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Abstract

For Shapley-Scarf housing markets (Shapley and Scarf, 1974), Fujinaka and Wakayama
(2018) propose a new incentive property, endowments-swapping-proofness, that excludes
manipulations that a pair of agents can conduct before the operation of the selected mech-
anism by swapping their endowments. We investigate endowments-swapping-proofness for
Moulin ([1995)’s multiple-type housing markets, which are an extension of Shapley-Scarf
housing markets with multi-unit demands. Differing from Shapley-Scarf housing markets,
for multiple-type housing markets, there are various ways to swap endowments. Motivated
by this observation, we introduce three extensions of endowments-swapping-proofness:
bundle endowments-swapping-proofness, one type endowments-swapping-proofness, and

flexible endowments-swapping-proofness.

Based on the first two weaker endowments-swapping-proofness properties that we pro-
pose, and other well-studied properties (individual rationality, strategy-proofness, and
non-bossiness), on several domains of preference profiles, we provide characterizations
of two extensions of the top-trading-cycles (TTC) mechanism: the bundle top-trading-
cycles (bTTC) mechanism and the coordinatewise top-trading-cycles (¢TTC) mechanism.
Moreover, we also show that the strongest possible endowments-swapping-proofness prop-
erty (flexible endowments-swapping-proofness) leads to an impossibility. Furthermore, our

results explicitly show that our new properties correspond to efficiency notions.
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1 Introduction

Assignments of scarce resources are attracting a lot of attention in mechanism design and mar-
ket design.ﬁ] Many studies, both theoretical and empirical, focus on indivisible resources, e.g.,
in auctions (Myerson, 1981; Hortagsu and McAdams, 2010), school choice (Abdulkadiroglu and
Séonmez, 2003; Kapor et al), 2020), and medical resource allocation (Pathak et al), 2021). Ex-
isting literature has often investigated such indivisible resource allocation problems with “unit-
demand”. Additionally, when monetary transfers are not allowed, many studies focus on the
so-called housing market model (Shapley and Scarf, 1974). This model is an exchange economy
in which each agent owns an indivisible object (say, a house); each agent has preferences over
houses and wishes to consume exactly one house. When preferences are strict, Shapley and Scarf
(1974) show that the strict core (defined by a weak blocking notion) has remarkable features: it
is non—empty,B and can be easily calculated by the so-called top-trading-cycles (TTC) algorithm
(due to David Gale). Moreover, the TTC mechanism that assigns the unique strict core allo-
cation satisfies important incentive properties, strategy-proofness (Roth, [1982) and even group
strategy-proofness (Bird, 1984). Furthermore, Ma (1994) and Svensson (1999) show that the
TTC mechanism is the unique mechanism satisfying Pareto efficiency, individual rationality,

and strategy-proofness.

Although in some important cases (e.g., kidney exchange, school choice, etc.), “unit-demand”
is an appropriate assumption, in many other cases, agents may wish to receive more than one
object, and indeed, many studies have analyzed such situations, e.g., Papai (2001, 2007), Man-
junath and Westkamp (2021), Bir6 et al] (2022a,b), and Echenique et al] (2022). However, it
is known to be very difficult to extend the results from unit-demand indivisible resource alloca-
tion problems to multi-unit demands. In this paper, we consider an extension of the classical
Shapley-Scarf housing markets by allowing multi-unit demands: multiple-type housing markets,
to use the language of Moulin (1995).E In this model, objects are of different types (say, houses,

cars, etc.) and agents initially own and wish to consume exactly one object of each type.

We believe that the analysis of multiple-type housing markets is relevant for three reasons.
First, from a theoretical point of view, this is a simple extension of Shapley-Scarf housing
markets with multi-unit demands. Therefore, the analysis of multiple-type housing markets, as
a benchmark or stepping stone, is potentially useful for addressing issues for other multi-unit
demand models, such as Pépai (2007) and Anno and Kuring (2016). Second, for multiple-type
housing markets, agents are “balanced” in the sense that all agents have the same numbers
and types of endowments and demands. This balanced structure provides some tractability

and hence some hope for positive results.B Third, similar to Shapley-Scarf housing markets,

1See the Nobel prize lectures in economic sciences in 2012 and 2020 for examples.

2Roth and Postlewaite (1977) show that the strict core is single-valued.

3In Echenique et al, (2022), multiple-type housing markets are called categorical economies.
4We provide a discussion to compare a more general model with ours in Subsection [6.3.



multiple-type housing markets are applicable to many problems in reality: a familiar example
for most readers would be students’ enrollments at many universities where courses are taught in
small groups and in multiple sessions (Klaus, 2008). Additionally, for term paper presentations
during a course, students may want to exchange their assigned topics and dates (Mackin and Xia,
2016); hospitals may want to improve their surgery schedules for surgeons by swapping surgery
staff, operating rooms, and dates (Huh et al}, 2013); and in shift-reallocation, people may want
to switch their shifts for personal reasons (Manjunath and Westkamp, 2021). Furthermore,
nowadays several types of resources can be allocated together due to technological development,
e.g., cloud computing (Ghodsi et all, 2011, 2012) and 5G network slicing (Peng et al., 2015; Bag
et al), 2019; Han et al|, 2019). Such situations can also be modeled as multiple-type housing

markets. Thus, the analysis of multiple-type housing markets may also impact the real world.

Despite their importance and generality, there is little research on multiple-type housing
markets. One main reason for this is that for multiple-type housing markets, even with additively
separable preferences, the strict core may be empty, and there is no mechanism satisfying Pareto

efficiency, individual rationality, and strategy-proofness (Konishi et al), 2001).

One could conjecture that for multiple-type housing markets, some extensions of the TTC
mechanism are still desirable, even if they cannot satisfy all of the desirable properties above.
For instance, when preferences are strict, one extension, the bundle TTC (bTTC) mechanism
is group strategy-proof (Feng et al), 2022h). When preferences are also separable, the coordi-
natewise TTC (¢TTC) mechanism, is coalitional proof (Wako, 2005),E and second-best incen-
tive compatible (Klaus, 2008).B When preferences are also lexicographic,[ﬂ the multi-type TTC

(mTTC) mechanism, always assigns a strict core allocation (Sikdar et al), 2017)).

However, the works above also lead to a new challenge: to distinguish different extensions
of the TTC mechanism from a normative point of view. More precisely, how can we make a
compelling argument for one extension over another? The goal of this paper is to shed light
on desirable properties of different TTC extensions and, in particular, to distinguish between
bTTC and ¢TTC mentioned aboveB

SFeng et al) (2022a) refer to this property as effective group strategy-proofness.

6A mechanism is second-best incentive compatible if it is not Pareto dominated by another strategy-proof
mechanism.

"When preferences are lexicographic, the strict core is non-empty.

81n this paper, we only focus on strategy-proof mechanisms, Thus we do not consider the mTTC mechanism

as it is not strategy-proof.



2 Our contributions

For Shapley-Scarf housing markets, Fujinaka and Wakayama (2018) propose a new incentive
property, endowments—sWapping—proofness,E that excludes manipulations that a pair of agents
can conduct before the operation of the selected mechanism by swapping their endowments.

They also show that the TTC mechanism is the only mechanism satisfying individual rationality,

strategy-proofness and endowments-swapping-proofness.

Inspired by Fujinaka and Wakayama (2018), we also investigate this property for multiple-
type housing markets. However, differing from Shapley-Scarf housing markets, for multiple-
type housing markets, agents can swap their endowments in various ways. For instance, they
can: swap their endowments completely; swap only one type of endowments; swap more than
one (but not all) types of endowments. Motivated by this observation, we introduce three ex-
tensions of endowments-swapping-proofness: bundle endowments-swapping-proofness, one type
endowments-swapping-proofness, and flexible endowments-swapping-proofness. Note that our
concern with ex-ante swapping is also of interest in real life, e.g., it help us to rule out some

collusion that is outside the designer’s control.

We make four contributions to the literature. Our first and most direct contribution is ax-
iomatic.d Based on two of our new properties (bundle endowments-swapping-proofness and one
type endowments-swapping-proofness), together with other well-studied properties (individual
rationality, strategy-proofness, and non-bossiness), we provide characterizations of bTTC and
c¢TTC on several domains of preference profiles. Such characterizations help us to find the dif-
ference between these two mechanisms. Also, our characterization results help us to verify the
trade-off between desirable properties, e.g., the (in)compatibility between incentive properties

and efficiency properties.

Additionally, based on our other new property, flexible endowments-swapping-proofness, we
discuss the cost of adding strategy-proofness for multiple-type housing markets by providing sev-
eral impossibility results. Our findings suggest that it could even be difficult to find a reasonable

stability notion (stronger than individual rationality), that is compatible with strategy-proofness.

Moreover, it is worth noting that on the full domain of strict preference profiles, i.e., when

agents’ preferences are strict but otherwise unrestricted, our characterizations of bTTC consti-

9Gald (11974) first proposes the notion of the ex-ante manipulation via endowments. Moulin| (1995) proposes
endowments-swapping-proofness in Shapley-Scarf housing markets, but Fujinaka and Wakayams| (2018) formally

define and study it.
10 Apart from Fujinaka and Wakayama (2018), there are many studies that have also examined ex-ante ma-

nipulation via endowments in different settings, e.g., Postlewaite (1979); Atlamaz and Klaus (2007) in exchange
economics, Sertel (1994) in public good economies, and Sertel and Ozkal-Sanver (2002); Fiestras-Janeiro et al

(2004) in two-sided matching problems.
1 An axiomatic study often identifies a particular mechanism as the only one satisfying a class of normative

properties. For the meaningfulness of the axiomatic studies, see the discussion in Thomson (2001).



tute the first characterizations of an extension of the prominent TTC mechanism to multiple-type
housing markets. The analysis on the domain of strict preference profiles is demanding, because
it allows agents’ preferences to be “complementary”. Thus, our results also contribute to the lit-
erature on allocation problems with complements, e.g., Sun and Yang (2006), Rostek and Yoder
(2020), and Jagadeesan and Teytelboym (2021).

Finally, the standard proof methods for Shapley-Scarf housing markets cannot be generalized
to our higher dimensional model. Hence, we need to develop a different approach. In particular,
similar to Feng et al, (2022a), we use a novel proof strategy to build results for lexicographic
preferences and a method to extend the results from lexicographic preferences to separable
preferences and strict preferences. Our extension method is potentially useful for addressing
issues in markets other than multiple-type housing markets. Therefore, methodologically, we

view our new approach as a separate contribution.

3 Organization

Our paper is organized as follows. In the following section, Section @, we introduce multiple-type

housing markets, mechanisms and their properties, and two extensions of the TTC mechanism,

bTTC and ¢cTTC.

We state our results in Section H

o In Subsection EI, we show several impossibility results related to flexible endowments-

swapping-proofness (Theorems EI and P2).

e In Subsection @, we show that for lexicographic preferences, separable preferences, and
strict preferences, a mechanism is individually rational, strategy-proof, non-bossy, and

bundle endowments-swapping-proof if and only if it is bTTC (Theorems H, @, and H)

e In Subsection @, we show that for lexicographic preferences and separable preferences,
a mechanism is individually rational, strategy-proof, and one type endowments-swapping-
proof if and only if it is cTTC (Theorems B and H), and on the domain of strict preference

profiles, these three properties are incompatible (Theorem {).

e Moreover, in Subsection @, by providing two characterization results (Theorems @ and

@), we discuss the relation between our new incentive properties and efficiency properties.

In Section B, we conclude with a discussion of our results and how they relate to the literature.
In Appendix @, we provide the proofs of our results that are not included in the main text. In
Appendix , we provide several examples to establish the logical independence of the properties

in our characterization results.



4 Preliminaries

The basic model setup is similar to Feng and Klaus (2022).

4.1 Multiple-type housing markets

We consider a barter economy without monetary transfers formed by n agents and n x m
indivisible objects. Let N = {1,...,n} be a finite set of agents. A nonempty subset of agents
S C N is a coalition. We assume that there exist m > 1 (distinct) types of indivisible objects
and n (distinct) indivisible objects of each type. We denote the set of types by T = {1,...,m}.
For each ¢ € T, the set of type-t objects is O' = {0},...,0.}, and the set of all objects is
O = {o},0%,...,0.,0%,...,0™}. In particular, |O| = n x m. Each agent ¢ € N initially owns
exactly one object of each type ¢t € T, denoted by ef. Hence, each agent i’s endowment is a list

1 €m>.

e; = (e;,...,e"). Moreover, each agent i € N exactly wishes to consume one object of each
type, and hence, each agent i's (feasible) consumption set is Il;erO'. An element in I1;c70"
is a (consumption) bundle. Note that for m = 1, our model equals the classical Shapley-Scarf

housing market model (Shapley and Scarf, 1974).

An allocation x partitions the set of all objects O into n bundles to agents. Formally,
x = {x1,..., 2.} is such that for each t € T', Ujenx; = O and for each pair i # j, ] # 2. The
set of all allocations is denoted by X, and the endowment allocation is denoted by e. Given an
allocation x € X, for each agent ¢ € N, we say that z; is agent i’s allotment (at z) and for each
type t € T, ! is i’s type-t allotment. For simplicity, sometimes we will restate an allocation as
alist z = (z1,...,7,) € (IerO)N. Given z, we define v_; = (z1,...,Ti 1, Tir1,--.,Tn) to be
the list of all agents’ allotments, except for agent i’s allotment; and x5 = (z;);es to be the list

of allotments of members in coalition S.

First, we assume that each agent ¢ has complete, antisymmetric, and transitive preferences R;
over all bundles (allotments), i.e., R; is a linear order over HteTOt.@ For two allotments x; and
Vi, T; is weakly better than y; if x; R;y;, and x; is strictly better than y; if [x; R;y; and not y; R; x;],
denoted x; P; y;. Finally, since preferences over allotments are strict, x; is indifferent to y; only
if x; = y;. We denote preferences as ordered lists, e.g., R; : x;, v;, 2; instead of x; P;y; P; z;. The

set of all preferences is denoted by R, which we will also refer to as the strict preference domain.

Furthermore, we assume that when facing an allocation x, there are no consumption ex-
ternalities and each agent ¢ € N only cares about his own allotment z;. Hence, each agent
1’s preferences over allocations X are essentially equivalent to his preferences over allotments

II;c7O'. With some abuse of notation, we use notation R; to denote an agent i’s preferences

12Preferences R; are complete if for any two allotments x;, y;, x; R; y; or y; R; x;; they are antisymmetric if
x; R;y; and y; R; x; imply x; = y;; and they are transitive if for any three allotments x;, y;, z;, ©; R; y; and y; R; z;

imply x; R; z;.



over allotments as well as his preferences over allocations, i.e., for each agent i € N and for any

two allocations x,y € X, x R; y if and only if z; R; ylB

A preference profile specifies preferences for all agents and is denoted by a list R =
(Ry,...,R,) € RY. We use the standard notation R_; = (Ry,..., Ri_1, Rit1,..., R,) to de-
note the list of all agents’ preferences, except for agent ¢’s preferences. Furthermore, for each
coalition S we define Ry = (R;)ics and R_g = (R;)icn\s to be the lists of preferences of the
members in coalitions S and N \ S, respectively.

In addition to the domain of strict preferences, we consider several preference subdomains

PAN1

based on agents’ “marginal preferences”: assume that for each ¢ € N and for each type t € T,
agent ¢ has complete, antisymmetric, and transitive preferences R: over the set of type-t objects
O'. We refer to R! as agent i’s type-t marginal preferences, and denote by R the set of all type-t

marginal preferences. Then, we can define the following two preference domains.

(Strictly) Separable preferences. Agent i’s preferences R, € R are separable if for each
t € T there exist type-t marginal preferences R! € R' such that for any two allotments z; and
Yi,

if for all t € T, o' Ry, then x; R; y;.

R, denotes the domain of separable preferences.

We use the standard notation R = (R, ..., R!) to denote the list of all agents’ marginal
preferences of type-t, and R™" = (R,..., R"=Y R ... R™) to denote the list of all agents’

marginal preferences of all types except for type-t.

Before defining our next preference domain, we introduce some notation. We use a bijective
function m; : T'— T to order types according to agent i’s “(subjective) importance,” with 7;(1)
being the most important and ;(m) being the least important object type. We denote m; as an

ordered list of types, e.g., by m; = (2,3,1), we mean that m;(1) = 2, m;(2) = 3, and m;(3) = 1.

1 mi(1) mi(m
Ty i T

So for each agent i € N and each allotment z; = (x;,...,2"), by =" = (z ; )) we

denote the allotment after rearranging it with respect to the object-type importance order ;.

(Separably) Lexicographic preferences. Agent i’s preferences R; € R are (separably) lex-
icographic if they are separable with type-t marginal preferences (R!);c7 and there exists an

object-type importance order m; : T'— T" such that for any two allotments z; and y;,

if xgi(l)Pﬂi(l)ym(l)

i 7

or
if there exists a positive integer £ < m — 1 such that
x;w(l) _ y:i(l)’ o x:i(k) _ yzﬁi(’f)’ and xzfi(k-*‘l)Piﬂ(k'i‘l)yzfi(k*'l)7

then ZT; P@ Yi-

BNote that when extending strict preferences over allotments to preferences over allocations without con-
sumption externalities, strictness is lost because any two allocations where an agent gets the same allotment are
indifferent to that agent.



R, denotes the domain of lexicographic preferences.

Note that R; € R; can be restated as a m + 1-tuple R; = (R}, ..., R™ m) = ((R)er, T;), Or
a strict ordering of all objects,@ i.e., R; lists first all 7(1) objects (according to R;T(l)), then all

7(2) objects (according to Rf@)), and so on. We provide a simple illustration in Example E]

Note that when |T'| = m > 1,
Rl _,C«_ Rs -,C«- R.

A (multiple-type housing) market is a triple (N, e, R); as the set of agents N remains fixed
throughout, we will simply denote the market (NN, e, R) by a pair (e, R). Let M be the set of all
markets with strict preferences, i.e., for each (e, R) € M, R € RY. Similarly, let M, / M; be

the set of all markets with separable preferences / lexicographic preferences.

Remark 1 (Lexicographic preferences).

There are several examples of markets with lexicographic preferences. Each professor at a
university may initially have a course to teach per semester, and some professors may prefer
to exchange their assigned courses. Professors may have expertise for certain courses and so
lexicographically prefer some to others. For instance, the administrative office determines the
class schedule for four courses, “microeconomics” and “mathematical economics” in fall, and
“macroeconomics” and “econometrics” in spring. A professor who is a game theorist prefers to
teach in fall and a professor who focuses on empirical asset pricing prefers to teach in spring.
Similarly, students at a university wish to reschedule their courses by exchanging their assigned
slots, and students may strongly prefer certain timings, e.g., a party boy does not like to attend

the class on Friday.

Moreover, from a theoretical point of view, the domain of lexicographic preference profiles is
a good starting point for our analysis. First, this domain is well-studied in the literature, e.g.,
Altuntag et al) (2021)) and Biré et al, (2022b). Thus, it is easy to compare our results with other
studies on the domain of lexicographic preference profiles. Second, it is well-known that (i) for
Shapley-Scarf housing markets, the top trading cycle (TTC) mechanism coincides with the strict
core-stable mechanism; and (ii) for multiple-type housing markets with lexicographic preferences,
the strict core is non-empty. Thus, starting from the lexicographic preference domain can help us
to understand the difference between strict core-stable mechanisms and the extensions of TTC

mechanisms for multiple-type housing markets. o

4.2 Mechanisms and their properties

Note that all following definitions for the set of markets with strict preferences (M) can al-

ternatively be formulated for markets with separable preferences (M) or with lexicographic

1See Feng and Klaug (2022, Remark 1) for details.



preferences (M,).

A mechanism is a function f : M — X that assigns to each market (e, R) an allocation
f(e,R) € X, and

o for each i € N, f;(e, R) denotes agent i’s allotment

o for each i € N and each ¢t € T, f!(e, R) denotes agent i’s type-t allotment

under mechanism f at (e, R).

We next introduce and discuss some well-known properties for allocations and mechanisms.
Let (e, R) € M.

Welfare lower bounds

First we consider a voluntary participation condition for an allocation x to be implementable

without causing agents any harm: no agent will be worse off than at his endowment.

Definition (Individual rationality).
An allocation x € X is individually rational if for each agent i € N, x; R; 0;. A mechanism is

individually rational if for each market, it assigns an individually rational allocation.

Efficiency notions

Next, we consider two well-known efficiency criteria.

Definition (Pareto efficiency).

An allocation y € X Pareto dominates allocation = € X if for each agent ¢ € N, y; R; x;, and
for at least one agent j € N, y; P; x;. An allocation z € X is Pareto efficient if there is no
allocation y € X that Pareto dominates it. A mechanism is Pareto efficient if for each market,

it assigns a Pareto efficient allocation.

Definition (Unanimity).
An allocation x € X is unanimously best if for each agent i € N and each allocation y € X, we
have z R; y.@ A mechanism is unanimous if, for each market, it assigns only the unanimously

best allocation whenever it exists.

If a unanimously best allocation exists for at (e, R), then that allocation is the only Pareto

efficient allocation at (e, R). Hence, Pareto efficiency implies unanimity.

15Since all preferences are strict, the set of unanimously best allocations is empty or single-valued.



Incentive properties

Next, we discuss some incentive properties for mechanisms that require that no agent / group

of agents can benefit from untruthful actions.

The next two properties, strategy-proofness and group strategy-proofness, are two of the
properties that are most frequently used in the literature on mechanism design. They model

that no agent / coalition can benefit from misrepresenting his / their preferences.

Definition (Strategy-proofness).

A mechanism f is strategy-proof if for each market (e, R) € M, each agent i € N, and each pref-
erence relation R, € R, f;(e, R;, R_;) R; fi(e, R;, R_;), i.e., agent i cannot manipulate mechanism
f at R via R;.

Definition (Group strategy-proofness).

A mechanism f is group strategy-proof if for each each market (e, R) € M, there is no coalition
S C N and no preference list Ry = (R});es € R® such that for each i € S, fi(e, Ry, R_s) R;
file,R), and for some j € S, fj(e,Ry,R_s) P; fj(e,R), i.e., coalition S cannot manipulate

mechanism f at R via Rj.

Next, we consider a well-known property for mechanisms that restricts each agent’s influence:

no agent can change other agents’ allotments without changing his own allotment.

Definition (Non-bossiness).
A mechanism f is non-bossy if for each each market (e, R) € M, each agent i € N, and each
R e R, fi(e,R;, R_;) = fi(e, R}, R_;) implies f(e, R;, R_;) = f(e, R;, R_;). Otherwise it is bossy.

Remark 2 (Non-bossiness).
Non-bossiness is proposed by Satterthwaite and Sonnenschein (1981).E Normally, non-bossiness
together with strategy-proofness is considered as an incentive property because the combination
of them is equivalent to group strategy-proofness. Unfortunately, this equivalence is not valid for
multiple-type housing markets (see Feng et al), 20224, Proposition 1). However, non-bossiness
still plays an important role as an incentive property. First, non-bossiness itself, can be consid-
ered as a “collusion-proofness” property (Miyagawa, 2001). Collusion is observed often in many
marketplaces, e.g., auctions. In particular, non-bossiness is satisfied by the first-price auction
and is violated by the second-price auction, and this is why the first-price auction is becoming
increasingly popular (Pycia and Raghavan, 2022). For instance, in 2019, Google AdX changed
its auction mechanism from a second-price auction to a first-price auction.

Moreover, Alva (2017, Proposition 1) shows the equivalence of (a) effective pairwise strategy-

proofness and (b) the combination of strategy-proofness and non—bossiness.B Thus, his study

16See Thomson| (2016) for an excellent survey.
1"The term effective pairwise strategy-proofness is due to Serizawa (2006). It excludes joint misreports by two

10



provides an intuition of why the invariance property non-bossiness can be considered to be an

incentive property as well 18 o

Stability notions

Next, in order to introduce the standard cooperative solutions of the weak and the strict core,
we introduce two blocking notions: at (e, R), an allocation x € X is strictly blocked by coalition
S C N if there exists an allocation y € X such that

(i) at allocation y agents in S reallocate their endowments, i.e., for each i € S and each t € T,

y! € Ijege! and
(ii) all agents in S are strictly better off, i.e., for each i € S, y; P, z;.

An allocation x € X is weakly blocked by coalition S C N if there exists an allocation y € X
such that (ii) and

(ii’) all agents in S are weakly better off with at least one of them being strictly better off, i.e.,
for each i € S, y; R; z;, and for some j € S, y; P; ;.

Given the blocking notions above, we can restate individual rationality and Pareto efficiency
as stability notions in the following way: an allocation is individually rational if it is not weakly
or strictly blocked by any singleton coalition {i} and an allocation is Pareto efficient if it is not
weakly blocked by the set of all agents N.

We now introduce the first type of (possibly empty or multi-valued) solution to multiple-type

housing markets that we will consider: core solutions.

Definition (Core allocation and core-stability).
An allocation is a weak core allocation if it is not strictly blocked by any coalition; the set of all
weak core allocations is the weak core, and a mechanism is weakly core-stable if for any markets,
it assigns only weak core allocations.

Similarly, an allocation is a strict core allocation if it is not weakly blocked by any coalition;
the set of all strict core allocations is the strict core, and a mechanism is strictly core-stable if

for any markets, it assigns only strict core allocations.

Next, we introduce a weaker condition than core-stability that considers the blocking with
only one or two agents. Note that pairwise weak stability is appealing because in reality, it is

considered to be difficult for large coalitions to block, while blocking by two agents is easy.

agents without self-enforcing. In other words, it insists on the robustness of a pairwise misreporting to a further
deviation by one of the misreported agents. For further studies of effective pairwise strategy-proofness, see Alva

(2017) and Shinozaki (2022).
18 Alva’s result applies to our model as well (see Feng et all, 2022a, Lemma 1, for details).
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Definition (Pairwise stability).

An allocation is a pairwise weak core allocation if it is not strictly blocked by any coalition S C N

with |S| < 2; the set of all pairwise weak core allocations is the pairwise weak core. A mechanism

is pairwise weakly stable if for any markets, it assigns only pairwise weak core allocations.
Similarly, an allocation is a pairwise strict core allocation if it is not weakly blocked by any

coalition S C N with |S| < 2; the set of all pairwise strict core allocations is the pairwise

strict core. A mechanism is pairwise strictly stable if for any markets, it assigns only pairwise

strict / weak core allocations.
Next, we list some pertinent results based on the properties we introduced above.ld
Result 1 (Strict core-stability for Shapley-Scarf housing markets).

e A mechanism is strictly core-stable if and only if it is individually rational, Pareto efficient,

and strategy-proof (Ma, 1994; Svensson, 1999).
o If a mechanism is strictly core-stable, then it is group strategy-proof (Bird, [1984).
Result 2 (Impossibility for multiple-type housing markets).

o For markets with separable preferences Mg, there is no mechanism satisfying individual

rationality, Pareto efficiency, and strategy-proofness (Konishi et al, 2001).

» For markets with lexicographic preferences M, there is no mechanism satisfying individual

rationality, Pareto efficiency, and strategy-proofness (Sikdar et al), 2017).

4.3 Endowments-swapping-proofness and its extensions

In this subsection, we introduce our main incentive properties that exclude the manipulations of
two agents by swapping their endowments before the operation of the selected mechanism. Our
properties are motivated by endowments-swapping-proofness for Shapley-Scarf housing markets
(Fujinaka and Wakayama, 2018).

Endowments-swapping-proofness for Shapley-Scarf housing markets

We first introduce endowments-swapping-proofness (Fujinaka and Wakayamal, 2018) for Shapley-
Scarf housing markets as a benchmark. As mentioned before, for m = 1 our model equals the
classical Shapley-Scarf housing market model. Note that for Shapley-Scarf housing markets,

each agent only owns one object.

9For Shapley-Scarf housing markets, when preferences are strict, but otherwise unrestricted, only the top
trading cycles (TTC) mechanism is strictly core-stable (see Subsection @ for a formal definition of the TTC

mechanism).
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For each endowment allocation e and a pair of agents {i,j}, let é(¢,5) be an endowment
allocation such that agents ¢ and j swap their endowments and all other agents keep their
endowments, i.e., & = e;, €; = ¢;, and for each agent k & {7, j}, &, = ;. For each market (e, R),

let (é(7,7), R) be the corresponding market according to this swapping.

Definition (Endowments-swapping-proofness).

A mechanism f is endowments-swapping-proof if for each Shapley-Scarf housing market (e, R),
there is no pair of agents {4, j} C N such that f;(é(i, ), R) P, fi(e, R) and f;(é(i, ), R) P; f;(e, R).

Extensions of endowments-swapping-proofness for multiple-type housing markets

Note that for Shapley-Scarf housing markets, endowments-swapping is easy because each agent
only owns one object. However, for multiple-type housing markets, the situation becomes com-
plicated: alternatively, agents can partially swap their endowments. For instance, they can:
swap only one type of endowments; swap their endowments completely; swap more than one

(but not all) types of endowments.

To model manipulations via endowments-swapping for multiple-type housing markets, we
introduce three different ways of ex-ante endowments-swapping by a pair of agents before the

operation of the selected mechanism 24

Given an endowment allocation e and a pair of agents {i,j} C N, we consider endowments-
swapping in the following ways: (i) flexible swapping, (ii) (complete) bundle swapping, and (iii)

one type swapping.

(i) Let é(i,j) = (€1, ...,€,) be be a new endowment allocation by flexible swapping, such that
{i,j} can swap any subsets of endowments types, i.e., (a) for each k € {i,j} and each t € T,
e, € {e,ei}, and (b) for each k & {i, j}, & = es.

)

(i) Let €'(i,5) = (€},...,€)) be a new endowment allocation by bundle swapping, such that

{i,7} swap their endowments completely, i.e., (a) €] = ¢;,€}; = ¢;, and (b) for each k & {i,},

ey, = e.

(iii) Let é(t,4,5) = (é1, ..., €n) be a new endowment allocation by one type swapping of type-t,

1 t—1 t+1 m)
)

such that {7, j} only swap their type-t endowments, i.e., (a.1) & = (e;,...,¢e; , €}, e, ... €]

(a.2) & = (ef,....ei 7 el eft . em), and (b) for each k & {i,j}, éx = ex.

Next, we introduce three properties of immunity to the three manipulations introduced above.

Definition (Flexible endowments-swapping-proofness).
A mechanism f is flexibly endowments-swapping-proof if for each (e, R) € M, there is no pair of
agents {7, j} € N and no (e(4, j), R) such that f;(e(4, j), R) P, fi(e, R) and f;(e(i,7), R)P; f;(e, R).

20Similar to Fujinaka and Wakayama (2018, Remark 4), our incentive properties and corresponding results

can be extended to any coalition. That is, the restriction for two agents can be relaxed for any numbers of agents.
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Definition (Bundle endowments-swapping-proofness).
A mechanism f is bundle endowments-swapping-proof if for each (e, R) € M there is no pair of
agents {i,j} C N such that f;(€'(, ), R) P; fi(e, R) and f;(€'(4, ), R) P; f;(e, R).

Definition (One type endowments-swapping-proofness).

A mechanism f is one type endowments-swapping-proof if for each (e, R) € M, there is no pair
of agents {i,j} C N and no type t € T', such that f;(é(t,4,7), R) P fi(e, R) and f;(é(t,,5), R) P;
fj (67 R) :

Discussion of our endowments-swapping properties and their implicit constraints

Our three properties above are extensions of endowments-swapping-proofness for Shapley-Scarf
housing markets (Fujinaka and Wakayama, 2018). When |T| = m = 1, all three prop-
erties are equivalent. By definition, it is easy to see that flexible endowments-swapping-
proofness is the strongest property, i.e., flexible endowments-swapping-proofness implies bun-
dle endowments-swapping-proofness and one type endowments-swapping-proofness. However,
there is no logical relation between bundle endowments-swapping-proofness and one type
endowments-swapping-proofness. For instance, our results in Section H show that bTTC is
bundle endowments-swapping-proof but not one type endowments-swapping-proof, while cTTC

is one type endowments-swapping-proof but not bundle endowments-swapping-proof.

Similar but different to ours, there are some properties that rule out other forms of ex-
ante manipulation via endowments, such as transfer-proofness (Atlamaz and Klaus, 2007) and
non-manipulability via pre-arranged matches (Sonmez, 1999a; Kesten|, 2012).@ It is worth men-
tioning that concerns about these types of ex-ante manipulation are often present in real markets
(see Kojima and Pathak, 2009, for details).

Our first property, flexible endowments-swapping-proofness is a natural extension because it
allows agents to swap freely, i.e., there is no restriction on how to swap. However, together with
other desirable properties (individual rationality and strategy-proofness), this strong property
leads to an impossibility (Theorem m) To avoid this impossibility, we may want to weaken flex-
ible endowments-swapping-proofness. Thus, we propose two natural ways of restricting ex-ante
swapping and two corresponding weaker properties, bundle endowments-swapping-proofness and
one type endowments-swapping-proofness: for bundle endowments-swapping-proofness, agents
can only “bundle swap”, whereas for one type endowments-swapping-proofness, agents can only

“one type swap”.

One may argue that such ex-ante swapping constraints are strong. However, note that for

many models with multi-unit demands, constraints on how to trade are necessary to guarantee

21 The definitions of these two mechanisms are in Subsection @
22 Transfer-proofness says that no pair of agents can be better off by transferring part of one’s endowment to

another. Non-manipulability via pre-arranged matches means that no pair of a college and a student can benefit

by agreeing to match before receiving their allocations from the centralized matching mechanism.
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positive results, e.g., Papai (2007); Raghavan (2015), and Shinozaki and Serizawa (2022). On the
other hand, in practice, such constraints are weaker than they may seem at first. For instance,
in the context of course allocation problems (e.g., Klaus, 2008; Mackin and Xia, 2016) and
emergency medicine rotation problems (e.g., Manjunath and Westkamp, 2021), swapping slots
arbitrarily might be impossible due to administrative rules, i.e., to avoid systemic complexity,
the administration might only allow agents to swap their full bundles of slots (or just one slot).
Moreover, we also show that when we keep other desirable properties, such constraints are

sufficient and necessary to preserve some efficiency properties (see Subsection @ for details).

4.4 Extensions of the top trading cycles mechanism

Note that two of our endowments-swapping constraints also imply two ways of trading: agents
can trade their endowments completely, or they can trade their endowments type by type, e.g.,
trade your house with others’ houses and trade your car with others’ cars. To simplify notation,
we first introduce an extension of the top trading cycles (TTC) mechanism with “type-by-type”
trading.

Definition (The type-t top trading cycles (TTC) algorithm).
Consider a market (N,e, R) such that R € R,. For each type t € T, let (N,e', R") =
(N, (et,...,et), (RY, ..., RL)) be its associated type-t submarket.

We define the top trading cycles (TTC) allocation for each type-t submarket as follows.
Input. A type-t submarket (N, €', RY).
Step 1. Let N; := N and O! := O'. We construct a directed graph with the set of nodes
Ny U O For each agent ¢ € Ny, there is an edge from the agent to his most preferred type-t
object in O according to R!. For each edge (i,0) we say that agent i points to type-t object o.

For each type-t object o € O, there is an edge from the object to its owner.

A trading cycle is a directed cycle in the graph. Given the finite number of nodes, at least
one trading cycle exists. We assign each agent in a trading cycle the type-t object he points
to and remove all trading cycle agents and type-t objects. If there are some agents (and hence

objects) left, we continue with the next step. Otherwise we stop.

Step k. Let Nj be the set of agents that remain after Step £ — 1 and O} be the set of type-t
objects that remain after Step k—1. We construct a directed graph with the set of nodes N, UOX.
For each agent i € Ny, there is an edge from the agent to his most preferred type-t object in O}
according to Rf. For each type-t object o € O}, there is an edge from the object to its owner.
At least one trading cycle exists and we assign each agent in a trading cycle the type-t object he
points to and remove all trading cycle agents and objects. If there are some agents (and hence

objects) left, we continue with the next step. Otherwise we stop.

Output. The type-t TTC algorithm terminates when each agent in N is assigned an object in
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O, which takes at most n steps. We denote the object in O' that agent i € N obtains in the
type-t TTC algorithm by TTC} (e, R") and the final type-t allocation by TTC*(e', R).

Definition (The cTTC allocation / mechanism).
The coordinatewise top trading cycles (¢TTC) allocation, cT'T'C(R), is the collection of all type-t
TTC allocations, i.e., for each R € RY,

I'TC(e,R) = ((I'TC{(e",R"),..., TTC"(e™,R™)),...,(TTCp(e",R"),..., TTC"(e™,R™)) ).
The ¢I'TC mechanism (introduced by Wako, 2005) assigns each market its ¢TTC allocation.

Next, we consider another extension of the TTC mechanism, which only allows agents to

trade their endowments completely.

Definition (The bundle top trading cycles (bTTC) algorithm / mechanism).

The bundle top trading cycles (bTTC) mechanism assigns to each market (e, R) € M the unique
top-trading allocation that results from the TTC algorithm if agents are only allowed to trade
their whole endowments among each other.

Formally, for each market (e, R) and i € N, let R;|° be the restriction® of R; to endowments
{e1,...,e,} and R|®* = (R;|°)ien be the restriction profile. We then use the TTC algorithm
to compute the bTTC allocation for (e, R|?). Note that the difference with the classical TTC
algorithm (for Shapley-Scarf housing markets) is that instead of an object, each agent can only
point to a whole endowment.

The bTTC mechanism assigns the bTTC allocation above to each market.

Remark 3. Note that bTTC is also well-defined on the domain of strict preference profiles as
well as lexicographic preference profiles and separable preference profiles. Meanwhile, ¢cTTC

is only well-defined for lexicographic preferences and separable preferences. Also note that for
m =1, ¢TTC and bTTC reduce to the standard TTC mechanism. o

5 Results

We now focus on the multiple-type extension of the Shapley-Scarf housing market model as
introduced by Moulin (1995), where |N| =n > 2 and |T'| = m > ok

Z3That is, for each i € N, R;|° are preferences over {ei,...,e,} such that for each e;,ex € {e1,...,en},
e; R;|¢ ey, if and only if e; R; ey.

240ne agent multiple-type housing market problems are rather trivial since no trade occurs, and for just one
object type we are back to the Shapley-Scarf housing market model.
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5.1 Flexible endowments-swapping-proofness

In this subsection, we focus on the results related to flexible endowments-swapping-proofness.
Note that our results in this subsection are also valid for separable preferences and strict pref-
erences.

The next result shows that flexible endowments-swapping-proofness is strong: it is incom-

patible with individual rationality and strategy-proofness.

Theorem 1. For multiple-type housing markets with lexicographic preferences M, there is
no mechanism satisfying individual rationality, strategy-proofness, and flexible endowments-

swapping-proofness.

We prove Theorem m in Appendix by a counterexample. Note that the independence of

strategy-proofness from the other properties in Theorem m is an open problem.

Inspired by Theorem m, we also find an incompatibility between pairwise weak stability and

strategy-proofness.

Theorem 2. For multiple-type housing markets with lexicographic preferences M, there is no

mechanism satisfying pairwise weak stability and strategy-proofness.
We prove Theorem E in Appendix @ by a counterexample.

Remark 4 (A trade off between strategy-proofness and stability notions).

The (in)compatibility between strategy-proofness and core-stability has received considerable
attention in economic theory. In a seminal paper, Sonmez (1999h) discusses the link between
strategy-proofness and the single-valuedness strict core. More precisely, he shows that a strategy-
proofness mechanism always chooses a strict core allocation only if the strict core is (essentially)
single—valued.@ However, for multiple-type housing markets, usually the strict core (if it is no-
empty) is not single-valued (Konishi et al), 2001; Sikdar et alj, 2017). Also, note that Sénmez
(11999b)’s result relies on his preference domain richness conditions. Without Sonmez (1999b)’s
preference domain richness conditions, Feng and Klaug (2022) show that strict core-stability
and strategy-proofness are still incompatible. In the presence of strategy-proofness, to avoid
this impossibility, it is natural to weaken core-stability. A possibility is weakening core-stability
to the combination of individual rationality and Pareto efficiency. However, this does not work,
i.e., there is no mechanism satisfying individual rationality, Pareto efficiency, and strategy-
proofness (see Result E) Here, we consider another way, weakening core-stability to pairwise
weak stability. Theorem P} shows that this does not work either. Therefore, Theorem E can

be considered as a complement to Result . Furthermore, Result E and Theorem E together

25We discuss the relation between flexible endowments-swapping-proofness and pairwise weak stability in

Subsection @
26T he strict core is (essentially) single-valued if all agents are indifferent between all strict core allocations.
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indicate that it could be difficult to find a reasonable stability notion (stronger than individual
rationa]ity),@ that is compatible with strategy-proofness.

Overall, together with Result E, our result (Theorem E) explores the cost of strategy-
proofness. If the mechanism designer chooses an individually rational and strategy-proof mecha-
nism, then he has to accept that, the corresponding allocation might be inefficient and unstable:
some agents might realize that they could be better off by pairwise trade and the market might
be thin. o

5.2 Bundle endowments-swapping-proofness

In this subsection, we focus on the results related to bundle endowments-swapping-proofness.

5.2.1 Characterizing bTTC for lexicographic preferences
We first characterize bTTC for lexicographic preferences.

Theorem 3. For markets with lexicographic preferences M,;, bTTC is the only mechanism
satisfying individual rationality, strategy-proofness, non-bossiness, and bundle endowments-

swapping-proofness.

We prove Theorem H in Appendix @ Here we only explain the intuition of the uniqueness
part of the proof. Consider a top trading cycle that forms at the first step of the bTTC algo-
rithm for (e, R). We first show that, by individual rationality, strategy-proofness, and bundle
endowments-swapping-proofness, agents in this top trading cycle receive their most preferred
object (Lemma ) Next, we show that by individual rationality, strategy-proofness, and non-
bossiness, agents in this top trading cycle receive their bTTC allotments (Lemma ) Once we
have shown that agents who trade at the first step of the bTTC algorithm always receive their
bTTC allotments, we can consider agents who trade at the second step of the bTTC algorithm

by following the same proof arguments as for first step trading cycles, and so on.

Note that since bTTC is group strategy-proof (Feng et al), 2022h), we also have the following

result.

Corollary 1. For markets with lexicographic preferences My, bTTC is the only mechanism
satisfying individual rationality, group strategy-proofness, and bundle endowments-swapping-

proofness.

5.2.2 Characterizing bTTC for separable preferences and strict preferences

Next, we use the result for lexicographic preferences (Theorem H) as a “stepping stone” to obtain

corresponding results for separable preferences strict preferences.

27 As we mentioned earlier, Pareto efficiency can also be considered as a stability notion via a weak blocking

notion.

18



Theorem 4. For markets with separable preferences My, bTTC is the only mechanism satisfy-
ing individual rationality, strategy-proofness, non-bossiness, and bundle endowments-swapping-

proofness.

Theorem 5. For markets with strict preferences M, bTTC is the only mechanism satisfy-
ing individual rationality, strategy-proofness, non-bossiness, and bundle endowments-swapping-

proofness.

We prove Theorems @ and B in Appendix @ The proof of Theorem @ works as follows. We
first consider a preference profile such that only one agent has separable and non-lexicographic
preferences. We show that for this agent, if he (mis)reports lexicographic preferences without
changing his marginal preferences, then he must receive the same allotment. According to Theo-
rem E, the allotment (in fact, the whole allocation) then equals the bTTC allotment (allocation).
Hence, f assigns the bTTC allocation if all but one agent have lexicographic preferences. By
applying this preference replacement argument, one by one, for all other agents, we conclude
that f equals bTTC on the domain of separable preference profiles. Also, Theorem B can be

proven by exactly the same way above.

Note that Theorems @ and a imply that Corollary m is valid for separable preferences and

strict preferences as well.

Corollary 2. For markets with separable preferences My, bTTC is the only mechanism satisfying

individual rationality, group strategy-proofness, and bundle endowments-swapping-proofness.

Corollary 3. For markets with strict preferences M, bTTC is the only mechanism satisfying

individual rationality, group strategy-proofness, and bundle endowments-swapping-proofness.

5.3 One type endowments-swapping-proofness

In this subsection, we focus on the results related to one type endowments-swapping-proofness.

5.3.1 Characterizing cTTC for lexicographic preferences
We first characterize ¢TTC for lexicographic preferences.

Theorem 6. For markets with lexicographic preferences M, ¢TTC is the only mechanism satis-

fying individual rationality, strategy-proofness, and one type endowments-swapping-proofness.

We prove Theorem H in Appendix @ The uniqueness part of the proof consists of two
steps. We first consider a restricted domain of preference profiles such that all agents share the
same importance order. We show that f equals ¢TTC on the restricted domain (Proposition m)
Then we extend this result to the full domain of lexicographic preference profiles by showing

that changes in agents’ importance orders do not affect the allocation.
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5.3.2 Characterizing cTTC for separable preferences

Next, we show that Theorem B also holds on the domain of separable preference profiles.

Theorem 7. For markets with separable preferences M, ¢TTC is the only mechanism satisfying

individual rationality, strategy-proofness, and one type endowments-swapping-proofness.

The intuition of the proof is similar to Theorem @: by replacing agents’ preferences, one by
one, from the domain of lexicographic preference profiles to the domain of separable preference

profiles, we extend Theorem B to the domain of separable preference profiles.

5.3.3 An impossibility for strict preferences

Note that ¢TTC is not well-defined for strict preferences. Then, a natural question is if there
exists an extension of ¢TTC for strict preferences that satisfies our properties. Our answer is
negative: there is no extension of ¢TTC to the domain of strict preference profiles that satisfies

our properties.

Theorem 8. For markets with strict preferences M, there is no mechanism satisfying individual

rationality, strategy-proofness, and one type endowments-swapping-proofness.

We prove Theorem H in Appendix @ by a counterexample. Note that the independence of

strategy-proofness from the other properties in Theorem E is an open problem.

5.4 Relation to efficiency

In this subsection, we further discuss the relation between two of our incentive properties (bun-
dle endowments-swapping-proofness and one type endowments-swapping-proofness) and two ef-

ficiency properties.

Recall that bTTC and ¢TTC, both are individually rational and strategy-proof, but not
Pareto efficient. Moreover, the example below shows that none of them is more efficient than
the other.

Example 1. Consider a market with two agents and two types, i.e., N = {1,2}, T =
{H(ouse),C(ar)}, O = {Hy, Hy,C1,C5}, and where each agent i’s endowment is e; = (H;, C;).
The preference profile R € R} is as follows:

Ry : Hy, Hqy,C,C,

R2 : Cla 027 HZ)HI‘

Thus, agent 1, who primarily cares for houses, would like to trade houses but not cars and

agent 2, who primarily cares about cars, would like to trade cars but not houses. One easily

20



verifies that ¢cTTC(e, R) = e = ((Hy,C4), (Hs2,Cy)) and bTTC(e, R) = x = ((Ha, Cy), (Hy, Ch)).
Since preferences are lexicographic, both agents prefer the bTT'C' allocation to the ¢TTC allo-
cation at R.

Furthermore, consider another preference profile R’ € R as follows:
Rll : H17 H27 027 Cl7

R/2 . Hz, Hl, Cl,Cz.

Thus, both agents primarily care for houses, would like to trade cars but not houses. One eas-
lly verifies that CTTC(G, R/) =Yy = ((Hl, Cg), (Hg, Cl)), bTTC(@, R/) =€ = ((Hl, Cl), (Hz, CQ)),
and both agents prefer the ¢TT'C' allocation to the bTTC allocation at R'. o

To avoid Result E, one may wonder whether the bT"7'C’ mechanism and ¢I'T'C' mechanism
satisfy some efficiency properties that are weaker than Pareto efficiency. To answer this question,

we consider the following two efficiency properties.

The first one, pairwise efficiency, introduced by Ekici (2022),@ rules out efficiency improve-

ments by pairwise reallocation.

Definition (Pairwise efficiency).
An allocation z € X is pairwise efficient if there is no pair of agents {7, j} C N such that z; P; z;
and z; P; zj. A mechanism is pairwise efficient if for each market, it assigns a pairwise efficient

allocation.

Next, we consider a natural modification of Pareto efficiency for multiple-type housing mar-
kets, coordinatewise efficiency, that rules out coordinatewise Pareto-improvements for any type.
Note that coordinatewise efficiency is only well-defined for lexicographic preferences and sepa-
rable preferences.

Definition (Coordinatewise efficiency).

A mechanism f : M, — X is type-t-efficient if for each market with separable preferences,
(e,R) € M, f'(e, R) is Pareto efficient at R'. Furthermore, f is coordinatewise-efficient if for
each type t € T, f is type-t-efficient.

Recall that the above definitions are also valid for lexicographic preference profile domains.
For |T| = m = 1, coordinatewise efficiency coincides with Pareto efficiency. Moreover, since the
TTC mechanism is Pareto efficient for Shapley-Scarf housing markets, it is easy to see that for
each type t € T, ¢TTC is type-t-efficient, and hence is coordinatewise efficient.

One easily verifies that Pareto efficiency implies pairwise efficiency and coordinatewise ef-
ficiency, and coordinatewise efficiency implies unanimity. However, there is no logical relation

between pairwise efficiency and coordinatewise efficiency.

Z8Ekici (2022) originally refers to this property as pair efficiency.
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Next, we show that together with other desirable properties, the T T'C' mechanism can be

characterized by pairwise efficiency.
Theorem 9.

e For markets with lexicographic preferences M;, bTTC is the only mechanism satisfying

individual rationality, strategy-proofness, non-bossiness, and pairwise efficiency.

e For markets with separable preferences My, bTTC is the only mechanism satisfying indi-

vidual rationality, strategy-proofness, non-bossiness, and pairwise efficiency.

e For markets with strict preferences M, bTTC is the only mechanism satisfying individual

rationality, strategy-proofness, non-bossiness, and pairwise efficiency.

We prove Theorem Q in Appendix @ The proof sketch is similar to Theorem H That
is, by individual rationality, strategy-proofness, non-bossiness, and pairwise efficiency, we show
that agents who trade at the first step of the bTTC algorithm receive their bTTC allotments
(Lemmas B and H) Then, we use the same arguments to show that agents who at the second

step, and so on.

Finally, we show that together with other desirable properties, the ¢I"T'C' mechanism can be

characterized by coordinatewise efficiency.
Theorem 10.

e For markets with lexicographic preferences M, c¢TTC is the only mechanism satisfying

individual rationality, strategy-proofness, and coordinatewise efficiency.

e For markets with separable preferences My, ¢TTC is the only mechanism satisfying indi-

vidual rationality, strategy-proofness, and coordinatewise efficiency.

This result can be proven similarly to Theorems a and H: the only difference is that instead
of one type endowments-swapping-proofness, we use coordinatewise efficiency to show that top

trading cycles are executed. Thus, we omit the proof.

Note that coordinatewise efficiency is not well-defined on the domain of strict preference
profiles, thus Theorem [L( cannot be extended to markets with strict preferences M.

We next discuss the relation between our incentive properties and efficiency properties. It
is not hard to see that our incentive properties, bundle endowments-swapping-proofness, and
one type endowments-swapping-proofness, rule out some inefficient mechanisms, such as the no-
trade mechanism B Unfortunately, there is no direct link between any efficiency properties and

our incentive properties. That is, none of our incentive properties, itself implies any efficiency

29The no-trade mechanism is a mechanism that always assigns the endowment allocation to all markets.
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properties. However, together with our previous characterization results, Theorems E and @
show that (i) together with individual rationality, strategy-proofness, and non-bossiness, bundle
endowments-swapping-proofness is equivalent to pairwise efficiency, and (ii) together with indi-
vidual rationality and strategy-proofness, one type endowments-swapping-proofness is equivalent
to coordinatewise efficiency. In other words, in the presence of other properties we mentioned
above, bundle endowments-swapping-proofness and one type endowments-swapping-proofness,

each corresponds to an efficiency property.

It is worth mentioning that bundle endowments-swapping-proofness (one type endowments-
swapping-proofness) and pairwise efficiency (coordinatewise efficiency) are logically indepen-
dent. [Ekici (2022) presents two mechanisms for Shapley-Scarf housing markets to show that
endowments-swapping-proofness and pairwise efficiency are logically independent (see [Ekici,
2022, Section 4.3, for details). These two mechanisms can be extended to multiple-type hous-
ing markets by only trading agents’ endowment bundles. Similarly, Fujinaka and Wakayama
(2018) present several mechanisms for Shapley-Scarf housing markets to show that endowments-
swapping-proofness and Pareto efficiency are logically independent (see Fujinaka and Wakayama,
2018, Section 3.3, for details). These mechanisms can be extended to multiple-type housing mar-

kets by applying them coordinatewise.

Remark 5 (Constraints and efficiency).

As we mentioned earlier in Subsection @, to avoid negative results, such as Result E, it is nat-
ural to make constraints to restrict trades. For instance, Kalai et al| (1978) impose restrictions
regarding trading among certain agents and Papai (2007) restricts the set of feasible trades.
However, this also induces a new problem for the mechanism designer: what constraints to en-
force? In other words, if any constraint is admissible, which constraint is better? Our results
partially answer this problem: if we still care about efficiency, then, without of loss other prop-
erties, allowing agents to trade their endowments completely (type by type) is sufficient and

necessary to achieve pairwise efficiency (coordinatewise efficiency). o

Remark 6 (Second-best incentive compatibility).

Klaug (2008) weakens Pareto efficiency to another efficiency property, second-best incentive
compatibility. To be precise, she shows that ¢TTC is second-best incentive compatible, i.e.,
there exists no other strategy-proof mechanism that Pareto dominates ¢TTC. However, she also
shows that there exists another mechanism that is individually rational, strategy-proofness, and
second-best incentive compatible. In a follow-up work, Anno and Kurino (2016) consider second-
best incentive compatibility for independent mechanisms B They also show that ¢TTC is not
the unique independent mechanism that satisfies these properties. Thus, Theorem can be
considered as a complement to Klaus (2008) and Anno and Kuring (2016)’s work: by strength-

ening second-best incentive compatibility to coordinatewise efficiency, we find that cTTC is

30An independent mechanism treats each submarket independently and separately. That is, the selected

allocation of each type only depends on agents’ marginal preferences of each type.
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the only independent mechanism that satisfies individual rationality, strategy-proofness, and

coordinatewise efficiency. o

6 Discussion

6.1 A discussion of our new properties in a normative view

In this subsection, we further discuss the role of our new properties. We first review the role of

endowments-swapping-proofness for Shapley-Scarf housing markets.
Result 3 (Endowments-swapping-proof mechanisms (Fujinaka and Wakayama|, 2018)).

(a) If an individually rational and strategy-proof mechanism is endowments-swapping-proof,

then it is group strategy-proof.

(b) A mechanism is strict core-stable if and only if it is individually rational, strategy-proof,

and endowments-swapping-proof.

(c) If an individually rational mechanism is endowments-swapping-proof, then it is pairwise

weakly stable.

Note that in Result B, we always require the presence of individual rationality. The reason
for this is simple: if we ignore property rights that are established via the endowments, then
endowments-swapping-proofness will be very weak. For instance, any constant mechanisms and

serial dictatorships are endowments—swapping—proof.@

Result B suggests that the role of endowments-swapping-proofness for Shapley-Scarf housing

markets can also be divided into two parts as follows.E2

(i) endowments-swapping-proofness as an incentive property

By definition, it is easy to see that endowments-swapping-proofness is an incentive property
since it excludes the possibility that two agents within a pair may gain by swapping their
endowments. Moreover, Result a (a) shows that, in the presence of individual rationality and
strategy-proofness, endowments-swapping-proofness also implies a stronger incentive property,
group strategy-proofness. Thus, together with individual rationality and strategy-proofness,

endowments-swapping-proofness also rules out beneficial joint misreporting.

31The constant mechanism is one that always assigns a constant allocation to all markets. The serial dicta-
torship mechanism is determined by the following procedure: agents move sequentially; the first mover obtains
his most preferred allotment in O; the second mover obtains his most preferred allotment from the remaining set

of objects, and so on.
32Together with other properties, endowments-swapping-proofness also contains some efficiency. And in Sub-

section @, we already show that our new properties inherit this feature.
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(ii) endowments-swapping-proofness as a stability notion

Fujinaka and Wakayama (2018) discuss the relation between endowments-swapping-proofness
and stability notions. In particular, Result a (b) shows that strict core-stability im-
plies endowments-swapping-proofness, and (c) shows that together with individual rational-
ity, endowments-swapping-proofness implies pairwise weak stability. Thus, one can consider

endowments-swapping-proofness as a stability notion.

The role of our new properties

Our results show that the new properties that we have drawn from endowments-swapping-
proofness, inherits these two feature of endowments-swapping-proofness as well. To be more
precise, together with other desirable properties, (i) bundle endowments-swapping-proofness can
be considered as an incentive property to induce group strategy-proofness (Corollaries m, E, and
B), and (ii) flexible endowments-swapping-proofness might be considered as a stability notion

(see Statement m in Appendix @)

It is worth mentioning that the last relation is not clear yet. In Statement m, we show that
(a) strict core-stability does not imply endowments-swapping-proofness and (b) together with
individual rationality, endowments-swapping-proofness implies pairwise weak stability. How-
ever, Statement E] (b) is a vacuous truth. That is, the existence of individually rational and

endowments-swapping-proof mechanisms is an open problem.

6.2 Comparison of bTTC and cTTC

In this subsection, by comparing bTTC with ¢TTC, we emphasize the meaning of our charac-

terization results for these two extensions of the TTC mechanism.

First, note that both extensions satisfy several desirable properties: individual rationality,
strategy-proofness, and non-bossiness. Thus, it is hard to make a compelling argument for one
extension over the other. However, our analysis provides some justifications for distinguishing

between these two extensions of the TTC mechanism.

Generalizability
As we mentioned earlier in Remark a, bTTC can also be used for strict preferences while cTTC
cannot. Moreover, Theorem E shows that no extension / modification that inherits properties
from ¢TTC can be used on the domain of strict preference profiles. Thus, we conclude that
bTTC performs better than ¢TTC in terms of generalizability (with respect to more complex
preference profiles).

It is worth mentioning that the domain of separable preference profiles is the maximal do-
main for ¢TTC, i.e., ¢cTTC cannot be used if any agents’ preferences are not separable, and
separability allows substitutes preferences only. However, sometimes with multi-unit demands,

agents’ preferences might be (strongly) complementary, e.g., Leszczyc and Haubl (2010). Thus,
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c¢TTC cannot be used for such a situation. bTTC allows for that but at the cost of limiting

outcomes by only allowing whole endowment bundle trading.

Strategic robustness

Note that each TTC extensions only satisfies one of our new properties. That is, (a) only bTTC
is bundle endowments-swapping-proof, (b) only ¢TTC is one type endowments-swapping-proof,
and (c) none of them is flexibly endowments-swapping-proof. Thus, we cannot say that one of
them is better in terms of strategic robustness via endowments-swapping. However, since bTTC
is also group strategy-proof (Corollary m,Corollary E, and Corollary E), while ¢TTC is not (Feng
et al), 2022a, Proposition 1), we conclude that bTTC is better if we also take into account agents’

joint misreports.

6.3 Relation to other literature

In this subsection, we provide a discussion of our results and how they relate to the literature.

Another characterization result of cTTC

Here, we discuss the relation between our characterization results of ¢TTC (Theorem H and
Theorem H) and Feng et al) (20224, Theorem 1 and Theorem 2), which characterizes ¢TTC
on the basis of individual rationality, strategy-proofness, non-bossiness, and unanimity. To
distinguish between Feng et al| (20224)’s results and ours, note that their results are established
by weakening Pareto efficiency and strengthening strategy-proofness, whereas ours are based on
another approach. We ignore all efficiency notions but consider an additional incentive property
that excludes ex-ante manipulations via endowments-swapping. It is worthwhile to note that
we cannot invoke their results to establish ours. Therefore, while there is a close connection

between our results, there is no direct logical relation between Feng et al) (2022a)’s and ours.

Another characterization result of bTTC

Here, we discuss the relation between our characterization results of bTTC (Theorem B,Theo—
rem @, and Theorem E) and Feng et al| (2022h)’s, which essentially characterize bTTC on the
basis of individual rationality, group strategy-proofness and anonymity.@ bd Since (a) group
strategy-proofness is stronger than the combination of strategy-proofness and non-bossiness
(see Remark E), and (b) there is no link between bundle endowments-swapping-proofness and

anonymity,@ our results are logically independent.

33 Anonymity says that the mechanism is defined independently of the names of the agents.
34They show that only a class of hybrid mechanisms between bTTC and the no-trade mechanism, satisfies all

of their properties.
35See Subsection 4.2 in Fujinaka and Wakayama (2018) for details.
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Object allocation problems with multi-demands and with ownership

Finally, we compare our results to Altuntas et al) (2021) and Bir¢ et al| (2022a). Both papers
consider a more general model for allocating objects to the set of agents who can consume any
set of objects. Each object is owned by an agent, but now each agent has strict preferences
over all objects, and his preferences over sets of objects are monotonically responsive to these
“objects-preferences”. In our model, we impose more structure by assuming that (i) the set of
objects is partitioned into sets of exogenously given types and (ii) each agent owns and wishes

to consume one object of each type.

Altuntas et al. (2021) consider another extension of the TTC mechanism: the generalized top
trading cycles (gTTC) mechanism, which satisfies individual rationality and Pareto efficiency but
violates strategy—proofness.@ By strengthening individual rationality and weakening strategy-
proofness, they provide a characterization result of the gT'TC mechanism (only for lexicographic
preferences). Thus, their results complement ours: if we exclude strategy-proofness, then there
exists another extension of the TTC mechanism, which performs better than our mechanisms,

in terms of efficiency and stability.

Bir6 et al| (2022a) extend bTTC from multiple type housing markets to their more general
model. They show that this extension is neither Pareto efficient nor strategy-proof. Thus, their
results show the limitation of bTTC: without the structure in our model, bTTC (which is group

strategy-proof in our model) and its extensions might be manipulable.
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27



A Appendix: proofs

A.1 The link between flexibly endowments-swapping-proofness and
stability

Statment 1. For multiple-type housing markets with lexicographic preferences /\/ll,@

(a) if an individually rational mechanism is flexibly endowments-swapping-proof, then it is

pairwise weakly stable.

(b) a strictly core-stable mechanism is not necessarily flexibly endowments-swapping-proof.

Proof. Part (a). Suppose not. Let f be a mechanism that is individually rational and flexibly
endowments-swapping-proof, but not pairwise weakly stable. Thus, there exists a market (e, R),
a pair of agents {i,j} C N, and an allocation y € X such that {i,;} strictly pairwise blocks
f(e,R) via y. By the definition of pairwise blocking, (v;,y;) is a reallocation among {i,j}
themselves, i.e., for each k € {i,j} and t € T, yj, € {¢}, €’}. Let e(i, j) be such that &; = y; and
e; = y;. Let z = f(e(i,j), R). By individual rationality of f, z; R; y; and z; R; y;. Since {3, j}
strictly blocks f(e, R) via y, z; R; y; P; fi(e, R) and z; R; y; P; f;(e, R), which contradicts flexible
endowments-swapping-proofness of f.

Part (b). Consider markets with three agents and two types, i.e., N = {1,2,3}, T =
{H(ouse),C(ar)}, O = {Hy, Hy, Hs, C, Cs, Cg}.@ Consider a market (e, R) € M, as follows.

Each agent i’s endowment is (H;, C;) and preference profile R € R} is as follows:
R, : Cy,C4,Cs, H3, Hy, Hy;

R2 : H17H2aH3aOI7CZ7C3;
R3 : Cs,C5,Cy, Hy, Hs, H.

Note that at (e, R), there are two strict core allocations = = (x1,29,23) =
((Hy, Cy), (Hy,Ch), (Hs, C3)) and y = (y1, Y2, y3) = ((Hz, Ca), (Ha, C1), (Hy, C3)).

Let f be a strictly core-stable mechanism such that f(e, R) = x.

Let &(1,3) = ((Hs, C1), (Ha, Cs), (Hy, C3)). Note that at (é(1,3), R), there is only one strict
core allocation y. Thus, f(e(1,3),R) = y. Since y; P, x; and y3 P3 x3, we find that {1,3}
can be strictly better off by swapping their endowments via €(1,3). Thus, f is not flexibly
endowments-swapping-proof.

O

3TNote that for multiple-type housing markets with lexicographic preferences, the strict core is non-empty

(Sikdar et al), R017), hence strictly core-stable mechanisms exist.
3¥Note that for two agent cases, i.e., |[N| = 2, flexible endowments-swapping-proofness, pairwise weak (or

strict) stability, and weak (or strict) core-stability are equivalent. Thus, our counterexample is made with at

least three agents.
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A.2 Proof of Theorem 1] and Theorem

Consider markets with two types, i.e., T = {1,2}. Suppose that there is a mechanism f that
is individually rational, strategy-proof, and flexible endowments-swapping-proof (or pairwise
weakly stable).

Let (e, R) € M; be defined as follows.

At Ry, agent 1’s type order is 7 : 1,2, and the only object that he prefers to one of his

endowments is the type-1 endowment of agent 2, i.e.,

1.1 1
Ry :ey,eq,. ..

2. 2
Ri:ef,....

At R, agent 2 only prefers the type-1 and type-2 endowments of agent 1 to some of his

endowments, i.e.,

1,1 1
Ry iep,e,. ..

Ry :e2ea . ...
For each i = 3,...,n, agent i prefers his full endowment to all other allotments, i.e.,

R} :e
R?:¢é? ...

Let x,y € X be such that at = agents 1 and 2 swap their endowments of both types, i.e.,

Ty = (65763)7
T = (6176%)7

and foreach i =3,....,n, x;=c¢;
and at y agents 1 and 2 swap their endowments of type-1, i.e.,

Y1 = (65763)7
Yo = (617 eg)v

and foreach i =3,....,n, y; =e¢;.

Obviously, = # y. Also note that agent 1 prefers y to x while agent 2 prefers x to y, i.e., y; Py 21
and x9 P yo.

By individually rationality of f, f(e,R) € {x,y,e}. By flexible endowments-swapping-
proofness (or pairwise weak stability) of f, f(e, R) € {x,y}.

Next, we define two preferences R}, R, € R, for agents 1 and 2.

At R}, agent 1’s type order is ] : 2,1, and the marginal preferences of R} are the same as

: /1 _ pl /2 __ D2 /.2 1 .1
Rl, l.e-, Rl _R17R1 _R17 and Rl .61,...762,61,...
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At R), agent 2’s type order is 7, : 2,1, and the only object that he prefers to one of his

endowments is the type-2 endowment of agent 1, i.e.,

no.o1 1
Ry ey, eq,...

2.2 2
Ry ef,es,. ...
and
roo1 1 2 2
Ry :es, ey, ... e7,€65,. ...

Suppose that f(e, R) = x. By individually rationality of f, f(e,R},R_1) € {y,e}. By
strategy-proofness of f, fi(e, Ry, R_1) # y1. Thus, fi(e, R}, R_1) = e; and hence f(e, R}, R_1) =
e. However, this violates flexible endowments-swapping-proofness (or pairwise weak stability) of
f, because {1,2} can be strictly better off by swapping their endowments of type-1 (or strictly
block e via y).

Suppose that f(e, R) = y. By individually rationality of f, f(e, Ry, R_3) € {z,e}. By
strategy-proofness of f, fo(e, Ry, R_s) # xo. Thus, fa(e, Ry, R_5) = ey and hence f(e, Ry, R_) =
e. However, this violates flexible endowments-swapping-proofness (or pairwise weak stability)
of f, because {1,2} can be strictly better off by swapping their endowments of both types (or
strictly block e via x).

A.3 Auxiliary properties and results

We introduce the well-known property of (Maskin) monotonicity, which requires that if an
allocation is chosen, then that allocation will still be chosen if each agent shifts it up in his
preferences. We formulate monotonicity as well as our first auxiliary result for markets with
strict preferences M; however, we could use markets with separable preference M, and with

lexicographic preferences M; instead.

Let ¢ € N. Given preferences R; € R and an allotment x;, let L(z;, R;) = {y; € [;e7O" |
x; R;y; } be the lower contour set of R; at z;. Preference relation R, is a monotonic transformation
of R; at x; if L(z;, R;) C L(x;, R.). Similarly, given a preference profile R € RY and an allocation
x, a preference profile R’ € RY is a monotonic transformation of R at x if for each i € N, R, is

a monotonic transformation of R; at z;.

Definition (Monotonicity).
A mechanism f is monotonic if for each (e, R) € M and for each monotonic transformation

R € RN of R at f(e, R), we have f(e, R') = f(e, R).
Strategy-proofness and non-bossiness imply monotonicity.

Lemma 1 (Lemma 3 in Feng et al) (2022a)).
For markets with strict preferences M (M | M,, respectively), if a mechanism is strategy-proof

and non-bossy, then it is monotonic.
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Next, we list some useful results based on strategy-proofness, non-bossiness, and monotonic-
ity.

Fact 1 (Fact 1 in Feng et al| (20224)).

Let z; be an allotment. Let R;, R; be lexicographic preferences such that (1) m; = 7; and (2) for
eacht € T, R! is a monotonic transformation of R! at z!. Then, R; is a monotonic transformation
of R; at x;.

Fact 2. Let f be a strategy-proof and non-bossy mechanism. Let R € R, z = f(e,R), i € N,
and R; € R; be preferences that only differ with R; in the marginal preference of the most
important type (type-t), i.e., (1) m = w7 where 7/(t) = 1, and (2) for each 7 # t, R] = R}".

If fi(e, Rf,R_;) = 2L, then f(e, Rf,R_;) = .

Proof. 1t is without loss of generality to assume that ¢t = 1 and m; : 1,...,m. Let y =
f(e, Ry, R_;) and assume y! = z!. By strategy-proofness of f, z; R; y; and y; R} z;. Since R;
are lexicographic preferences, z; R; y; implies 22 R? y?. Similarly, since R} are lexicographic
preferences, y; R} z; implies y? R 2. Since R? = R}?  we find that 2? = y?. Applying the

same argument sequentially for type-7 marginal preferences with 7 = 3,...,m yields z; = ;.

By non-bossiness of f, z = y. [

A.4 Alternative definition of bTTC and results

We restate bTTC for lexicographic preferences by adjusting the multiple-type top trading cycles
(mTTC) algorithm from Feng and Klaus (2022).

The bundle top trading cycles (bTTC) algorithm / mechanism.

Input. A multiple-type housing market (e, R) € M,.

Step 1. Building step. Let N(1) = N and U(1) = O. We construct a directed graph G(1)
with the set of nodes N(1) UU(1). For each o € U(1), we add an edge from the object to its
owner and for each ¢ € N(1), we add an edge from the agent to his most preferred object in O
(according to the linear representation of R;). For each edge (i,0) € N x O we say that agent i
points to object o.

Implementation step. A trading cycle is a directed cycle in graph G(1). Given the finite
number of nodes, at least one trading cycle exists. We assign to each agent ¢ in a trading cycle
the object that he pointed to, and denote the object assigned to him in this step by a;(1).
Moreover, let e;(1) be the whole endowment of object a;(1)’s owner, and assign the allotment

x;(1) = {e;(1)} to agent i. If agent i € N was not part of a trading cycle, then x;(1) = (.

Remowval step. We remove all agents and objects that were assigned in the implementation

step, let NV(2) and U(2) be the remaining agents and objects, respectively. Go to Step 2.
In general, at Step ¢ (> 2) we have the following:
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Step q. If U(q) (or equivalently N(q)) is empty, then stop; otherwise do the following.
Building step. We construct a directed graph G(q) with the set of nodes N(q) U U(q). For
each o € U(q), we add an edge from the object to its owner and for each i € N, we add an
edge from the agent to his most preferred feasible continuation object in U;(q) (according to the
linear representation of R;).
Implementation step. A trading cycle is a directed cycle in graph G(g). Given the finite
number of nodes, at least one trading cycle exists. We assign to each agent ¢ in a trading cycle
the object that he pointed to, and denote the object assigned to him in this step by a;(q).
Moreover, let ¢;(¢q) be the whole endowment of object a;(q)’s owner, and assign the allotment
zi(q) = {ei(q)} to agent 7. If agent i € N was not part of a trading cycle, then x;(q) = 0.
Remowval step. We remove all agents and objects that were assigned in the implementation
step, let N(g+1) and U(g+1) be the remaining agents and objects, respectively. Go to Step ¢+1.
Output. The bTTC algorithm terminates when all objects in O are assigned (it takes at
most n steps). Assume that the final step is Step ¢*. Then, the final allocation is x(¢*) =
{z1(q7), . 2a(q”)}-

The bundle top trading cycles (bTTC) mechanism, bTTC, assigns to each market (e, R) € M,
the allocation z(¢*) obtained by the bTTC algorithm.

Example 2 (bTTC).
Consider (e, R) € M; with N = {1,2,3}, T'= {H (ouse),C(ar)}, O = {Hy, Hy, H3,C}, Cs, Cs},

each agent i’s endowment is ¢; = (H;, C;), and
Rl . H2a H3a Hla 037 CQa Cla

R, : 01702703,H3,H2,H1,
R3 : H27H17H37017C3702'

The bTTC allocation at (e, R) is obtained as follows.
Step 1. Building step. G(1) = (N U O,E(1)) with set of directed edges FE(1) =
{(Hla 1)7 (H27 2)7 (H37 3)7 (Ola 1)7 (027 2)7 <C37 3)7 (17 H2)7 (27 Cl)a (37 H2>}
Implementation step. The trading cycle 1 — Hy — 2 — C; — 1 forms. Then, a;(1) = Ha,
ag(l) = Cl, and 61(1) = {HQ,OQ}, 62(1) = {Hl,C’l}; thus, 1’1(1) = {HQ,CQ}, .172(]_) = {Hl,C’l},
and x3(1) = 0.
Removal step. N(2) =3, U(2) = {Hs,Cs}.
Step 2. Building step. G(2) = (N(2) U U(2),E(2)) with set of directed edges F(2) =
{(Hi’n 3)7 (037 3)7 (37 H3)}

Implementation step. The trading cycle 3 — H3; — 3 forms. Then, a3(2) = H; and
63(2) = {Hg,Cg}; 1’1(2) = {HQ, OQ}, IEQ(Q) = {Hl,C’l}, and [L‘3(2) = {Hg, 03}
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Remowal step. N(3) =0 and U(3) = 0.
Thus, the bTTC algorithm computes the allocation x = ((Hy, Cs), (Hy,Ch), (Hs, C3)).  ©

Our next lemma states that Fujinaka and Wakayama (2018, Lemma 1) partially extends to

multiple-type housing markets with lexicographic preferences M.

Given a market (e, R) € M, let C(e, R) be a set of top trading cycles that are obtained at
step 1 of the re-defined bTTC mechanism above at (e, R). We say that a trading cycle C' is a
first step top trading cycle if C' € C(e, R). For each first step top trading cycle C, let S¢ C N
be the set of agents who are involved in C, and for each ¢ € S¢, let ¢; be the object that agent
i points at in C, and t; be the type of object ¢;, i.e., ¢; € O%. We say that a trading cycle C' is
executed under f at (e, R) if for each i € S¢, agent i receives ¢; at f(e, R).

Lemma 2. If a mechanism f : M; — X is individually rational, strategy-proof, and bundle
endowments-swapping proof, then for each (e, R) € M,, each first step top trading cycle C(€
C(e, R)) is executed under f at (e, R).

Proof. The proof is a straightforward extension of Fujinaka and Wakayama (2018, Lemma 1).
Let C € C(e, R) be a first step top trading cycle that consists of agents S C N. We prove this
lemma by induction on |S¢|.

Induction basis. |Sc| = 1. In this case, agent i € S points to one of his endowed object, i.e.,
ci € e; and hence C' = (i — ¢;(= e}') — i). Since preferences are lexicographic, i.e., R; € Ry, i
will be strictly worse off if he receives any other type-t; objects. Thus, C' must be executed by

individual rationality of f.

Induction hypothesis. Let K € {2,...,n}. Suppose that C' is executed when |S¢| < K.
Induction step. Let |Sc| = K. Without loss of generality, assume that S¢ = {1,..., K}
and C = (1 —¢; 52 —=>c — ... > K — cxg — 1). See the figure below for the graphical

explanation.
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By contradiction, assume that C' is not executed. Thus, there is an agent ¢ € S who does
not receive ¢;, i.e., fi'(e, R) # ¢;. Let R; be such that i only wants to receive type-t; object ¢;
and no other objects, i.e.,

Rt NONCL
for cach t € T\ {t;} : R' : ¢!,..., and
mi(t;) = 1.

Note that at Ri, if + does not receive ¢;, then from individual rationality of f, he must receive
his full endowment e;.

Let R = (R;, R_;) and M; = (e, (R;, R_;)). We proceed in two steps.

Step 1. We show that agent i receives & under f at M;, ie., fli(M;) = c;.

By individual ratJOnahty of f, fi{(M;) € {c;,€l*}. By strategy-proofness of f, f*(e, R) # ¢;
implies that f ( ) + c,, otherwise instead of R;, agent i has an incentive to misreport R; at
(e, R). Thus, fI(M;) = e!*. Then, by individual rationality of f, fi(M;) = e;. Thus, agent i — 1
cannot receive ¢;_; from agent ¢ because it is assigned to agent i. Overall, we find that

fiH (M) = € # ¢ and i (M) # ¢ (€ e). (1)

Let agents ¢ — 1 and ¢ swap their endowments completely. i.e., /(i — 1,7). Note that at
e(i—1,1), i —1 owns e;(= €}_,) and i owns e;_1(= ¢;). Correspondingly, i — 1 owns his most
preferred object ¢;_1(€ e;), and i owns ¢;_o(€ e;_1), recall that ¢;_» is agent i — 2’s most preferred
object.

Consider M! = (¢'(i — 1,7), (R;, R_;)). at M!, there are two first step top trading cycles
C'=(@(-1—=¢i1—=i—1landC"=1—c1=>2—...51—-2—>¢ o—i—>¢—i+l...—
K — cx — 1) at M/, ie., C',C" € C(M!). See the figure below for the graphical explanation.

Note that |Sev| = 1 and [Ser| = K — 1. Thus, by the induction hypothesis, these two

cycles are executed under f at M]. Hence, agents ¢ — 1 and 7 receive their most preferred
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object at f(M!). Thus, together with (E]), we find that 7' (M!) = ¢y P70 f5H(M;) and

(2

ftl (M{) =C; Ptl fztl(Mz) Therefore, fz—l(M@,) F)i—l fz—l(Mz) and fz(M@,) R fz(Mz) HOWGVQI‘, this

3 [

implies that f is not bundle endowments-swapping proof, a contradiction.

Step 2. We show that agent i receives ¢; under f at (e, R), i.e., fi'(e, R) = ¢;.
Note that ¢; is agent i’s most preferred object at R;. By strategy-proofness of f, fi(e, R) R;
fi(M;). Hence, f'(e, R) R% f'(M;) = ¢;, which implies that f' (e, R) = ¢. O

A.5 Proof of Theorems , @, and @
Proof of Theorem

It is well-known that the TTC mechanism satisfies individual rationality, strategy-proofness,
non-bossiness, and endowments-swapping-proofness for Shapley-Scarf housing markets. By using
similar arguments we also obtain that bTTC inherits individual rationality, strategy-proofness,
non-bossiness, and bundle endowments-swapping-proofness from the underlying top trading cy-
cles algorithm for the restricted market (e, R|?). So we only show that bTTC is the only mech-
anism satisfying all our properties above.

Next, we show that all agents who are involved in top trading cycles at step 1 of bTTC,
have to receive the corresponding bTTC allocation. Note that in the proof below, we do not use
bundle endowments-swapping-proofness. That is, we only use individual rationality, strategy-
proofness, non-bossiness, and monotonicity. Thus, from now and until the end of the proof, we
will denote a market simply by its preference profile, e.g., f(R) instead of f(e, R), when the rest
in the proof is clear. We will show that for each R € RY, f(R) = bTTC(R).

Let f : R — X be a mechanism satisfying our all properties above. By Lemma m, fis
monotonic.

For each market R € R, each first step top trading cycle C' € C(R), each i € Sc and
¢; € O, let i’ be the owner of ¢;. Since ¢ and ¢ are involved in C, i/ € Sc. We say that a trading
cycle C'is fully executed under f at (e, R) if for each i € S¢, agent i receives ey at f(e, R), i.e.,
file, R) = ey.

Lemma 3. For each R € RY, each C € C(R), and each i € S¢, f;(R) = bTTC;(R).

Proof. Let C € C(R) be a first step trading cycle that consists of agents So C N. We prove
this lemma by induction on |S¢|.
Induction basis. |Sc| = 1. In this case, agent ¢ € S points to one of his endowed object,
i.e., ¢; € e;. Without loss of generality, assume that S¢ = {1} and 7y : 1,.... Thus, C' = (1 —
el — 1).

Let y = f(R). By contradiction, suppose that y; # e;. Note that by Lemma , C is executed,
and hence yi' = ef'. Let t € T\ {t;} be such that y! # e!. Without loss of generality, assume

that agent 1 receives agent 2’s endowment of type-t at y, i.e., yi = €b.
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Let R € RN be such that each agent j positions y; at the top and changes his importance
order as my, i.e., (i) for each agent j € N, &; = my : t1,...; and (ii) for each j € N and each
Tel, Ry yl,... )

By monotonicity of f, f(R) =1y

Let Rs be such that

Tty = Mo(= 1),
Ry el yit ..., and
For each 7 € T'\ {t,}, R} = Rj.
Let
R = (RQ, R,Q).

Note that by strategy-proofness of f, agent 2 either receives e} or y4'; otherwise he has an
incentive to misreport R, at R. Moreover, C is still a first top trading cycle at R, i.e., C € C(R).
Thus, by Lemma E, C is executed and hence agent 1 receives e}' at f(R). See the figure below

for the graphical explanation.

t
€9

Thus, agent 2 still receives y5', and hence by Fact E,

f(R) = f(R) = y and particularly, f(R) = y'* = el (2)

Let R; be such that agent 1 only changes his importance order as ¢ is the most important,
ie, 7 :t,...and Ry = (}A%%, o ,}?’1”, 7).
Let
R=(R,,R.,).

By monotonicity of f, f(R) = f(R) = y. However, at R, there is a first step top trading
cycle C" € C(R) consisting of agents 1 and 2, i.e., C' = (1 — ei(= y!) = 2 — €' — 1). See the

figure below for the graphical explanation.
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By Lemma E, C’ is executed under f at R. Thus, f;l(é) = €!', which contradicts with the
fact that fI'(R) = yi* = €' (see (B))
Induction hypothesis. Let K € {2,...,n}. Suppose C' is fully executed when |S¢| < K.

Induction step. Let |Sc| = K. Without loss of generality, assume that S¢ = {1,..., K}
and C = (1 - e} -2 = --- = K — €% — 1). We will prove that for each i € S¢,
fi(R) =bTTC;{(R) = e;11 (mod K).

Let x = bTTC(R), y = f(R), and by contradiction, suppose that there is an agent ¢ € S¢
such that y; # x;. Without loss of generality, let ¢ = 1. By Lemma E, C' is executed under f at
R. In particular,

1t tk _ Ltk _ tK
Yt = ey =7 and ¥ = e =ik, (3)

Since y1 # x1(= e3), there is a type t € T'\ {t;} and an agent j # 2 such that y] = e}. There
are two cases.

Case 1: j € S¢. Let Ry be such that agent 1 positions y; at the top and moves ¢ to the most
important, i.e., (i) 7, : ¢,...; and (ii) for each 7 € T, ]%I D yYl,. ... Since R, is a monotonic

transformation of Ry at y, we have
f(Rl, R_1) = f(R) = y and particularly, ffl(—ffl, R_y) = ey (4)

Note that there is a first step top trading cycle C' = (1 — €} — j — 6?}1 - i+l = —
K — el = 1) at (Ry,R_y). ie., C' € C(Ry, R_y). Since j # 2, cycle €’ contains less than K
agents. There are two sub-cases.

Sub-case one: K = 2. j € S¢ implies That j =1 and C" = (1 — e} — 1), then we are back

to the situation in the induction basis, see the figure below for the graphical explanation.
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Thus, by the the induction basis, fi(Ry, R_1) = e; and hence f!*(R;, R_;) = e!*, which contra-
dicts with the fact that fi*'(Ry, R_;) = €% (see (@))
Sub-case two: K > 2. By the induction hypothesis, cycle C”’ is fully executed at f (]:21, R_4).
Therefore, fi(Ry, R_1) = e; and hence fi*(Ry, R_;) = e’*, which contradicts with the fact that
(R, Roy) = € (see ().

Case 2: j € So. Let R; be such that (i) #; : tg,...; (ii) fi;’( : e’iK,y;K, ...; and (iii) for each
TeT\{tx}, B} - y],.. ..

Let

R=(R;,R_;).

Note that C' is still a first step top trading cycle at R, and hence, by Lemma E, C' is executed.

In particular, with (B), we have
W(R) =y = €. ()

So, agent j does not receive e!* at f (R) So, by strategy-proofness of f, fj(Z:E) = y;; otherwise

he has an incentive to misreport R; at R. So, by non-bossiness of f, f(R) = y.

Let R, be such that agent 1 positions v, at the top and moves ¢ to the most important, i.e.,
(i) 7 : t,...; and (ii) for each 7 € T, R} : y7,.... Let

R = (Rl, R_l).
Since R; is a monotonic transformation of }?1(: Ry) at y, we have
f(R) = y and particularly, fi<(R) = ei¥. (6)

Note that C' = (1 — yi(=€}) — j — €} — 1) is a first step top trading cycle at R, i.c.,

C" € C(R). See the figure below for the graphical explanation.
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Thus, by Lemma @, cycle C” is executed at f(R). Therefore, f;K(R) = ¢l¥. Since j € S¢, this
contradicts with the fact that f(R) = e!* (see (E)) O

By Lemma a, we have shown that agents who trade at step 1 of the bTTC algorithm always
receive their bTTC allotments under f. Next, we can consider agents who trade at step 2 of the
bTTC algorithm by following the same proof arguments as for first step trading cycles, and so
on. Thus, the proof of Theorem B is completed.

Proof of Theorem @

Proof. Let f : My — X be individually rational, strategy-proof, non-bossy, and bundle
endowments-swapping proof. Note that by Lemma [l|, f is monotonic.

Let S C N and (e, R) € M, be such that only agents in S do no have lexicographic
preferences, i.e., Ry ¢ Ry and R_g € R;®. We show that f(e, R) = bTTC/(e, R) by induction
on |S|.

We first consider S = {i}, i.e., |S| =1 as the induction basis.

Let x = f(e,R) and y = 0T'TC(e, R).

Let R; € R; be such that for each t € T, Rl : t, ...

By monotonicity of f, f(e, (R;, R_;)) = x. Note that (R;, R_;) € RY. Thus, by Theorem B,
f coincides with bTTC, i.e., bTTC(e, (R;, R_;)) = f(e, (R;, R_;)) = z.

Let R; € R; be such that (a) @; = #;; and (b) for each t € T, R : ¢, . ..

By monotonicity of ¥TTC, bTTC (e, (R;, R_;)) = y. Note that (R;, R_;) € RY. Thus, again
by Theorem B, fe, (R, R_;)) = bTTC(e,(R;, R_;)) = .

By strategy-proofness of bTTC', y; = bTTCy(e, R) R; bTTCy(e, (R;, R_;)) = x;; by strategy-
proofness of f, x; = fi(e,R) R; fi(e,(R;, R_;)) = y;. Thus, 7; = y;. Subsequently, by non-
bossiness of bTTC, & = bT'TCe, (R;, R_;)) = bT'TC e, (R;, R_;)) = y.

We can apply repeatedly the same argument to obtain that for |S| € {2,...,n}, and for
each profile R € RY where exactly |S| agents have non-lexicographic preferences, f(e, R) =
bI'TC(e, R). Thus, for each (e, R) € My, f(e, R) = bTTC(e, R). O

Theorem H can be proven by exactly the same way to Theorem @ and hence we omit it.
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A.6 Proof of Theorems @, B, and @

Feng et al| (2022a) show that ¢TTC is individual rationality and strategy-proofness. Thus, here
we only show that ¢TTC is one-type endowments-swapping-proof.

By contradiction, suppose that ¢TTC is not one-type endowments-swapping-proof. Thus,
there exists a market (e, R), a type ¢, a pair of agents {7, j}, and a new endowment allocation by
one type swapping é(t, i, j) such that cI'T'C;(é(t, 14, j), R)P,cTTC;(e, R) and ¢cTTC;(é(t,1,7), R)P;
cI'TCj(e,R). Let x = cITC(e,R) and y = I'TC(é(t,1,7), R). By the definition of ¢cTTC, we
know that

(i) for each 7 # ¢, 2] =TTC] (e”, R) = y] and 27 = TTCT(e", R) = y].
(ii) ; = TTCj(e, R') and 2% = TTCj(e, R').
(iil) y; = TTC}(é'(t,4,5), R') and yt = TTCL(é (.4, 5), R").

Since the TTC mechanism is endowments-swapping-proof (Fujinaka and Wakayamal, 2018),
together with (ii) and (iii), we find that for one agent k € {i,5}, « Ry yi.. However, by (i),

yi P, x; and y; P; x; implies that y!

P} x} and yj P} 2%, a contradiction.
Next, we show that ¢TTC is the only mechanism satisfying all our properties above. Let
f: M; — X be a mechanism that is individual rationality, strategy-proofness, and one-type

endowments-swapping-proof.

A result for restricted preferences

We first consider a restricted domain RY such that all agents share the same importance order

7. It is without loss of generality to assume that 7 :1,...,m.

Proposition 1. For each market (e, R) with restricted preference profile R € RY, f(e,R) =
cITTC(e, R).

The proof of Proposition m consists of three claims.

First, we show that for each market with restricted preferences, f assigns the ¢TTC allocation

of type-1.
Claim 1. For each (e, R) with R € RY, fl(e,R) = cIT'TC(e, R).

Proof. Note that the proof is similar to Lemma E

Let C be a first step top trading cycle under TT'C" at (e, R) that consists of a set of agents
Sc € N. We first show that C' is executed at f(e, R) by induction on |S¢|.
Induction basis. |Sc| = 1. In this case, agent i € S¢ points to his type-1 endowed object,
i.e., C = (1 — e} — 1). Since preferences are lexicographic, agent 1 will be strictly worse off if

he receives any other type-1 object. Thus, by individual rationality of f, C' must be executed.
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Induction hypothesis. Let K € {2,...,n}. Suppose that C' is executed when |S¢| < K.

Induction step. Let |S¢| = K. Without loss of generality, assume that Se = {1,..., K} and
C=1—=el—=2—...5K—=el—=1).

By contradiction, assume that C' is not executed. Thus, there is an agent ¢ € S who does
not receive e;,, i.e., fl(e, R) # e}, ;.

Let R; € R, be such that i only wants to receive one type-1 object e} 41 than his type-1

endowment, i.e.,

Riel el
for each t € T\ {1} : Rt = R!, and
ﬁlzﬂll,...,m.

Note that at ]A%Z-, if ¢ does not receive e;,,, then by individual rationality of f, he must receive
his type-1 endowment e} .

Let R= (R;, R_;) and M; = (e, (R;, R_;)). We proceed in two steps.
Step 1. We show that agent ¢ receives e}, ; under f at M;, ie., fH(M;) = el

Since R; € R; and f is individually rational, f}(M;) € {el,,,et}. By strategy-proofness of
fy fi(e, R) # ek, implies that f}(M;) # el,,, otherwise instead of R;, agent i has an incentive
to misreport R; at (e, R). Thus, f}(M;) = e!. Thus, agent i — 1 cannot receive e! from agent i

because it is assigned to agent . Overall, we find that
le(Mz) =¢; # ey and fil—l(Mi) # e} (7)

Consider that agents i — 1 and ¢ swap their type-1 endowments, i.e., é(t = 1,7 — 1,7). Note
that at this new endowment allocation, i — 1 owns his most preferred object e}, and ¢ owns e;_,
and recall that e!_, is agent (i — 2)’s most preferred type-1 object. Consider that M/ = (é(t =
1,i—1,1), (R;, R_;)). At M, there are two first step top trading cycles " = (i—1 — e} — i—1)
and C" = (1 —eb =2 ... 5i-2—>e | —isel,, »i+tl... > K—el —1)at M.

See the figure below for the graphical explanation.
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Note that |Ser| =1 and |Sev| = K — 1. Thus, by the induction hypothesis, these two cycles
are executed under f at M.

Hence, agents i — 1 and i receive their most preferred object at f(M!). By (H), fL (M) =
el PL, fL (M;) and f(M) = el P} fNMG).  Therefore, f_1(M!) Py fi_1(M;) and
fZ(M{) P, fZ(MZ) However, this implies that f is not one type endowments-swapping-proof,
a contradiction.

Step 2. We show that agent ¢ receives e}, , under f at (e, R), i.e., f}(e,R) = e} ;.

Note that e}, is agent ¢’s most preferred type-1 object at R;. By strategy-proofness of f,
file, R) R; fi(M;). Hence, fl(e, R) R} f}(M;) = el 1, which implies that f}(e, R) = e} ;.

It suffices to show that C' is executed at f(e, R) because once we have shown that agents who
trade at the first step of the TTC algorithm (of type-1) always receive their TTC allotments of
type-1 under f, we can consider agents who trade at the second step of the TTC (of type-1) by
following the same proof arguments as for first step trading cycles, and so on. Thus, the proof
of Claim EI is completed. ]

Note that at step 1 and step 2 of the proof of Claim m, we only require that agents in S¢ have
restricted preferences in R, i.e., if Rs, € R5¢ then for any R_g, € R;*, f} (Rsy, Ros.) =
I'TCs, (Rs., R_s,,). Therefore, Claim EI implies the following fact.

Fact 3 (Restricted preferences).
For each (e, R) with R € RY, let C = {C},C,,...,C;} be the set of top trading cycles that
are obtained via the TTC algorithm of type-1 at (e!, R'). Moreover, for each top trading cycle
C; € C, assume that C; is executed at step s;, and without loss of generality, assume that if
1 < then s; < sy.
For each C; € C, if all agents in S¢,, Sc,,-..,Sc,_,,Sc, have restricted preferences, then
Ci,...,Ci_1,C; are executed, regardless of the preferences of other agents in Cjyq,...,C.
Formally, for each C; € C, let 8" = Ui_,S¢,. If (e, R) is such that for each j € S, R; € R,
then fi,(e, R) = ¢cTTC% (e, R).

Next, we show that for each agent, his type-2 allotment is weakly better than his type-2

endowment.
Claim 2. For each (e, R) with R € RY and each i € N, f2(e, R) R? €2.

Proof. By contradiction, assume that there exists a market (e, R) with R € RY and an agent
i € N such that e? P? f?(e, R).
Let y = f(e, R). Recall that by Claim EI, yt = cT'TCY (e, R) = TTC (e, RY). Tt is without

loss of generality to assume that ¢+ = 1. Since Ry € R, and f is individually rational,
yi # €. (8)
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Let 1:21 € R, be such that

R eyl ...,
for each t € T\ {2}, R' : ¢!, €!,..., and
m=m:1...,m.

By strategy-proofness of f, fi(e, Ry, R_1) = y1. Note that 7y =7 :1,...,m and (Rl, R, €
RY. By Claim EI, fYe, Ry, R_y) = ¢TTC" (e, Ry, R_y) = y'.

Let R; € R; be such that R; and Rl only differ in the importance order, where the orders
of type-1 and type-2 are switched, i.e., 71 : 2,1,3,...,m and R = (}/\2%, e R{”,ﬁl).

By individual rationality of f, f?(e, Ri, R_1) = €2. Therefore, by individual rationality of f,
fie, Ry, Rov) € {yi, et} )

By strategy-proofness of f, fi(e, Ri, R_1) # fi(e, Ry, R_1) = yi; otherwise agent 1 has an
incentive to misreport R; at (]:21, R_4). Thus,

f11(67R1aR—1) :6%. (9)

Next, we show that (E) contradicts with one type endowments-swapping-proofness of f.

let ¢ be the step of the TTC algorithm at which agent 1 receives his type-1 object yi. Let C'
be the corresponding top trading cycle that involves agent 1, i.e., 1 € Sc.

Note that by Claim m and Fact B, all top trading cycles that are obtained before step ¢ are
executed at f(e, Ry, R_1). Thus, by the definition of TT'C, we know that for each agent in Sc,
the object that he pointed at in C' is his most preferred type-1 object among the unassigned
type-1 objects, i.e., for each i € S¢, all better type-1 objects for him, are assigned to someone
else via top trading cycles that are obtained before step £.

Since yi # e} (see (B)), |Se| > 1. We show a contradiction by induction on |S¢|.
Induction basis. |Sc| = 2. Without loss of generality, let C = (1 — e} — 2 — e] — 1). Since
fi(e, Ry, R_1) = el (see (E)), agent 2 does not receive his most (feasible) preferred object ef.

Consider that agents 1 and 2 swap their type-1 endowments, i.e., é(t = 1,1,2). Note that
at this new endowment allocation, agent 1 owns e} and agent 2 owns ej. Consider that M’ =
(é(t=1,1,2), R;,R_,).

Recall that R} : yi(=el = é1),et(=él),. .., and for agent 2, all type-1 objects that are better
than yi(= el = él) are already assigned. Thus, By individual rationality of f, f1(M') = é1 = e}
and fj(M') = é} = e}. This implies that agents 1 and 2 are strictly better off by swapping their
type-1 endowments, which is in contradiction with one type endowments-swapping-proofness of
f.

The following induction arguments for K > 2 are similar to the induction basis part.
Induction hypothesis. Let K € {2,...,n}. Suppose that C is executed when |S¢| < K.
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Induction step. Let |S¢| = K. Without loss of generality, assume that S¢ = {1,..., K} and
hence C=(1—el—=2—... 52 K—-1—=e¢ck = K—el—=1).

Recall that by (Q), agent 1 receives his type-1 endowment and hence agent K does not receive
his most (feasible) preferred object el.

Consider that agents 1 and K swap their type-1 endowments, i.e., é(t = 1,1, K). Note
that at this new endowment allocation, agent 1 owns e} and agent K owns ej. Consider that
M =(e(t=1,1,K), R, R,).

Recall that for agent K, all type-1 objects that are better than e} (= ék) are already assigned.
Thus, By individual rationality of f, fi(M') = ék = ef. Moreover, at M’, agent 1 is involved
in a (step /) top trading cycle C' = (1 e} -2 — ... > K —1 — e} — 1). See the figure

below for the graphical explanation.

Since |Scr| = K — 1, by the induction hypothesis, C’ is executed. Thus, f(M’') = el. This
implies that agents 1 and K are strictly better off by swapping their type-1 endowments, which

is in contradiction with one type endowments-swapping-proofness of f. [

Next, we show that f also assigns the ¢TTC allocation of type-2.
Claim 3. For each (e, R) with R € RY, f?(e,R) = ¢cTTC?(e, R).

Proof. The proof is similar to Claim m, the main difference is that instead of individual ratio-
nality, we use Claim .

Let C be a first step top trading cycle under TTC? at (e, R) which consists of a set of agents
Sc¢ C N.

Similar to Claim El, we first show that C' is executed at f(e, R) by induction on |S¢/|.
Induction basis. |Sc| = 1. In this case, agent i € S¢ points to his type-1 endowed object,
i.e., C' = (i — e? — 7). Thus, by Claim E, C must be executed.

Induction hypothesis. Let K € {2,...,n}. Suppose that C' is executed when |S¢| < K.
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Induction step. Let |S¢| = K. Without loss of generality, assume that S¢ = {1,..., K} and
C=(1—e—>2—>...5K—=e—=1).

By contradiction, assume that C' is not executed. Thus, there is an agent ¢ € S who does
not receive €7, ,, i.e., fZ(e, R) # €7, ;.

Let R; € R, be such that i only wants to receive one type-2 object efﬂ rather than his

type-2 endowment, i.e.,

P2 . 2 2
R; :ej 65, ..,

for each t € T\ {2} : R' = R!, and

~

m=n:1,....,m.

Note that at R;, if i does not receive e?.,, then by Claim E, he must receive his type-2
endowment e?.

Let R = (R;, R_;) and M; = (e, (R;, R_;)). We proceed in two steps. Note that by Claim m,
UML) = ¢TTCH(M;) = ¢TTCYe, R) = f(e, R).
Step 1. We show that agent i receives €2, under f at M;, i.e., f2(M;) = €2,

By Claim E, f2(M;) € {€2,,,¢2}. By strategy-proofness of f, f?(e, R) # €2, implies that
F2(M) # €2 1, otherwise instead of R;, agent ¢ has an incentive to misreport R; at (e, R). Thus,

f2(M;) = e?. Thus, agent i — 1 cannot receive ¢? from agent i because it is assigned to agent i.
Overall, we find that

fzz(Mz) = e? G 612+1 and fizfl(Mi) 7 e?. (10)

Consider that agents ¢ — 1 and i swap their type-2 endowments, i.e., é(t = 2,7 — 1,7). Note
that at this new endowment allocation, i — 1 owns his most preferred type-2 object €2, and i
owns e? ;, and recall that e? ;| is agent (i — 2)’s most preferred type-2 object. Consider that
M = (é(t =2,i—1,4), (Ri, R_;)).

At Mi’, for type-2, there are two first step top trading cycles ¢’ = (i — 1 — €? — i — 1) and
C"=1—e=2—...2i-2=e, sisel, —itl... = K= —=1)at M.
The graphical explanation is similar to the figure in Claim [l| and hence we omit it (the only
difference is that now the superscript is type-2).

Note that |Se/| =1 and |Sev| = K — 1. Thus, by the induction hypothesis, these two cycles
are executed under f at M.

Hence, agents i — 1 and ¢ receive their most preferred type-2 objects at f(M!). By (@)7 we
find that f2,(M!) = e2P2 , f2 ,(M;) and f2(M]) = e?HPfff(Mi) . Moreover, by Claim m, agents
i— and i still receive their ¢cTTC allocation of type-1 at f(MZ’) Therefore, fi,l(Mi’) P, fi,l(Mi)
and fZ(MZ’ ) P, fl(Mz) However, this implies that f is not one type endowments-swapping proof,
a contradiction.

Step 2. We show that agent 7 receives €7, under f at (e, R), i.e., f}(e, R) = e ;.
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Note that e, is agent i’s most preferred type-2 object at R;. By strategy-proofness of f,
file, R) R; f:(MI). By Claim [l fi(e, R) = f1(M;). Hence, f2(e, R) R? f2(M;) = €2,,, which
implies that f?(e, R) = €7,,.

It suffices to show that C'is executed at f(e, R) because once we have shown that agents who
trade at the first step of the TTC algorithm (of type-2) always receive their TTC allotments of
type-2 under f, we can consider agents who trade at the second step of the TTC (of type-2) by
following the same proof arguments as for first step trading cycles, and so on. Thus, the proof

of Claim E is completed. O

By Claim m and Claim a, we know that for each (e, R) with R € RY, the allocations of
type-1 and type-2 under f are the same as ¢T'T'C allocation, i.e., f'(e, R) = ¢cI'TC'(e, R) and
f?(e,R) = ¢cT'TC?*(e,R). By applying similar arguments, we can also show that f?(e, R) =
c¢I'TC3(e, R) and so on. Thus, we conclude that for each (e, R) with R € RY, and each t € T,
ft(e, R) = ¢I'TC*(e, R), which completes the proof of Proposition m

Proof of Theorem 6 and 7

The proof of Theorem 6 will be shown by extending Proposition m to the full domain of lexico-
graphic preference profiles.

Let S C N and (e, R) be such that only agents in S do no have restricted (but lexicographic)
preferences, i.e., R_g € R;g and for each i € S, R; € R,. We show that f(e, R) = cITTC(e, R)
by induction on |S].

We first consider the case that only agent ¢ does no have restricted (but lexicographic)

preferences, i.e., S = {i}. We will show that f still assigns the cTTC allocation.

Lemma 4. For each (e,R) € M;, each i € N with R; ¢ R, and R_; € R.", f(e,R) =
cITC(e, R).

The proof of Lemma @ consists of four claims.

It is without loss of generality to assume that ¢ = 1. Thus, R; € R; and m # 7. Let
y= f(e,R) and z = cI'TC(e, R).

We first show that agent 1 still receives his ¢TTC allocation at R, i.e., y; = xy.

Claim 4. y; = z;.

Proof. Suppose not.

Let Ry € R, be such that Ry and R; are only different in the importance order, i.e., for each
teT, R =R and 7, = 7:1,...,m. Note that (R, R_;) € RY and hence by Proposition m,
fle, Ry, R_y) = cTTC(e,R) = x.

Note that if for each t € T, zt R! 3%, then agent 1 has an incentive to misreport R; at R.
Thus, by strategy-proofness of f, there exists one type 7 € T such that y] P z7.
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Note that by the definition of ¢T'T'C, ] R] e] and hence y] # €}. Overall, we have
y1 P a1 Ry ey, (11)
Let R, € R, be such that for each type t € T, agent 1 positions y! first and €} second, i.e.,

foreachtET:f%ﬁ:yi,e'i,...;
m=n:1,....m

Let
R = (Rl, Rfl).
By strategy-proofuess of f, fi(e,R) = fi(e,R) = y;. Also note that R € RY. Hence, by
Proposition m, fle,R) = ¢I'TC(e, R). In particular, y] = ¢T'TC] (e, R).
Next, we show that ¢T'TCT (e, R) e]. By the definition of ¢T'TC,

CTTCf (e, R) = TTC](e!, R) € {7 €. (12)

Recall that <I'TC7(e,R) = TTC"(e",R") = a7 and y] Py z7 R] e] (see (@)) Thus, by
strategy-proofuness of TTC, ] = TTCY (e, R") R[TTC] (e, R™). Together with (), we conclude
that TTC (e, R™) = e]. It implies that ¢T'TC] (e, Ry, R_1) = €] # y7. O

Note that Claim @ implies that for each (e, R) with (Ry, R_1) € (R;\R») X RN\ file,R) =
cI'TCy(e, R).
Next, we show that y = x by applying similar arguments in Claims EI, E, and B

Claim 5. For cach (e, R) with (Ry, R_,) € (R;\ R) x RN f1(e, R) = ¢TTC (e, R).

Proof. Let ¢ be the step of the TTC algorithm at which agent 1 receives type-1 object yi(=
x{ = ¢T'TC}(e,R)). Let C be the corresponding top trading cycle that involves agent 1, i.e.,
1eSe.

Note that by Claim m and Fact B, all top trading cycles that are obtained before step ¢ are
executed at f(e, R). Moreover, if C'is executed, then again by Claim m and Fact E, all remaining
top trading cycles are also executed. Thus, it suffices to show that C' is executed, i.e., for each
i € Sc, fi(e,R) =cTTC}(e, R).

Since all top trading cycles that are obtained before step ¢ are executed, by the definition of
TTC, we know that for each agent in S¢, the object that he pointed at in C' is his most preferred
type-1 object among the unassigned type-1 objects, i.e., for each ¢ € S¢, all better type-1 objects
for him, are assigned to someone else via top trading cycles that are obtained before step /.

Similar to Claim EI, we show that C' is executed at f(e, R) by induction on |S¢|.
Induction basis. |Sc| = 1. In this case, So = {1}. By Claim @, fi(e,R) = ¢T'TC{ (e, R).
Induction hypothesis. Let K € {2,...,n}. Suppose that C' is executed when |S¢| < K.
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Induction step. Let |S¢| = K. Without loss of generality, assume that S¢ = {1,..., K} and
C=(1—el—>2—...5K—=ef—1).

By contradiction, assume that C' is not executed. Thus, there is an agent i € S¢ \ {1} who
does not receive e} 4, i.e., fi(e,R) # ej ;.

Let R; € R, be such that i only wants to receive one type-1 object e} 41 than his type-1

endowment, i.e.,

Rl:el el ...,
for each t € T\ {1} : R' = R!, and
m=m:1...,m.

Note that at R;, if ¢ does not receive el 1, then by individual rationality of f, he must receive
his type-1 endowment e;.

Let R = (R;, R_;) and M; = (e, (R;, R_;)). We proceed in two steps.

Step 1. We show that agent i receives e}, under f at M;, i.e., f1(M;) = e, .

Since R; € R; and f is individually rational, f1(M;) € {el,,,el}. By strategy-proofness of
£, fi(e, R) # el , implies that f!(M;) # el, ,, otherwise instead of R;, agent i has an incentive
to misreport R; at (e, R). Thus, f}(M;) = e!. Thus, agent i — 1 cannot receive e! from agent i
because it is assigned to agent .

Consider that agents ¢ — 1 and i swap their type-1 endowments, i.e., é(t = 1,7 — 1,7). Note
that at this new endowment allocation, i — 1 owns his most (feasible) preferred type-1 object e},
and 7 owns e} ;, and recall that e} , is agent (i — 2)’s most (feasible) preferred type-1 object.
Consider that M! = (é(t = 1,i — 1,i), (R;, R_,)).

At M!, there are two first step top trading cycles ¢’ = (i —1 — e} — i —1) and C” = (1 —
eb—=2— ... =i-2—=e | —wi—el, —»itl...— K el —1)at M. The graphical
explanation is exactly the same as the figure in Claim EI

Note that |Ser| =1 and |Sev| = K — 1. Thus, by the induction hypothesis, these two cycles
are executed under f at M!.

Hence, agents i — 1 and i receive their most (feasible) preferred type-1 objects at f(M!).
Thus, fL,(M!) = el P, fL(M;) and f}(M]) = e}, P! f(M;). Therefore, fi(M!) P; fi(M;) and
fl_l(Mz') P4 fz_l(MZ)@ However, this implies that f is not one type endowments-swapping
proof, a contradiction.

Step 2. We show that agent ¢ receives e}, under f at (e, R), i.e., f}(e,R) = e} ;.

Note that e/, is agent 7’s most (feasible) preferred type-1 object at R;. By strategy-proofness

of f, fi(e, R) R; fi(M;). Hence, f}(e, R) R f}(M;) = el,1, which implies that f!(e, R) = e}, ;. [

39Note that this is also true for i — 1 = 1. Because by Claim H, agent 1 always receives his ¢TTC allocation
of other types, i.e., for each t # 1, cT'TC! (e, R) = fl(e, R) = fL(M;) = fL(M]).
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The next two claims, Claims B and H, can be proven by a similar way to Claim B and B,
respectively. Thus, we omit the proofs. Note that the key point is that since agent 1 still receives
his ¢T'TC allocation, we only need to show that agents who still have restricted preferences, will
also receive their ¢TTC allocation. Thus the proofs of Claim E and B are still valid for the case

where only agent 1 does not have restricted preferences.
Claim 6. For each (e, R) with (R, R_1) € (R \Rx) x R¥Y and each i € N, f?(e,R) R% 2.
Claim 7. For each (e, R) with (Ry, R_,) € (R, \ R) x RN 2(¢, R) = ¢TTC?(e, R).

Thus, similar to the proof of Proposition El, by Claims @, E, B, and H, we conclude that for
each (e, R) € M;, and each S C N, such that |S| = 1 and R_5 € R;°, f(e,R) = ¢I'TC(e, R).
Thus, the proof of Lemma @ is completed.

Now, we are ready to prove Theorem B Let (e, R) € M; and S C N be such that exactly

only agents in S have non restricted (but lexicographic) preferences, we show that f(e, R) =

cT'TC(e, R).

Lemma 5. For each (e, R) € M, and each S C N such that R_g € RS, f(e, R) = ¢I'TC(e, R).

The proof of Lemma B is showing by induction on |S].

Induction basis. |S| = 1. This is done by Lemma @

Induction hypothesis. Let K € {2,...,n}. Suppose that f(e,R) = ¢I'TC(e, R) when
IS| < K.

Induction step. Let |S| = K. Similar to Lemma @, the proof of this part consists of four

claims.

We first show that agents in S still receive their cTTC allotments.

Claim 8. For each (e, R) with (Rg,R_5) € (R;\ R.)® x R;°, and each i € S, fi(e,R) =
cI'TC;i(e, R).

Proof. Let y = f(e,R) and x = ¢T'TC(e, R). By contradiction, assume that there is an agent
i € S who does not receive his ¢cTTC allotment ;. Without loss of generality, assume that i = 1.

Let Ry € R, be such that R; and R; are only different in the importance order, i.e., for each
teT,Rt =R\, andand 7, =7:1,...,m. Let R= (R, R_}).

Note that at R, there are only K — 1 agents (in S\ {1}) who have non restricted (but
lexicographic) preferences. Thus, by the induction hypothesis and the definition of ¢I'TC,
fle,R) = ¢I'TC(e,R) = ¢I'TC(e,R) = z. Then, the remaining proof is exactly the same
as the proof of Claim @

Note that if for each t € T, 2t R! yt, then agent 1 has an incentive to misreport R; at R.
Thus, by strategy-proofness of f, there exists one type 7 € T such that y] P x7.
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Note that by the definition of ¢T'T'C, ] R] e] and hence y] # €}. Overall, we have
yi Pray By eq. (13)

Let Ry € R, be such that for each type t € T, agent 1 positions ! first and e second, i.e.,

for each t € T: R! -yt €l .. .;
m=n:1,....,m

Let
R=(Ry,R_y).
Note that R € RY.
By strategy-proofness of f, fi(e, ]:2) = fi(e,R) = y;. Hence, by Proposition m, f(e,]%) =
¢T'TC(e, R). In particular, y] = ¢TTC] (e, R).
Next, we show that ¢TTCY (e, R) = e]. By the definition of ¢I'TC,

CTTC (e, R) = TTC] (", ) € {u]. €. (14)

Recall that ¢TTC"(e,R) = TTC7(e",R") = 27 and y] P] 2] R] e (see (@)) Thus, by
strategy-proofness of TTC', 2T = TTCT (e, R™) RTTTCT (e, R™). Together with (), we conclude
that TTCT (e, R™) = eI. It implies that ¢T'TCT (e, Ry, R_,) = €] # yT. O

The following three claims can be proven by a similar way to B, B, and H, respectively. Thus,
we omit the proofs. Note that the key point is that since agents in S still receive their ¢cTTC
allocation, we only need to show that agents who still have restricted preferences, will also receive
their ¢cTTC allocation. Thus the proofs of Claim B and H are still valid for the case where only

agents in S do not have restricted preferences.
Claim 9. For each (e, R) with (Rz, R_3) € (R;\ Rx)° x RZ5, fi(e,R) = <T'TC'(e, R).
Claim 10. For each (e, R) with (Rg, R_5) € (R \ R,)® x RS, and each i € N, f2(e, R) R? e2.

Claim 11. For each (e, R) with (Rg, R_g) € (R;\ Rx)° x R, f?(e, R) = ¢cI'TC?(e, R).

Hence, we conclude that for each (e, R) € M;, and each S C N, such that |S| = K and
R_5 € R;S, (e, R) = ¢cI'TC(e,R). Thus, the proof of Lemma B is completed. Therefore,
Theorem B is proven by applying Lemma B with S = N.

Theorem H can be proven by exactly the same way to Theorem B That is, we first show
that f assigns the ¢TTC allocation if only one agent does not have lexicographic (but separable)
preferences. Then, by applying this preference replacement argument, one by one, for all other
agents, we conclude that f equals ¢TTC on the domain of separable preference profiles. Note
that in the proof of Lemmas H and B, for each agent in S, we only use the characterization of
his marginal preferences. Thus the proof of Lemmas @ and f are still valid for the case where

only agents in S, do not have lexicographic (but separable) preferences.
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Proof of Theorem 8

Proof. Consider markets with two types, i.e., T = {1,2}.

Suppose that there is a mechanism f : 'R — X that is one type endowments-swapping-proof,
individually rational, and strategy-proof.

Let xz,y € X\{e} be such that at = agents 1 and 2 swap their endowments of type 2, i.e.,

T = (6%,6%),
T2 = (6576%%

and foreach i =3,....,n, x;=c¢;
and at y agents 1 and 2 swap their endowments of type 1, i.e.,

Y1 = (6%763)7
Y2 = (617 eg)a

and foreach 1 =3,....,n, y; =e;.

Obviously, x # y.
Let R € RY be such that agents 1 and 2 prefer only their allotments at z and y to their
endowments, they disagree on which allocation is the better one, and each other agent ranks her

endowments highest, i.e.,

Rl:xhylvelv"'?
Ry yo, 9, €9,. ..,

and foreach:=3,....n, R;:e;,....

Note that R € RY \ RY. There are only three individually rational allocations at (e, R): x, v,
and e. Also note that é(t = 1,{1,2}) = y and é(t = 2,{1,2}) = z. By individually rationality
of f, f(e,R) € {,y, e} and

fle(t=1,{1,2}),R) =y and f(é(t =2,{1,2}),R) = x. (15)
Let
e R :x,eq,...,and
o RL:yo,e,. ...

Note that by individually rationality of f and (@),

f(é(t =1, {17 2})7 R/Qa RfZ) =y and f(é(t =2, {17 2})7 R?lv Rfl) =Z. (16)
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Suppose that f(e, R) = e. Then, agents {1,2} can be strictly better off by swapping their
endowments of type-1 (see (@)), which contradicts one type endowments-swapping-proofness of
f. Therefore, f(e, R) € {z,y}.

Suppose that f(e, R) = y. Then, by strategy-proofness of f, fi(e, Ry, R_1) # x1 and hence,
by individual rationality of f, f(e, R}, R_1) = e. However, this violates one type endowments-
swapping-proofness of f because agents {1,2} can be strictly better off by swapping their en-
dowments of type-2 (see (@))

Suppose that f(e, R) = x. Then, by strategy-proofness of f, fa(e, Ry, R_5) # 3o and hence
by individual rationality of f, f(e, Ry, R_5) = e. However, this violates one type endowments-
swapping-proofness of f because agents {1,2} can be strictly better off by swapping their en-
dowments of type-1 (see (@)) O

A.7 Proof of Theorem B

Ekici (2022) shows that the TTC mechanism satisfies pairwise efficiency for Shapley-Scarf hous-
ing markets. By using similar arguments we also obtain that bTTC inherits pairwise efficiency
from the underlying top trading cycles algorithm for the restricted market (e, R|?). So we only
show that bTTC is the only mechanism satisfying all our properties in Theorem 9.

Note that in the proof below, we do not consider any endowments-swapping. Thus, from
now and until the end of the proof, we will denote a market simply by its preference profile.
Moreover, we only show the first part of Theorem a, i.e., the characterization for lexicographic
preferences, as the extensions to separable preferences and strict preferences can be proven by
exactly the same way to Theorems @ and B

Let f : M; — X be individually rational, strategy-proof, non-bossy, and pair-efficient. Note
that by Lemma m, f is monotonic.

Similar to the proof of Theorem B, we show that all first step top trading cycles are fully
executed.

First, we show that if a first step top trading cycle is formed by only one or two agents, then

it is fully executed.

Lemma 6. If a mechanism f : M; — X is individually rational, strategy-proof, non-bossy, and
pair-efficient, then for each R € RI", each first step top trading cycle C(€ C(R) with |Sc| < 2,
C is fully executed under f at R.

Proof. Let C' € C(R) be a first step top trading cycle that consists of agents S with |S¢| < 2.
We show it by two steps. First, we show that C' is executed.

Claim 12. C' is executed.

Proof. When [S¢| = 1. In this case, agent i € S points to one of his endowed object, i.e.,

c; = efi and hence C' = (i — ¢; — ). Since preferences are lexicographic, i.e., R; € R;, agent i
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will be strictly worse off if he receives any other type-t; objects. Thus, C' must be executed by
individual rationality of f.

When |S¢| = 2. Without loss of generality, assume that Sc = {1,2}. By contradiction,
assume that C' is not executed. Thus, there is an agent ¢ € Sc does not receive his most
preferred object ¢;. Without loss of generality, let ¢ = 2.

Let R, be such that agent 2 only wants to receive type-to object co and no other objects, i.e.,
R2 :cy(=el?), e, ...,

for each t € T\ {t,} : RY : €}, ..., and
ﬁ2:W21t27....

Note that at Rg, if 2 does not receive co, then from individual rationality of f, he must receive

his full endowment ey. Let
R = (Ry, R_y).

By individual rationality of f, f22(R) € {cs,el?}. By strategy-proofness of f, f22(R) # ¢,
implies that f;z(f%) = ¢y, otherwise instead of Ry, agent 2 has an incentive to misreport Ry at
R. Thus, f?(R) = €%, Then, by individual rationality of f, fg(f%) = ey. Thus, agent 1 cannot
receive ¢;(€ eq) from agent 2 because it is assigned to agent 2.

Let R; be such that be such that agent 1 only wants to receive type-t; object ¢; and no other

objects, i.e.,

R iey(=eb), el ...,
for each t € T\ {t;:} : R} : ¢},... and
ﬁlzﬁlzﬁlitl,....

Note that at R, if agent 1 does not receive ¢;, then from individual rationality of f, he must

receive his full endowment e;. Let

~

R = (R17R27R37 s 7Rn) == (Rl,éQ,Rg, c. ,Rn)

To obtain the contradiction, we show that at R, agent 1 receives ¢; and agent 2 receives co,
ie., fI'(R) =c1 = e and fi?(R) = ¢y = €2
By individual rationality of f, f(R) € {c1,el'}. By strategy-proofness of f, fi'(R) # ¢
implies that fi'(R) # ci1, otherwise instead of Rl, agent 1 has an incentive to misreport R; at
R. Thus, f2*(R) = €'*. Then, by individual rationality of f, fi(R) = ey, and in particular,
2(R) = €' = ¢y. Moreover, by individual rationality of f, fo(R) = e,, and in particular,
S'(R) = ei} = c;. This implies that f3'(R) P{* fi*(R) and f{*(R) Py* f3*(R) and hence f5(R) P,
fi(R) and fi(R) P, fo(R), in which contradicts with pair-efficiency of f.
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Overall, by contradiction we show that at R, agent 1 receives ¢;. Thus, by strategy-proofness
of f, he also receives ¢; at }?i; otherwise he has an incentive to misreport R; at R. Together
with individual rationality of f, it implies that agent 2 receives ¢y at R. Therefore, by strategy-
proofness of f, agent 2 also receives ¢y at R; otherwise he has an incentive to misreport Ry at
R. ]

Next, we show that C is fully executed. There are two cases.
Case 1. |S¢| = 1. In this case, agent ¢ € S¢ points to one of his endowed object, i.e., ¢; € e;.
Without loss of generality, assume that Sc = {1} and 7 : t;,.... Thus, C = (1 — e}' — 1).

Let y = f(R). By contradiction, suppose that y; # e;. Note that by Lemma B, Yt = el
Let t € T'\ {t;} be such that y} # e}. Without loss of generality, assume that agent 1 receives
agent 2’s endowment of type-t at y, i.e., yi = eb.

Let R € RY be such that each agent j positions y; at the top and changes his importance
order as my, i.e., for each agent j € N, (i) 7; =7y : t1,..., and (ii) for each 7 € T, R]T VI

By monotonicity of f, f(R) = y.

Let Rs be such that

Ty = o= m1),
RY el ybr ..., and
For each 7 € T\ {t;}, R} = Rj}.

Let
R = (RQ, R_Q).
Note that by strategy-proofness of f, for type-t;, agent 2 either receives e’' or y5'; otherwise
he has an incentive to misreport Ry at R. Moreover, C is still a first top trading cycle at R, i.e.,
C € C(R). Thus, by Claim , C is executed and hence agent 1 receives ej! at f(R). See the

figure below for the graphical explanation.

t1

el 2

Thus, agent 2 still receives 75!, and hence by Fact E,

f(R) = f(f%) = y and particularly, fl(R) =it = el (17)
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Let Ry be such that agent 1 only changes his importance order as t is the most important,
ie,m:t,...and Ry = (RY,... R™ 7).
Let
R=(Ry,R_,).
By monotonicity of f, f(R) = f(R) = y. However, at R, there is a first step top trading
cycle C" € C(R) consisting of agents 1 and 2, i.e., C' = (1 — ei(= y!) = 2 — €' — 1). See the

figure below for the graphical explanation.

By Claim , C" is executed under f at R. Thus, fi'(R) = e!', which contradicts with the
fact that f1(R) = yi* = €' (see (@))
Case 2. |S¢| = 2. Without loss of generality, assume that S¢ = {1,2}. Thus, C' = (1 — ¢i(=
es) = 2 — co(= €¥?) — 1). By contradiction, assume that C' is not executed. Without loss of
generality, assume that agent 1 does not receive agent 2’s full endowments, i.e., f1(R) # es. Note
that by Claim @, fI(R) = ¢; = €. Thus, there is a type t € T \ {t;} such that f{(R) # eb.
Without loss of generality, assume that agent 1 receives agent i’s endowment of type-t, i.e.,
fH(R) = et. Let y = f(R). There are two sub-cases.
Sub-case 1. i = 1. Let R; be such that

for eacht € T, R! : y¢,..., and
mi(t) = 1.
By monotonicity of f, f(f?l, R_1) = f(R) = y. Then, we are back to Case 1.
Sub-case 2. i # 1. Without loss of generality, assume that i = 3. Thus, yi> = €%, yi* = €l!, and
yh = eb. We will obtain a contradiction to complete the proof of this sub-case. Let Rz be such
that
Ry ey, ...
for eacht € T\ {t,}, R, : 4%, ..., and
73(t) = ta.
Let
R=(Rs,R_3).
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Note that C is still a first step top trading cycle at R, i.e., C € C(R) Thus, by Claim , C

is executed. See the figure below for the graphical explanation.

Hence, agent 3 cannot receive e'?(= ¢;). Thus, by strategy-proofness of f, he still receives ys,
i.e., f3(R) = ys. Therefore, by non-bossiness of f, f(R) = y.
Let Ry be such that

foreach t € T, RY : t,..., and
m(t) = 1.
Let
RE (Rlag—l)-

Then, since R; is a monotonic transformation of Ry at y, f(R) = y. In particular,
2 (R) = € (= ). (18)

Note that at R, there is a first step top trading cycle C' = (1 — yl(=¢€}) — 3 — €} — 1)
that involves two agents. Thus, by Claim , C'" is executed. See the figure below for the

graphical explanation.

It implies that f{2(R) = €2, which contradicts with f(R) =y = f(R) and (@) O
Now we are ready to show that all first step top trading cycles are fully executed.

Lemma 7. If a mechanism f : M; — X is individually rational, strategy-proof, non-bossy,
and pair-efficient, then for each R € R}, each first step top trading cycle C(€ C(R)) is fully

executed under f at R.
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Proof. Let C' € C(R) be a first step top trading cycle that consists of agents S¢ € N. We prove
this lemma by induction on S¢.
Induction Basis. |S¢| < 2. This is done by Lemma B

Induction hypothesis. Let K € {3,...,n}. Suppose that C' is fully executed when |S¢| < K.

Induction step. Let |Sc| = K. Without loss of generality, assume that S¢ = {1,..., K} and
C=1—=c—2—2c0—...5>K—cxk—1).

Similar to Lemma a, we first show that C is executed.

Claim 13. C is executed.

Proof. By contradiction, assume that C' is not executed. Thus, there is an agent i € S¢ who
does not receive ¢;, i.e., f{'(e, R) # ¢;. Without loss of generality, let i = 2.

Let R, be such that agent 2 only wants to receive type-t, object co and no other objects, i.e.,
R :cy(=el), e, .. .,
for each t € T\ {t5} : R, : eb, ..., and

Ty = To > Lo, . ...

Note that at Rs, if agent 2 does not receive ¢, then from individual rationality of f, he must
receive his full endowment e,.

Let R = (Ry, R_y). We proceed in two steps.
Step 1. We show that agent 2 receives ¢, under f at R, ie., f2(R) = c,.

By individual rationality of f, f2(R) € {cs,e%2}. By strategy-proofness of f, f2(R) # ¢
implies that f3? (R) # cq, otherwise instead of Ry, agent 2 has an incentive to misreport Ry at
R. Thus, f2(R) = e’2. Then, by individual rationality of f, f,(R) = e,. Thus, agent 1 cannot

receive c1(€ es) from agent 2 because it is assigned to agent 2.

A

Let y = f(R). Overall, we find that
Y2 = ep and yi* # c1(= ey'). (19)

Let Ry be such that

R :ci(=ebl),ebt et ..,
for each t € T\ {t;} : B! := RY(= R') and

T = T = 7.

Note that R, and R, only differ in type-t; marginal preferences. Let

~

R = (Rl,RQ,_ﬁiS, . ,Rn)
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To obtain the contradiction, we want to show that at R, agent 1 receives ¢; and agent 2

receives ¢y, i.e., fi'(R) = c; = ey and f3?(R) = ¢y = €.

By individual rationality of f, f*(R) € {e}, ek}, e!'}. By strategy-proofness of f, fi*(R) # el
implies that fi'(R) # ek, otherwise instead of Ry, agent 1 has an incentive to misreport Ry at
R.

Thus, fi'(R) € {4, e!'}. Next, we show that fi'(R) = ef = ¢, and fi(R) = es.

Let fil be such that

Rl s el
for each t € T\ {t;} : R} := R!(= R!) and
ﬁlzﬁlzﬁlzﬂ'l.
Since fI*(R) # ¢1, Ry is a monotonic transformation of R; at f(R). Thus,

f(R) = f(Ri,R-y). (20)

Note that at (Rl,}?_l), there is a first step top trading cycle ¢’ = (1 — €5 — 3 — ¢z —
...= K = ¢x — 1). Since ¢" € C(Ry, R_y) and |S¢v| = K — 1, by the Induction hypothesis, C"
is fully executed. Thus, fl(Rl, R_1) = e, and in particular, f2(R;, R_)) = e = cy. Together
with (@), we conclude that f'(R) = e = ¢, and fi(R) = e3. Therefore, f32(R) # ey = cs.
Hence, by individual rationality of f, fa(R) = ey, and in particular, f3' (R) = €4 = ¢;.

This implies that ¢; = f3'(R) P{* f1*(R) and ¢y = f1*(R) Py* fi*(R). Hence, fo(R) P fi(R)
and f1(R) P, fo(R), in which contradicts with pair-efficiency of f.

Overall, by contradiction we show that at R, agent 1 receives ¢;. Together with individual
rationality of f, it implies that agent 2 receives cy at R. Subsequently, by strategy-proofness
of f, agent 1 also receives ¢; at R; otherwise he has an incentive to misreport R; at R. Again,
together with individual rationality of f, it implies that agent 2 receives ¢y at R.

Step 2. We show that agent 2 receives ¢, under f at R, i.e., f3*(R) = co.

Note that ¢y is agent 2’s most preferred type-t, object at Ry. By strategy-proofness of f,

f2(R) Ry fo(R). Hence, fi2(R) R? f2(R), which implies that f2(R) = c,. O

Next, we show that C is fully executed. The proof is similar to the induction step part of
Lemma a

Let = VTTC(R), y = f(R). Note that if C is fully executed, then for each i € Sg,
yi = fi(R) = z;.

By contradiction, suppose that there is an agent i € S such that y; # x;. Without loss of
generality, let ¢ = 1. By Claim @, C is executed under f at R. In particular,

1t g _ lx _ .tk
yi' = ey = and Y& = e =g (21)
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Since y1 # x1(= e3), there is a type t € T'\ {#;} and an agent j # 2 such that y] = e}. There

are two cases.

Case 1: j € So. Let Ry such that agent 1 positions y; at the top and moves ¢ to the most
important, i.e., (i) 7, : ¢,...; and (ii) for each 7 € T, ]%I Syl . ... Since R, is a monotonic

transformation of R; at y, we have
f(Rl, R_1) = f(R) = y and particularly, ffl(ffl, R_y) = ey (22)

Note that there is a first step top trading cycle C' = (1 — €} — j — 6?}1 - i+l = —
K — €' = 1) at (Ry, R_y). ie., C' € C(Ry,R_y). Since j # 2, cycle C' contains less than K
agents. There are two sub-cases.

Sub-case one: K = 2. j € S¢ implies That j =1 and C" = (1 — e} — 1), then we are back

to the situation in the induction basis, see the figure below for the graphical explanation.

<& » t1
1 Al » 61

~

Ry

Ry

t
€5 2

Thus, by the the induction basis, fl(]:?l, R_1) = e; and hence ffl(ﬁil, R_;) = ¢!, which contra-
dicts with the fact that fi*(Ry, R_;) = €% (see (@))
Sub-case two: K > 2. By the induction hypothesis, cycle C” is fully executed at f(R;, R_1).
Therefore, fl(Rl, R_;) = e; and hence ffl(ffl, R_) = e?, which contradicts with the fact that
BB, Roy) = b (see (23).

N

Case 2: j & Sc¢. Let Rj be such that (i) 7, : tk,...; (ii) R;-K : eth,y;K, ...; and (iii) for each
e T\{tx}, R -y, ...
Let
R=(R;,R)).
Note that C'is still a first step top trading cycle at R, and hence, by Claim @, C' is executed.
In particular, with (@), we have

W (R) =y = el (23)
So, agent j does not receive el at f(R). So, by strategy-proofness of f, fj(f%) = y;; otherwise

he has an incentive to misreport R; at R. So, by non-bossiness of f, f (}?i) =y.
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Let R, be such that agent 1 positions ¥; at the top and moves ¢ to the most important, i.e.,
(i) @ : t,...; and (ii) for each 7 € T, R} : y7,.... Let

R = (R1,§_1>.

Since R; is a monotonic transformation of }?1(: R;) at y, we have

f(R) = y and particularly, fi<(R) = e¥. (24)

Note that C" = (1 — yi(=¢!) — j — e* — 1) is a first step top trading cycle at R, i.e.,

C" € C(R). See the figure below for the graphical explanation.

Thus, by Claim , cycle C” is executed at f(R). Therefore, f;K (R) = e{¥. Since j & S¢, this
contradicts with the fact that f(R) = e!¥ (see (@)) O

By Lemma H, we have shown that agents who trade at step 1 of the bTTC algorithm always
receive their bTTC allotments under f. Next, we can consider agents who trade at step 2 of the
bTTC algorithm by following the same proof arguments as for first step trading cycles, and so
on. Thus, the proof of Theorem E is completed.

B Appendix: independence of the properties

We provide several examples to establish the logical independence of the properties in our char-

acterization results. We label examples by the property/properties that is/are not satisfied.
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Mechanisms | no-trade | SD | bPTTC | ¢cTTC | Example 9 | Example 10 | Example 13
R + — |+ - - + +
Sp + + |+ + — + —
NB + + |+ + + — +
FESP — + | - — — — —
BESP — + |+ — + + —
OESP — + | = + — — +
PE - + | - — — — —
pE — + |+ — + + -
CE — + | - + — + +

Satisfaction of properties of mechanisms. SD denotes the serial dictatorship mecha-
nism. The notation “+” (“—7) in a cell means that the property is satisfied (violated) by the
corresponding mechanism.

Abbreviations in the first column respectively refer to individual rationality, strategy-
proofness, non-bossiness, flex endowments-swapping-proofness, bundle endowments-swapping-
proofness, one type endowments-swapping-proofness, Pareto efficiency, pairwise efficiency, and

coordinatewise efficiency.

B.1 Theorem

The following examples establish the logical independence of the properties in Theorem m

Example 3 (Flexible endowments-swapping-proofness).

The no-trade mechanism that always assigns the endowment allocation to each market is in-
dividually rational, group strategy-proof (and hence strategy-proof, and non-bossy), but not
flexibly endowments-swapping-proof. o

Example 4 (Individual rationality).

By ignoring property rights that are established via the endowments, we can easily adjust the
well-known mechanism of serial dictatorship to our setting: based on an ordering of agents, we
let agents sequentially choose their allotments. Serial dictatorship mechanisms have been shown
in various resource allocation models to satisfy Pareto efficiency, group strategy-proofness (and
hence strategy-proofness, and non-bossiness), and flexible endowments-swapping-proofness (and
hence bundle endowments-swapping-proofness and one type endowments-swapping-proofness);

since property rights are ignored, they violate individual rationality. o

As we mentioned earlier in the main text, the independence of strategy-proofness from the

other properties in Theorem m is an open problem.
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B.2 Theorem

The following examples establish the logical independence of the properties in Theorem E

Example 5 (Strategy-proofness).
Sikdar et al) (2017) prove that there is an extension of the TTC mechanism, the mTTC mech-

anism, is strictly core-stable (and hence pairwise weakly stable) but not Strategy-proof. o

Example 6 (Pairwise weak stability).
Same as example H, the no-trade mechanism is and individually rational and Strategy-proof, but

not pairwise weakly stable. o

B.3 Theorems @, @, and @

The following examples establish the logical independence of the properties in Theorem a

Example 7 (Bundle endowments-swapping-proofness).
Same as example , the no-trade mechanism is individually rational, Strategy-proof, and non-

bossy, but not bundle endowments-swapping-proof. o

Example 8 (Individual rationality).
Same as example @, serial dictatorship mechanisms are strategy-proof, non-bossy, and bundle

endowments-swapping-proof, but not individually rational. o

Example 9 (Strategy-proofness).
We adapt (Fujinaka and Wakayama, 2018, Example 9) to our multiple-type housing markets.
We first introduce their original example for Shapley-Scarf housing markets.

Let N = {1,2,3} and consider a set of markets M C M such that for each (e, R) € M

Ri:ej...;
Rj : ei,ek,ej;
Ry :e;, e, ep.

Let f be a mechanism such that for each (e, R) € M,

fi(e7R) = €43
file, R) = ex;
frle, R) = e;

otherwise f(e, R) = TTC(e, R).
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Fujinaka and Wakayama (2018) show that this mechanism satisfies individual rationality,
Pareto efficiency (and hence pairwise efficiency), non-bossiness, and endowments-swapping-
proofness but violates strategy-proofness.

We extend f from Shapley-Scarf housing markets to multiple-type housing markets. Let
h be the mechanism that stipulates completely bundle trade through f in all types. Since f
satisfy individual rationality and non-bossiness, h satisfies these two properties as well. Since f
is endowments-swapping-proof but not strategy-proof, h is bundle endowments-swapping-proof

but not strategy-proof. o

Example 10 (Non-bossiness).
Consider markets with three agents and two types, i.e., N = {1,2,3} and T = {1, 2}.

Let M C M, be a set of markets such that for each (e, R) € M, R;|¢ is such that there is an
agent ¢ € {2,3} and agent 1 positions agent i’s full endowment at the top, i.e., for each t € T,
Rt el ...

Let y € X be such that (i) y1 = e;, (i) y; = (e1,¢5) and y; = (e, ¢i), where {4, j} = {2,3}.

Let f be such that

y, (e,R) € M and y Pareto dominates bI'TC(e, R),
fle,R) =

bI'TC(e, R), otherwise.

Note that for (e, R) € M, if fi(e, R) # e;, then there is an agent k € {2,3} (possibly k = 1)
who receives e; and prefers e; to yy, i.e., fr(e, R) = bT'TCy(e, R) = e; Py, yg.

It is easy to see that f is individually rational and bossy. We show that f is strategy-proof
and bundle endowments-swapping-proof.

Strategy-proofness.

We first show that agent 1 has no incentive to misreport. For (e, R) ¢ M, agent 1 positions
his full endowment at the top. Thus, fi(e, R) = 0TTC\(e, R) = e;. Clearly, for any misreport
Ry # Ry, e1 Ry fi(e, (R, Ry, R3)).

For (e,R) € M, by the definition of f, e; is agent 1’s most preferred allotment among
{e1,e2,e3}, and fi(e, R) € {e1,e;}. If fi(e, R) = e; then clearly fi(e, R) = e; Ry bTTC) (e, R).

If fi(e, R) = ey (= bTTC4(e, R)) then there is an agent k € {2,3} such that bTTCy (e, R) Py yx
and fr(e,R) = bTTCk(e,R) € {es,e3}. Let R} # R; be a misreporting. By the defini-
tion of bTTC, bTTC(e, Ry, R_1) = bITC(e,R). Thus, bTTCy(e, R}, R_1) Py yx and hence,
fle,R},R_1) = bTTC(e,R|,R_1), which implies that fi(e, R, R_1) = e;. Therefore, if
(e,R) € M, then fi(e, R) Ry bTTC, (e, R).

Next, we show that agents 2 and 3 have no incentive to misreport.

For (e,R) &€ M, faole,R) = bTTCs(e,R) and fs(e, R) = bIT'TCs(e,R). Since bTTC is
strategy-proof, agents 2 and 3 have no incentive to misreport.

For (e, R) € M, there are two cases.
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Case 1. f(e,R) = bI'TC(e,R). By the definition of f, there is an agent k € {2,3}
such that bTTCy(e,R) Py yr. Let R, # Ry be a misreporting. Then, fi(e, R}, R_y) €
{bT'TCk(e, R, R_),yx}. Since bT'TC is strategy-proof, bT'TCy(e, R) R bTTCy(e, R}, R_1), and
hence bTTCy(e, R) = fr(e, R) Ry fr(e, Ry, R_).

Case 2. f(e,R) = y. By the definition of f, yo Re bTTCs(e, R) and y3 R3 bTTC3(e, R). Let
k € {2,3} and R, # Ry, be a misreporting. Since bTTC' is strategy-proof, yx Ry bTTCk(e, R) Ry
bI'TCy(e, R, R—;). By the definition of f, fi(e, R}, R_) € {bTTCy(e, R}, R_x),yx}. Thus,
fele, R) = yx Ry fu(e, Ry, R_y).

Bundle endowments-swapping-proofness.

For (e, R) ¢ M, fle,R) =0TTC(e, R). Since bTTC' is bundle endowments-swapping-proof,
no pair of agents can be strictly better off by swapping their full endowments.

For (e, R) € M, there are three cases.

Case 1. f(e,R) = y. Let {i,j'} € N. Let they swap their endowments completely, i.e.,
e’ 7). Let M'" = (¢/(¢,7"),R). Since bTTC is bundle endowments-swapping-proof, there
is an agent k € {i’,j'} such that yy Ry bTTCy(e, R) Ry 0TTCy(M’). By the definition of f,
fr(M") € {yx, bTTCy(M")}. Thus, fr(e,R) = yr Ry fr(M'), which means that agent k cannot
be strictly better off by swapping his full endowments e;.

Case 2. f(e,R) = bTTC(e,R) and fi(e, R) = e;. In this case, is is easy to see that agent 1
cannot be strictly better off by swapping his full endowments e;, because he already receives
his best allotment. Moreover, f(e, R) = bTTC(e, R) implies that there is an agent k € {2,3}
who strictly prefers bTTCy(e, R) to y.. Let agents {2,3} swap their endowments completely,
ie., €(2,3). Let M' = (€'(2,3),R). By the definition of f, fir(M') € {yp, bTTCp(M")}. If
fu(M') = yi. then agent k is worse off after the swapping. If fp(M') = bTTCr(M'), then
f(M') = bTTC(M'). By bundle endowments-swapping-proofness of bI'T'C, there is an agent
¢ € {2,3} such that fi(e, R) = bTTCy(e, R) Ry bTTCy(M') = fo(M’), which implies that agent
¢ cannot be strictly better off by swapping his full endowments e,.

Case 3. f(e,R) = bTTC(e,R) and fi(e, R) # e;. By the definition of bTTC, we know that
there is an agent k € {2,3} (possibly & = i) who receives ¢; and strictly prefers e; to yg. Let
k' # k (possibly k' = 1) .

First, let agents k£ and k' swap their endowments completely, i.e., €¢'(k, k). Let M' =
(e'(k, k'), R). If f(M') =y, then agent k is worse off after the swapping. If f(M') = bTTC(M’),
then by bundle endowments-swapping-proofness of bT'T'C, there is an agent in ¢ € {k, &'} such
that fy(e, R) = bTTCy(e, R)RbTTCy(M') = fo(M'), which implies that agent ¢ cannot be strictly
better off by swapping his full endowments e,. This implies that agent k& has no incentive to
swap.

Second, let agents {1,k”} = N \ {k} swap their endowments completely, i.e., €'(1,k”). Let
M" = (¢/(1,k"),R). If k = i, then by the definition of f, fi(M") € {dTTC;(M"),y;}. Since
VITC;(M") = e; P, y;, fi(M") = bTTC;(M") and hence f(M") = bTTC(M"). By bundle
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endowments-swapping-proofness of bT'T'C', we conclude that agents 1 and k" cannot be strictly
better off by swapping their full endowments. Recall that fi(e, R) # e;. Thus, if k # i, then
k" = i. This means that at M"” agent 1 positions his full endowments €/ (1, ¥”)(= e;) at the top.
Thus, M” ¢ M and f(M")y =bTTC(M"). Since f(e,R) =bTTC(e,R), f(M") =0bTTC(M"),
and bT'TC is bundle endowments-swapping-proof, we know that agents 1 and k”(= 7) cannot be

strictly better off by swapping their full endowments. o

Examples H, B, g, and [10 are well defined on the domain of separable preference (strict prefer-
ence) profiles and establish the logical independence of the properties in Theorem @ (Theorem B)
Note that Examples H, a, Q, and [L0 also establish the logical independence of the properties

in Corollaries [ll, P, and B as well.

B.4 Theorems @ and B

The following examples establish the logical independence of the properties in Theorems B and

Example 11 (One type endowments-swapping-proofness).
Same as example a, the no-trade mechanism is individually rational, Strategy-proof, and non-

bossy, but not one type endowments-swapping-proof. o

Example 12 (Individual rationality).
Same as example @, serial dictatorship mechanisms are strategy-proof, non-bossy, and bundle

endowments-swapping-proof, but not individually rational. o

Example 13 (Strategy-proofness).
If we modify (Fujinaka and Wakayamal, 2018, Example 9) (see details in Example g) by applying
f coordinatewise to all object types, then we obtain a mechanism which satisfies all properties

excepts for strategy-proofness. o

B.5 Theorem @

The following examples establish the logical independence of the properties in Theorem B

Example 14 (One type endowments-swapping-proofness).
Same as example H, the no-trade mechanism is individually rational, and Strategy-proof, but

not one type endowments-swapping-proof. o

Example 15 (Individual rationality).
Same as example @, serial dictatorship mechanisms are strategy-proof and one type endowments-

swapping-proof, but not individually rational. o
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As we mentioned earlier in the main text, the independence of strategy-proofness from the

other properties in Theorem E is an open problem.

B.6 Theorem @

The following examples establish the logical independence of the properties in Theorem H

Example 16 (Pairwise efficiency).
Same as example , the no-trade mechanism is individually rational, Strategy-proof, and non-

bossy, but not pairwise efficient. o

Example 17 (Individual rationality).
Same as example @, serial dictatorship mechanisms are strategy-proof, non-bossy, and Pareto
efficient (and hence pairwise efficient), but not individually rational. o

Example 18 (Strategy-proofness).
The mechanism in example g is individually rational, non-bossy, and pairwise efficient, but not

strategy-proof. o

Example 19 (Non-bossiness).
The mechanism in example @ is individually rational, strategy-proof, and pairwise efficient, but

bossy. o

B.7 Theorem

The following examples establish the logical independence of the properties in Theorem .

Example 20 (Coordinatewise efficiency).
Same as example , the no-trade mechanism is individually rational, Strategy-proof, and non-
bossy, but not coordinatewise efficient. o

Example 21 (Individual rationality).
Same as example @, serial dictatorship mechanisms are strategy-proof and Pareto efficient (and

hence coordinatewise efficient), but not individually rational. o

Example 22 (Strategy-proofness).
The mechanism in Example is individually rational and coordinatewise efficient, but not

strategy-proof. o
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