D4(0) Dy(1) =1 Di(1)=0
Dy(0) =1,D;(0) =1 AT? N ATT DFZ N ATT
Do(0) =1,D1(0) =0 CM?% NDFT NT? A DFT
Dy(0) =0,D,(0) =1 ATZ NCMT DFZ ANCMT
Dy(0) =0,D:(0) =0 CM?% ANNTT NT? NNTT

We now clarify how dCDH’s identifying assumptions restrict the treatment adoption behav-
ior across units in exposed and unexposed groups, respectively. Tables 9 - 10 show that their
identifying assumptions exclude many types in both groups and the restrictions are heavily
imposed on an unexposed group ': there exist five and three types in exposed and unexposed
groups respectively, where the types painted in gray color are excluded in both groups.

The distinction between dCDH’s restrictions and ours is apparent when we compare Tables

- to Table | - 2 in this article'”: in both groups, we only exclude the defiers DEF# by
Assumption 15 (Monotonicity), whereas dCDH additionally exclude the type NTZ A DFT in
an exposed group by Lemma 3, and additionally exclude the time defiers DF? and the time
compliers C M7 in an unexposed group by Lemma

These differences between dCDH’s restrictions and ours seem critical in many empirical
settings: unlike the monotonicity assumption, which eliminate the compliers CM?# in both
groups, dCDH’s additional restrictions seem difficult to assess from the institutional knowledge
in a given application, thus the practitioners may want to avoid imposing these restrictions in
empirical work. For instance, in some cases, we may have no valid reason for excluding the
specific type NT# A DFT in an exposed group, who are not affected by instrument but affected
by time. Similarly, in other cases, we may have no justification to exclude the time defiers
DFT and the time compliers CM7T in an unexposed group because of the steady growth of the
treatment rate.

Although these restrictions in dCDH seem strong, one might argue that each assumption,
such as the condition (32) in Assumption 2/ and Assumption 25 (Stable percentage of treated
units in an unexposed group), can be justifiable in certain applications. However, these assump-
tions give rise to two additional issues. First, when we impose the condition (32) in Assumption

"Tn both tables, we can only observe either Dy(z) or D;(z) in group z as we consider repeated cross section
settings.

8We note that Tables 1-2 in this article is constructed under panel data settings, but the types represented
in these tables remain consistent even when considering repeated cross section settings. The only modification
is that as in Tables 9-10, one can only observe either Dy(z) or D;(z) for unit ¢ in group z in each table.
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, we should test the plausibility of this condition from the data in practice because this con-
dition excludes the case that the treatment rate in an exposed group is stable during the two
periods: E[D|Z = 1,T = 1| = E[D|Z = 1,T = 0]. Although dCDH argue that ” Assumption
1 (Assumption 24 in this article) is just a way to define the treatment and the control group
(exposed and unexposed group in this article) in our fuzzy setting”, they do not explain how
we should proceed when this condition is violated in practice.

Second, when we impose Assumption 25, we should find or estimate the groups whose treat-
ment rates are stable over time. Although dCDH propose the two-step estimation method when
we should estimate the stable treatment group from the data, its performance and feasibility
is not clear, especially when we have multiple periods and multiple groups.

E.3 Decomposing the SLATET

In the previous section, we investigate how dCDH’s identifying assumptions ex-ante restrict
the treatment adoption behavior across units between exposed and unexposed groups. In this
section, under these restrictions, we show that dCDH’s target parameter, the SLATET, can be
decomposed into a weighted average of two different causal parameters.

The following theorem presents the decomposition result for the SLATET under Fuzzy DID
designs, and clarifies the difference between dCDH’s target parameter (SLATET) and ours
(LATET).

Theorem 7. Suppose Assumptions 24 - 28 hold. Then, we can decompose the SLATET into
two different causal parameters:

SLATET = E[Y(1) =Y (0)]Z =1,T = 1, Dy(1) > Dy(0)]
ElY(1)-Y(0)|Z=1,T =1,CM"|Pr(CM*|Z = 1,SW)
)

(
E[Y(1)=Y(0)|Z=1,T =1,CM? ANTT|Pr(CM? ANT"|Z =1,SW), (36)
(

where the switcher (SW) in an exposed group (Z = 1) is the units who become treated in time
T=1.

Proof. The proof directly follows from Table 9 in an exposed group. m

Theorem 7 shows that we can decompose the SLATET into a weighted average of two
different causal parameters under Fuzzy DID designs: one parameter measures the treatment
effects among the time compliers CM7 in an exposed group and the other parameter measures
the treatment effects among the type (CM?Z A NTT) in an exposed group.

This theorem has two concerning implications. First, the interpretation of the SLATET
is less clear than that of the LATET because it consists of two different causal parameters.
Although the SLATET indeed captures the "local” average treatment effect, it may be difficult
to interpret economically in a given application because one of the two causal parameters
captures the treatment effects, for those who are induced to treatment by time.

Second, the SLATET may not be policy-relevant even when the researchers exploit the
policy change of their interest as an instrument for treatment. Suppose that the instrument
represents the important policy lever for researchers, and they are intrinsically interested in
the treatment effects among the compliers CM?Z in an exposed group. In this situation, our
target parameter, the LATET, is a policy-relevant parameter by construction. On the other
hand, the SLATET only captures the treatment effects among the type (CMZ A NTT), which
is the sub-population of the compliers CM?#, even when the proportion of the time compliers
CM? is zero within that group. As the fraction of the time compliers CM? increases in that
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Table 11. Unexposed group (z = 0)

observed counterfactual

Dy(0) or D;(0) Dy(1)=1 Dy(1)=0
Dy(0) =1,D,(0) =1 AT? N ATT DFZ N ATT
Dy(0) =1,D:(0) =0 CM? N DFT NT? A DFT
Dy(0) =0,D;(0) =1 AT? NCMT DFZ NCMT
Dy(0) =0,D1(0) =0 CM? ANNTT NT? NNTT

group, the SLATET puts more weight on the treatment effects among the time compliers, which
contaminates the interpretation of the magnitude of this parameter even in such policy-relevant
contexts.

Using the decomposition result for the SLATET, we finally clarify the interpretation of
Assumption 29. When Assumption (Stable percentage of treated units in an unexposed
group) is violated, dCDH additionally consider Assumption in order for the Wald-DID
estimand to identify the SLATET), and call this the "homogeneous” treatment effect assumption
between exposed and unexposed groups.

We show that this assumption can not be interpreted as requiring the ”homogeneous”
treatment effect among the same sub-population between exposed and unexposed groups. To
do so, we first note that if we do not assume Assumption 25, we have Table 11 in an unexposed
group instead of Table in Appendix . Here, we assume that Assumption and
exclude the defiers DFZ and the time defiers DEF? in an unexposed group, respectively.

Then, from Table 11, we can interpret the SLATET’ (see Assumption 29) as the treatment
effects among the time compliers in an unexposed group in period 1:

SLATET = E[Y(1) = Y(0)|Z = 0,T = 1, D;(0) # Dy(0)]
=E[Y(1)-Y(0)Z=0,T=1,CM"]. (37)

By combining equations (30) and (37), we can conclude that Assumption 29 (STATET =
SLATET") does not require the homogeneous treatment effects in the same sub-population
between the two groups. Rather, this assumption requires that a weighted average of the
treatment effects among the time compliers CMT and the type (CMZ A NTT) in an exposed
group should be equal to the treatment effect among the time compliers CM7T in an unexposed
group. This interpretation implies that the requirement of the ”homogeneous” treatment effect
in Assumption 29 is less clear than one might expect.

E.4 Revisiting the ”issue” regarding the use of the Wald-DID estimand

Finally, we revisit the "issue” raised by dCDH regarding the use of the Wald-DID estimand in
Fuzzy DID designs, and show that while their argument is correct, it is misguided. During this
discussion, we also clarify why dCDH exclude so many types in exposed and unexposed groups
as we see in Appendix . Hereafter, we assume Assumptions 24 - 28 in Fuzzy DID designs.

dCDH argue that the Wald-DID estimand requires Assumption 28 (stable treatment effect
over time) in order to identify the SLATET, and propose alternative estimands that do not rely
on this assumption. We first show that their argument stems from their reliance on the parallel
trends assumption in the untreated outcome, which is common in DID designs, instead of on
the parallel trends assumption in the unexposed outcome as in this article. We next argue that
the former type of parallel trends assumption is unsuitable for DID-IV settings.
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First, we clarify the interpretation of Assumption 2% by introducing the additional notation.
This assumption is actually conditional on Dg(Z) = 1 in addition to Z and T', but dCDH do
not provide the reason why this strong restriction is required only for the sub-population. For
each time group ¢', let wy, = Pr(GT = ¢'|Z = z) denote the population share conditional
on group Z = z, and let wyt , pyoy=1 = Pr(GT = ¢'|Z = z, Dy(0) = 1) denote the population
share conditional on Dy(0) = 1 in addition to group Z = z. Additionally, let 6, = E[Y (1) —
Y(0)|Z = 2, T =t,GT = g¢'] denote the average treatment effect conditional on group Z = z,
time T = t, and time group GT = ¢'.

Then, from Table 9 and Table 10, we can decompose Assumption 2% in the following:

EY(1)=Y(0)|Z=0,T=1,D¢(0) =1 = E[Y(1) = Y(0)|Z =0,T =0, Dy(0) = 1]
<= 001,477 = 000,477, (38)

E[Y(1) = Y(0)|Z = 1,T = 1, Dy(1) = 1] = E[Y(1) = Y/(0)|Z = 1,7 = 0, Dy(1) = 1]
= 011,477 * WATT 1,D5(0)=1 T+ 01,1,DFT * WDET 1Dy (0)=1

=01,0,ATT * WATT 1,D(0)=1 T 01,0,DFT * WDET 1Dy (0)=1> (39)

where we use the Law of Iterated Expectation, Dy(0) = Dy(1) (implied by the sharp assignment
of the instrument), and V' L T'|Z in Assumption 26. Equation (38) shows that in an unexposed
group (z = 0), Assumption requires the stable treatment effect in the time always-takers
ATT. Equation (39) shows that in an exposed group (z = 1), this assumption requires that
a weighted average of the treatment effects among the time defiers DFT and the time always
takers AT is stable during the two periods.

Conditions (38) and (39) are required for Fuzzy DID designs because dCDH rely on the
parallel trends assumption in the untreated outcomes. In DID-IV settings, we can not observe
the average time trends of untreated potential outcomes for the time always takers AT7 in an
unexposed group and the time always takers AT? and the time defiers DEFT in an exposed
group because they always adopt the treatment during the two periods (see Table 9 and Table

). Therefore, if we assume the parallel trends assumption in the untreated outcomes, we
should recover them by using conditions (38) and (39).

To see this formally, we use our notation to briefly sketch the proof of dACDH on the Wald-
DID estimand identifying SLATET under fuzzy DID designs. First, consider the conditional
expectation E[Y|Z = 0,7 = 1] — E[Y|Z = 0,T = 0], which appears in the numerator of the
Wald-DID estimand. We can decompose this quantity into two terms:

E[Y|Z=0,T=1-E[Y|Z=0,T =0
:(5071,ATT - 5O,O,ATT) . wATT,O —l— {E[Y(O)|Z — O, T — 1] - E[Y(0)|Z - O,T — 0]}

The first term arises because we can not observe the average time trends of the untreated
potential outcome for the time always-takers AT7 in an unexposed group, and we should add
and subtract this quantity to construct the second term. The first term disappears if we assume
condition (38).

Similarly, one can decompose the conditional expectation E[Y|Z = 1,7 = 1] — E[Y|Z =
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1,T = 0] as follows:
E[Y|Z=1,T=1—-E[Y|Z=1T =0
:{51,1,ATT “WATT 1,Do(0)=1  01,1,DFT * WDFT 1,D0(0)=1

- 51,0,ATT *WATT 1,Dg(0)=1 — 51,0,DFT : wDFT,l,DO(o):l}
HEY(0)Z=1,T=1-E[Y(0)|Z=1T=0]}
—|—E[Y(1) — Y(0)|SI/V,Z =1,T1T= 1]PT(SW|Z = 1)7

where the type SW (switcher) includes the units who switch from non treatment to treatment
during the two periods. The first term arises because we can not observe the average time
trends of the untreated potential outcome for the time always-takers ATT and the time never-
takers NT7 in an exposed group, and we should add and subtract this quantity to construct
the second term. The first term disappears if we assume condition (39). Here, we note that
we do not require the stable treatment assumption for the time compliers C M7 and the type
CM? ANT?T in an exposed group: by adding and subtracting the expectation of the untreated
potential outcome path for these types, we have the third term.

Then, by noticing that the denominator of the Wald-DID estimand identifies Pr(SW|Z = 1)
under Assumption 25 and Assumption 26, the Wald-DID estimand captures the SLATET under
Assumption 27 (parallel trends assumption in the untreated outcome) and conditions (38) and
(39). From the discussions so far, one can conclude that the parallel trends assumption in the
untreated outcome leads dCDH to impose conditions (38) and (39).

Here, we add few remarks to clarify why dCDH ex ante impose strong restrictions on
treatment adoption behavior across units in order for the Wald-DID estimand to identify the
SLATET. It turns out that this also stems from their reliance on the parallel trends assumption
in the untreated outcome.

Remark E.4.1. dCDH exclude the type NT% ADFT in an exposed group and the time defiers
DFT in an unexposed group because if we add and subtract the average time trends of the
untreated outcome for these types, we additionally identify the treatment effects among them
in period 0 (not in period 1), as they adopt the treatment in period 0, but leave it in period
1 (see Tables 9-10). This identification result seems not intuitive because the identification
variation comes from the policy shock (instrument) in period 1.

Remark E.4.2. dCDH exclude the time compliers C M7 in an unexposed group because if we
add and subtract the average time trends of the untreated outcome for that type, we additionally
capture the treatment effects among the time compliers C M7 from the conditional expectation
ElY|Z=0,T =1] - E[Y|Z =0,T = 0], which implies that the SLATET in an exposed group
is offset by the SLATET’ in an unexposed group.

So far, we have confirmed that dCDH’s argument regarding the use of the Wald-DID esti-
mand rests on the parallel trends assumption in the untreated outcome in DID designs. Finally,
we argue that this assumption is unsuitable for DID-IV settings for three reasons.

First, this assumption is not sufficient to capture the average time trends of the outcome
even in an unexposed group. This is because in DID-IV settings, the units are allowed to take
the treatment in the absence of the instrument, and we can not observe the untreated outcomes
for these types in an unexposed group.

Second, in most of the DID-IV applications, we can not impute the untreated potential
outcomes in general. For instance, ( ) estimates the causal link between parents’
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and children’s education attainment, exploiting variation in the timing of the implementation
of the school reform across municipalities and cohorts as an instrument for parents’ education
attainment. In the author’s setting, the parallel trends assumption in the untreated outcome
requires the data to contain the parents with zero education attainment, which is unrealistic
and the authors would not have in mind in practice.

Finally, this assumption is generally not testable using the pre-exposed period data in a
given application. This seems apparent, as some units can already adopt the treatment before
period 0, and we can not compare the pretrends of the untreated outcome between exposed
and unexposed groups.

dCDH propose the placebo test in their appendix, but we show that it is incomplete for
checking the plausibility of the parallel trends assumption in the untreated outcome. dCDH’s
test consists of two steps. First, we test whether the share of treated units is zero in both
groups from T'= —1to T = 0:

E[D|Z=1,T=0]- E[D|Z=1,T =—1] =0, (40)
E[D|Z =0,T =0]— E[D|Z =0,T = —1] = 0. (41)

Second, we test the following null hypothesis:
EY|Z=1,T=0-FEY|Z=1,T=-1=FEY|Z=0,T=0-E[Y|Z=0,T=-1]. (42)

Although dCDH ”assume” the conditions (410) and (41), dCDH also note that when one of
the two conditions fails, the second test can "no longer be used to test” Assumption 27. We,
therefore, describe the dCDH’s test in two steps.

dCDH’s test has some drawbacks. First, the conditions (10) and (11), which we should
check in the first step, are strong, but dCDH do not explain how we should proceed when these
conditions are violated in practice. Second, in this test, the second step does not directly test
Assumption 27 in the pre-exposed periods, as it does not compare the evolution of the mean
untreated outcome between exposed and unexposed group before period T' = 0. Indeed, dCDH
describe the equality (12) as a necessary condition for Assumption 27 and Assumption 25 to be
satisfied under the conditions (10) and (41). Finally, it is unclear how we should conduct this
test when we have multiple pre-exposed period data. dCDH assume ”for instance that data is
available for the period T'= —1”, but they do not indicate how we should perform this test in
multiple pre-exposed period settings.

Surprisingly, dCDH’s test corresponds to our pretrends test in section if we replace the
conditions (10)- (41) in the first step with the weaker one:

E[D|Z=1,T=01-E[D|Z=1,T=-1]=E[D|Z=0,T=0]— E[D|Z=0,T = —1]. (43)

Under repeated cross section settings, one can figure out that the conditions (12) - (13) coincide
with the conditions (3) -(1) in this article.
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