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Abstract

We study a standard search and bargaining model of money, where goods are traded
only in decentralized markets and distributions of money holdings are non-degenerate in
equilibria. We assume fixed costs in each seller’s production, which allows an analytical
characterization of a tractable equilibrium. Each Nash bargaining solution satisfies
pay-all property, where the buyer pays the whole amount of cash as a corner solution,
and the seller produces goods as the interior solution. In the stationary equilibrium,
the aggregate variables, such as total production and the number of matchings, are
expressed by given parameters, i.e., determinate. On the other hand, individual-level
variables are indeterminate. Distributional monetary policies are effective in both the

short-run and the long-run.

1 Introduction

We propose a search and bargaining model of money and study a tractable equilibrium with
non-degenerate distributions of divisible money holdings. The model is a straightforward

extension of the basic search models with indivisible money such as Kiyotaki and Wright
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(1993), Trejos and Wright (1995), and Shi (1995). That is, divisible money and goods are
traded on an environment of only random-matching and Nash bargaining. The crucial factor
is fixed costs in production, which generate a tractable equilibrium with a simple structure of
money holding distributions. We analytically characterize the equilibria, prove the existence,
and evaluate distributional monetary policies both in the short-run and the long-run.

Originated from Kiyotaki and Wright (1989), search theory provides a solid microfounda-
tion of money and implications for real-world economic phenomena. However, the literature
has struggled to handle the problem of heterogeneous money holdings. It is a fundamen-
tal consequence of the random matching assumption, where different amounts of money
are exchanged in each trade. But the characterization of dynamic equilibrium requires to
keep track of the distribution of money as a state variable. To overcome the problem, the
workhorse (so-called the third generation) models impose assumptions to make money hold-
ing distribution degenerate. The major approaches are large household model (Shi (1997))
and alternation between search and centralized markets (Lagos and Wright (2005)).

We consider a standard search model where agents randomly match and exchange goods
and money through Nash bargaining. We construct a particular type of tractable equilibrium
that satisfies Pay-All property. In each Nash bargaining problem, the production is decided
as the interior solution. On the other hand, the cash payment is solved as a corner solution,
that is, the buyer pays all the money holding. On top of that, a simple non-degenerate
money holding distribution arises. There is a mass of agents at 0 money holding, and the
others save different positive amounts. The transitional dynamics are also straightforward.
A positive money holder pays all cash in each matching and will carry 0 in the next period.
A no-cash agent takes a role as a seller and will save a positive amount. Indeed this model
has a full non-degenerate distribution; however, the individual-level dynamics is as simple
as the first and second-generation money search models.

The pay-all equilibrium is constructed by fixed costs in the production. The well-known
difficulty in dealing with the non-degenerate money holding distribution comes from each
agent’s dual roles. If each agent possibly becomes both a buyer and a seller, the mapping
from the current to next distribution becomes almost untraceable. In pay-all equilibrium,
there is a cut-off level of money holding where each agent always becomes only a seller
(buyer) if the money holding is lower (higher) than this level. This cut-off emerges by the

fixed costs. A seller has no incentive to trade with a partner who has a sufficiently small



amount of money because it does not cover the fixed costs. Then, agents are sorted into
buyers and sellers according to their money holdings.

We find some interesting properties of the stationary equilibrium. That is, the aggre-
gate variables are determinate, i.e., the macroeconomic measures such as total production,
the number of matching, and the Benthamian welfare are uniquely determined. However,
individual-level variables are indeterminate: there is a continuum of steady-state distribu-
tions of money holdings, productions, consumptions, and individual lifetime utilities. In this
sense, the equilibrium is similar to the first and second-generation models in the aggregate
level but parallel to Green and Zhou (1998) regarding the individual level. About the quan-
tity theory of money, the equilibrium satisfies both neutrality and superneutrality of money
if cash is injected proportionally to each agent’s money holding.

We examine two types of distributional monetary policy. One is conducted on the steady-
state while keeping the total money supply and the money holding distribution unchanged.
In each match, the government levies a per-unit tax (subsidy) depending on the amount of
goods, and distributes (collects) money depending on after-trade money holding. The tax
rate is chosen so that the government budget is balanced each period. We show that this
policy improves welfare, although the direction depends on the parameters. Intuitively, it
modifies the intra-temporal condition of Nash bargaining depending on the bargaining power
and moves the equilibrium toward Hosios condition.

Another policy is a temporal expansion of the money supply. The same amount of money
is injected to all agents in one period. Then the same amount is subtracted in the next period
from agents holding sufficient amount of money. It also causes a short-run improvement in
relative buyer /seller allocation. Notably, there are multiple transition paths, that is, the
policy’s welfare effect is unpredictable. Since the individual-level allocation is indeterminate,
the transition paths caused by the redistribution policy is also uncertain.

There are some models in the literature which succeed in characterizing the non-degenerate
distribution of money holdings. The initial contribution is made by Green and Zhou (1998).
They consider a random-matching model with divisible money where each exchange is closed
by a take-it-or-leave-it offer, which is a special case of Nash bargaining. The key result is

the real indeterminacy of stationary equilibrium®: there exists a continuum of steady-state

!The general framework is constructed by Kamiya and Shimizu (2006). Note that the indeterminacy
emerges even if goods are divisible. See Kamiya and Shimizu (2007), Kamiya and Shimizu (2013), and
Kubota (2019) for the conditions of the indeterminacy.



where each one has a different real allocation. Although the result itself is theoretically
appealing, this property obstructs applied researches. Another important model is Menzio
et al. (2013), which eliminates one-to-one Nash bargaining and instead assumes a competitive
search environment. They construct a block-recursive structure of equilibrium, which makes
a simple transitional process of agents on the non-degenerate distribution. However, the
construction of equilibrium still relies on the centralized labor market. Recently, Rocheteau
et al. (2018) analyze a discrete distribution caused by delayed money holding adjustment on
Lagos-Wright model. Another notable approach is numerical methods conducted by Molico
(2006), Chiu and Molico (2010), and Chiu and Molico (2020). Finally, Camera and Corbae
(1999) consider the countable amount of money. In contrast, the novelty of our approach is
(i) tractable equilibria constructed only on a random-matching market with Nash bargain-
ing, (ii) analytical characterization and proved existence of equilibria, and (iii) analyses of
distributional monetary policy.

The next section introduces the economic environment. Then, Section 3 illustrates the
equilibrium and its characterization. The existence of the equilibrium is proved in Section 4.
Section 5 and 6 consider distributional monetary policy in the long-run and the short-run,

respectively. Section 7 concludes this paper.

2 Economic Environment

Time is discrete and time horizon is infinite, as denoted by t = 1,2, ---. Goods are divisible.
There is a continuum of agents with measure one. Each agent can produce her production

goods with a cost (disutility) function

—d—cx ifxz>0
u'(z) =
0 if x =0,

where z is an amount of goods, d > 0 is a fixed cost, and ¢ > 0 is a unit cost. Each agent

cannot consume her production good for eliminating double-coincidence of wants. However,



she can consume some others’ production good with a temporal utility function

) k+x ifx>0
u’(z) =
0 if v =0,

where k£ > 0 is a given constant. This fixed utility is interpreted as an appetizer.? Theoreti-
cally, k is introduced so that v(0) > 0 in the equilibrium. These assumptions about utility
and cost functions will be discussed in Section 3.2.

Each agent discounts her future payoff with a discount factor § € (0,1). Money is
perfectly divisible, and its total supply in the economy is fixed at M > 0. Each agent’s
money holding m is a real number with an upper-bound. We assume this upper-bound as
1 for normalization, that is, m € [0, 1]. This assumption allows us to ignore the behavior of
very rich agent who exists only off-path, and then, simplifies the proof of the existence of
equilibrium (Zhou (1999)).

The timeline in each period is as follows. In the beginning of each period, agents observe
the current economy-wide money holdings distribution. Then, pairwise random matching
occurs with a probability 2a € (0,1). In each matching, each agent observes the partner’s
money holding. One agent becomes a seller with probability %, and the other becomes a
buyer. After that, bargaining over the price and the amount of goods proceeds through
Nash bargaining with the buyer’s bargaining power 6 € (0,1). At the end of each period, the
matching resolves and proceeds to the next period. Let H be a money holdings distribution
(a Borel measure) on R,. In a meeting of a buyer (a seller) with money holding my, (my),
the Nash bargaining decides the amount of goods x(my, ms, H) and the amount of money
p(my, mg, H) in the trade. No trade, x(my, ms, H) = p(my, mg, H) = 0, is also a solution
when the joint surplus cannot be positive. The stationary monetary equilibrium is defined

as follows.

Definition 1. Let v be a function on Ry. A pair (H,v) is called a stationary monetary

equilibrium if

2Tt might be considered that a certain fixed amount of goods, of which utility is &, is produced by the
fixed cost d.



Figure 1: Money holding distribution in Pay-All Equilibrium

H(0) Indeterminate under two restrictions
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1. Bellman equation is consistently constructed as

v(m) = a/[ub(x(m,ms, H)) + Bv(m — p(m,my, H))]dH (my)

+ oz/[us(x(mb, m, H)) + Bv(m + p(my, m, H))]dH (my) + (1 — 2a) Bv(m),

2. H is a stationary distribution of the process under the transition p(my, ms, H),
3. x(my,mg, H) > 0 and p(my, ms, H) > 0 solve each Nash bargaining problem.
4. v(m) >0 for allm >0 and v(m) is strictly increasing.

The last condition represents the individual rationality and positive equilibrium value of

fiat money.

3 Pay-All Equilibrium

We consider an equilibrium with the following money holdings distribution. The support of

the distribution H is {0} U [z, Z], where 0 < z < Z < 1. Let H(0) € [0, 1] be the measure of



agents without money and H be a function satisfying

/ZdH —1- H(0) (1)

Z
/ mdH = M (2)
A Nash bargaining problem between a buyer with m; and a seller with my is as follows:

e if there exists (z,p) such that x > 0, 0 < p < my, and both the buyer and seller’s
surpluses are non-negative, i.e., k + x + [ [v(my, —p) —v(mp)] > 0 and —d — cx +

B [v(ms 4+ p) — v(ms)] > 0, then the trade (z*, p*) is determined by

(%, p") = argmax {k + 2+ v(my — p) — o(m)} {=d — cx + B o(my +p) —v(m )]} "

st. x>0, 0<p<my, (3)

e otherwise z* = p* = 0.

This formulation assumes that the fixed utility and cost emerge only if positive amount of
money and good are traded.

We construct an equilibrium where (i) on the equilibrium-path, Nash bargaining is agreed
only if a buyer holds m € [z, Z] and a seller has m = 0, otherwise any trade does not cover
the fixed costs for a seller. Moreover, we focus on the equilibrium where (ii) the monetary
payment is binding at p* = my, while the good production x* is determined as the interior

solution. For simplicity, let m be the buyer’s money holding. Then, the first-order condition

with respect to x is
(1 —=0)c{k + 2+ Bw(0) —v(m)]} = 6{—d — cx* + Blv(m) — v(0)]}. (4)

Note that, under the condition (i), we can write x* = x(m).
We call a stationary monetary equilibrium with (i) and (ii) a Pay-All equilibrium, because
each buyer spends all amount of money holding. In parallel with this, (i) and (ii) are

collectively called the Pay-All property. The Bellman equation in the pay-all equilibrium is



written as follows:

v(m) = aH(0)[k + z(m) + pv(0)] + [1 — aH(0)]Bv(m) (5)

v(0) = a/ [—d — cx(m) + pv(m)|dH + {1 — a[l — H(0)]}Bv(0) (6)

z

3.1 Characterization

If a pay-all equilibrium exists, it satisfies the properties summarized in the following lemmas.
x'(m)
v'(m)

Define the consumption elasticity of discounted value as £(m) = . It must be constant

in the equilibrium.

Lemma 1.

cx(m) = 0[—d — pv(0)] — (1 — 0)clk + Bv(0)] + OBv(m) + (1 — 0)cBv(m),

= cz'(m) = 080 (m) + (1 — 0)cfv'(m) = BIA(1 — ¢) + cJv'(m),

which leads to (7). O

Next lemma derives another condition about &(m).

Lemma 2.

£lm) = s+ ®)

Proof. The derivative of (5) is

It is rearranged to (8). O



These two equations about £(m) determine H(0). That is, the measure of non-money holders
H(0) is explicitly pinned down by parameters. On the other hand, we will later show that

H(m) for m € [z, Z] is indeterminate.

Lemma 3.

_ (=P
Proof. By Equation (7) and Equation (8). O

The measure of agents with positive amount of money, 1 — H(0), is also uniquely determined.

Since they are potential buyers, the following corollary holds.

Corollary 1. The number of matching aH(0)(1 — H(0)) is constant.

In the equilibrium, the aggregated discounted value of the potential buyers and sellers are

fZZ v(m)dH and H(0)v(0), respectively. The next lemma shows that the ratio is constant.

Lemma 4.

JZolmyd g 0
H(0)v(0) — (1—0)c (10)
Proof. Appendix. n
On top of that, the discounted value of no-money holder is uniquely derived.
Lemma 5.
ck —d
v(0) = —— 11
0)= 515 (1)
Proof. Appendix. n

By Lemma 4, the total discounted value of buyers immediately follows.

9



Corollary 2.

[ o= (57=5) (50) w

Note that, as will be shown, the shape of v(m) is indeterminate in the equilibrium. That is,

although the aggregated discounted value is unique, the distribution of welfare is uncertain.
Finally, define the total welfare as W = H(0)v(0) + fZZU(m)dH. By Lemma 5 and

Corollary 2, it is also constant.

Lemma 6.

_ §H(0)v(0)
ST
Proof. Appendix. n

3.2 Discussion about the model’s assumptions

Both the fixed and linear terms of the utility and production functions drastically make the
equilibrium tractable. The fixed costs d provides an incentive of sellers to decline trades
with buyers who hold small amount of money. If the revenue is sufficiently small, it does not
cover the fixed costs d. Then, the equilibrium money holding distribution H(m) is divided
into 0 and sufficiently large positive amount m > z. It makes agents to play only one
role, either buyer or seller, depending on money holding m. As a consequence, each agent
alternates between buyer and seller, which makes a tractable transition of money holdings.
The fixed utility k is assumed to overcome the fixed costs d and assure the agent’s incentive
to participate the market, v(0) > 0.

The linearity of variable costs and utility are also crucial for tractability. They make the
consumption elasticity of discounted value, £(m), constant in Lemma 1. Then, this property
helps to pin down H(0) in Lemma 3. This uniqueness of H(0) makes Pay-All equilibrium
overcome the real indeterminacy of divisible money in random-matching search models in

the literature®. Green and Zhou (1998) derive both distributional and aggregate-level inde-

3The indeterminacy arises due to some identity hidden in monetary exchange. See, for the case of finite

10



terminacy of real allocations. This indeterminacy is one-dimensional which is characterized
by the H(0). The Pay-All equilibrium erases this type of indeterminacy by anchoring H(0).

Although our model still has indeterminacy of money holding distribution among buyers,
the determinate H(0) makes the aggregated allocation determinate. The transition of agents
in Pay-All equilibrium is consistent with, so called, the second generation models such as
Trejos and Wright (1995) and Shi (1995), where the total money supply is 1—H(0). As in our
model, each seller becomes a buyer with probability a[1— H(0)], and each buyer turns to be a
seller with probability aH(0). Moreover, the Pay-All equilibrium decides only the quantity

of goods as an interior solution of Nash bargaining as in the second generation models.

Define the average discounted sum of utilities of buyers as v*v*" = — 11{(0) ff v(m)dH (m).
Then, Pay-All equilibrium can be interpreted as an indivisible money model with v(0) for
each seller and v"¥¢" for each buyer. In short, given that buyers are aggregated as a kind

buyer - Pay-All equilibrium is in line with the second

of one representative buyer with value v
generation models, where H(0) is exogenously given. As Trejos and Wright (1995) and
Shi (1995) do not show Green and Zhou (1998)’s indeterminacy, the allocation in Pay-All
equilibrium becomes also determinate in the aggregate level.

Note that, although the aggregated allocation is indeterminate, the individual-level in-
determinacy among buyers is not nominal but real. As will be shown in the proof of the
existence of Pay-All equilibrium, it requires only inequality conditions about the shape of the

value function. Combinations of both indeterminate v(m) and H(m) lead to distributional

indeterminacy of each buyer’s real allocation and individual welfare.

4 Existence

In this section, we show the existence of a continuum of pay-all equilibrium by construction.
That is, we first present a candidate for a pay-all equilibrium (v, H) and show that it is

indeed an equilibrium. The following linear function is a candidate for a value function:

v(0) + am for m € [0,m"),
o(m) = (13)
v(0) + F +bm, for m € [m*, o],

support of money holdings distribution, Kamiya and Shimizu (2006) and Kamiya and Shimizu (2007), and
for the case of infinite support, Kamiya (2019).

11



Figure 2: Value function

only sell only buy

v(m)

F |

v(0)

!
7 m
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where m* > 0, b > a > 0, and ' > 0 will be determined later. A candidate for an equilibrium

money holding distribution H satisfies that :
the support of the distribution H is {0} U [z, Z], (14)
where z, and Z are parameters satisfying (1), (2) and

m*<z<Z<1-m" (15)

The above (v, H) is shown to be a pay-all equilibrium if the parameters are in some range.

Note again that H(0) and v(0) are unique.
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Proposition 1. If the following conditions are satisfied,

1-5 1-c¢
16
apt = ¢ (16)
ck > d, (17)
6H(0)
= 1 18
*=a-an-aor " )
(1 —0)ck + 6d
-1 1
(6= o) > = (19
1-H(0) B _ (1=0)ck+6d
M [(Cb 1) U(O) [(1_9)54.9]5] <9 (20)
1 (141(0)) ((179)(27(;);()} ’
M 2[(1-0)c+0]
where H(0) = %, v(0) = %, and x = aﬁ(alﬁf(;)f[fz[;(g}(i)ﬂfﬁ, then there exist a contin-

uum of stationary pay-all equilibrium. Moreover, there exist parameters c,d, k,a, 3,6, and

M satisfying the above conditions.
Proof. Appendix. ]

The first condition means that the unit cost ¢ is sufficiently small and it assures H(0) < 1.
The second conditions means that, given ¢ and d, the fixed utility k is sufficiently large and
it assures v(0) > 0. The third and the forth conditions assure that the slope of the value
function is positive. The last condition guarantee that if both a buyer and a seller have small
(large) amount of money, then they do not trade.

In the proof, we first derive conditions on (m*, a,b, F') that Nash bargaining reaches
a deal if my; < m* and m, > m*, and breaks down otherwise and the pay-all property
holds. Moreover, we find H and M which can be money holdings distribution and a money
supply. Then we confirm that all the conditions on (m*,a,b, F, H, M) are satisfied under the
premises. Finally, we verify the consistency of (13) with (5) and (6). We also show that a

continuum of (m*, a,b, F, H, M') can be equilibria.

5 The bargaining power and welfare

The Hosios condition, a condition on the bargaining power 6 for efficiency, is often discussed

in the literature of search models. In this section, we discuss the impact of 6 on the total

ow

welfare W, i.e., 5.
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First, note that, for given the other parameters, a change in # may violates the conditions
for the existence of a pay-all equilibrium. Namely, the pay-all property and/or H(0) € (0, 1)
could be violated. In what follows in this section, we assume for simplicity that a pay-all

equilibrium exists for all 6 given the other parameters.

Recall that W = H(0 ) + f m)dH. From Lemmas 3 and 5, the first term in the
RHS is ~ 510(15 )Cc> C(’i g Thus % < 0. From Corollary 2 and Lemma 3, the second term

in the RHS is

= (550

Thus

% (/ v(m)dH) > 0. (21)

Below, we investigate which dominates the other.

From Lemmas 1, 3, and 6, W is written as

v=(aien) o= (oeama) (557 ) (@)

The derivative of (9(1—8_0) + 1) <6(11_9)) with respect to 0 is

-1 B(1-c)+e) 1-c 1 1
PA—6? ¢ =8 (i —0)p

(1 =)0 + 26 — ¢).
Since

(1—c)0*+2c) —c=0

has a negative solution and a positive solution 6 = \[ and 0 = . Note that ¢ = (1229)2

holds at the positive solution. Thus, the following proposition holds.

Proposition 2. %2 is positive, if 6 > ﬁ, and it is negative, if 0 < c+c\/a'

Note that W is minimum at 6 = ﬁé’ if a pay-all equilibrium exists at §. Moreover,

from (22), W — oo as 6§ — 1, if a pay-all equilibrium exists around 6 = 1.

14



6 Distributional monetary policy in the long-run: a

change in an effective bargaining power

Here, we consider a distributional monetary policy which keeps the total money supply and
the money holding distribution overtime. The government imposes tax and provide subsidy
so as to balance the budget. In each trade, they are transferred in the different way. Tax is
collected as linear per-unit tax tx, where t is tax rate and x is the amount of good sold. Then,
the collected money is injected to each seller depending on after-tax money holding. This
amount is g(m — tz), where g is the gross rate. Note that if ¢ < 0, then it can be considered
as a subsidy rate. It will be shown that the policy changes the power of the bargaining
defined below as an effective bargaining power. Therefore, a Hosios-type condition on the
bargaining power can be derived as in the previous section, and the policy can improve the
welfare.

We assume the budget balance of the government. That is,

0= /(g — V)mdH — g/t:p(m)dH.

Thus

(9g—1)M = gt/:p(m)dH. (23)

As in the original case, the system is characterized by three equations: the first-order condi-
tion of Nash bargaining problem, buyer’s value function, and seller’s value function. Under

pay-all equilibrium, the first one is obtained by the following problem:

max{k +z + Bo(0) = v(m)]}’ {=d = cx + B [v(g(m — tx)) —v(0)] }"".

Here, the seller’s money holding after the trade depends on g and t. Then, the first-order

condition is

(1-0) [c + Bgtv' (g(m — tx))] {k+a+Bv(0)—v(m)]} = 0 {—d — ca + 8 [v(g9(m — tz)) —v(0)] } .
(24)

15



The Bellman equation for buyer is unchanged from (5). Whatever the policy is, each buyer
pays the entire cash in pay-all equilibrium.

The value function of the seller is

v(0) = a/ [—d — cx(m) + Bv(g(m — tz))| dH + {1 — a[1 — H(0)]}Bv(0) (25)

z

We assume a linear value function: v(m) = v(0) + F' + bm hereafter. As shown in the proof
of existence, we can take such a linear value function. This assumption makes the system

drastically tractable because (25) becomes identical to the non-policy case.
Lemma 7. If the value function is linear, (25) coincides with (6)
Proof. Appendix. O

From the linearity of the value function, v'(g(m — tz)) is a constant b. In what follows

we use v’ instead of b. Therefore, (24) becomes
(1=0) [c + Bgtv'| {k+z+Bv(0)—v(m)]} = 0 {—d — cx + B [v(g(m — tz)) — v(0)] } . (26)

Therefore, compared to the case without policy, the difference is only the first order condition
of the Nash bargaining (26).

Recall that the first order condition of the Nash bargaining without policy derived in
Equation (4) is

(1 =0)c{k + x4+ B[v(0) —v(m)]} =0{—d—cx+ fv(m) —v(0)]}.

Thus, the effective bargaining power of a buyer in the case of policy ¢, denoted by 0.(t), is

defined as follows:

1—0.(0]c (1—0)c+ Byt

0.(%) 0

Let G = gt. Note that G’:g—i—t%, and thus, at ¢ = 1 and t = 0, G’zg%—i% =1

Then, the following proposition holds for any real number t.

16



Proposition 3. Suppose G' > 0. Then %—Vf > 0 holds, if and only if

c+ GV o< c+ GV
c— e+ G c++/c+ GV

In particular, in the case of t = 0, %—Vf > 0 holds, if and only if

C

c+/c

Proof. Appendix. ]

0 <

The key implication is that, if £ = 0, the condition becomes identical with Proposition 2.
A small government intervention changes the bargaining power between buyer and seller. In
this case, 0.(0) = 6, then an increase in ¢ leads to a decrease in 6.(t). But, globally, it also
depends on the shape of value function. Note that if the absolute value of ¢ is not large, then
G' > 0 holds, since G’ =1 at t = 0. Note also that, if % < 0, then % <0
can be replaced by 0 < 6. In particular, this applies in the case of ¢t = 0.

7 Distributional monetary policy in the short-run

In this section, we consider one-time helicopter drop of money. At the beginning of period

t, the central bank unexpectedly announces the following policy.

e The central bank injects the same 7 unit of money to everybody at the beginning of

period t.

e The central bank will deprive 7 unit of money at period ¢ + 1. If an agent’s money

holding is m < 7, it will deprive m.

The collection of money at period t + 1 is for keeping Pay-All equilibrium. Otherwise, the
range of money holding distribution diverges to infinity?. For simplicity, assume that the

density function h(m) associated with H(m) exists for m € [z, Z].

4Suppose the maximum money holding is mqs at period ¢ — 1. At the beginning of period ¢, sellers also
hold 7. After the trade, the maximum amount increases to Mmy,q, + 7. If there is no reduction in money
holding, the maximum amount changes to m,q, + 27 at the end of period ¢ + 1. It will eventually diverges
and exceed the limit of money holding 1.

17



Figure 3: Money holding distribution
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Given Pay-All equilibrium, the transition of the distribution is described as follows. Fig-
ure 3 draws an example of a triangle shape distribution.

At period t — 1 and before, the stationary money holding distribution satisfies

o H, 1(0) = age—(fjcc) >0,

e hy_1(m) >0 forall m € [z, 7],

and no agents hold m ¢ {0} U [z, Z] amount of money.
At the beginning of period ¢, 7 is injected. Then, the distribution shifts to the right by

o Hy(r) = Hi1(0) = 55225 >0,

o hy(m)=h;1(m—7)>0foralme [z+7,Z + 7).
In period t, suppose that the Pay-All property still holds in the bargaining. Then, each
buyer m € [z + 7,Z + 7] pays all the amount of money. Each seller finds a buyer with

probability a[l — Hy(7)], and each buyer makes a matching with oH,(7). Let H¥*" be the
money holding distribution after the trade in period ¢. Then,

o HM'* (0) = aH,(7)[1 — Hy(1)] = aH,_1(0)[1 — H,_1(0)]

Hffte?"(T) — Ht(T){l — a[l — Ht(T)]} = Ht_l(O){l — a[l — Ht—l(o)]}

For m € [z + 7,2+ 27), Wi (m) = [1 — aHy(7)]h(m) = [1 — aH;_1(0)]hy_y(m — 7)

For m € [z + 21, Z + 7, h¥" (m) = aHy(t)h(m — 7) + [1 — aHy(7)]hy(m) =
aH; 1(0)h—1(m —27) + [1 — aH;—1(0)]he—1(m — 7).

For m € (Z + 7,2 + 27], " (m) = aHy(7)hy(m — 7) = [1 — aH;_1(0)]hy_y (m — 27)

Finally, at the beginning of period ¢ + 1, money holdings of all agents except m = 0 are

declined by 7. The distribution is sustained stationary hereafter.

o Hy1(0) = HIT'(0)+ H' (7) = aHy1(0)[1— Hy-1(0)] 4+ Hy 1 (0){1 —a[l — Hy(7)]} =
H,_1(0).

e For m € [z,z2+7), hysr(m) = A7 (m +7) = [1 — aH,_1(0)]hy_1(m)
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e Form € [z+7, 7], hiy1(m) = hffter(m—H') = aH; 1(0)hy_1(m—7)+[1—aH;_1(0)]hs_1(m).
o Form € (Z,Z + 7], higa(m) = h{" (m 4+ 1) = aHy_1(0)he_y(m — 7)

The measure of non-money holder is unchanged between old and new stationary distribu-
tion: H(0) = Hy11(0) = Hy—1(0). The distribution of positive money holders spreads out.
Because of the indeterminacy of the money holding distribution h(m) for m > z, the new
distribution holds a stationary Pay-All Equilibrium with the same social welfare. Then, we
can consider Period ¢ allocation is on a transition path between the two steady-states. Let
(0) = v:-1(0) = v.11(0). Note that v;—1(m) and v41(m) for m > z are possibly different by
indeterminacy. Consider the bargaining problem of a seller holding 7 and a buyer holding

my = my_1 + 7 at period t:

o {k + 2 + Blue1(0) — v (me1)]} {=d — ey + Blosr (mi—y +7) = v (0)] 17

In the first term, the buyer holds 0 at Period ¢ 4+ 1 given Pay-All property. If the bargainig
fails, the buyer looses 7 unit of money and hold m;;1 = m;_1 + 7 — 7 = m;_; unit of money,
In the second term, the seller obtains m; = m;_; + 7 by the trade at Period ¢ and looses
7 in the next, then my,; = 74+ my_1 +7 — 7 = my_1 + 7 in total at Period ¢ + 1. In case
of no trade, the 7 unit of money holding needs to be returned to the central bank, then

myy1 = my_1 = 0. The first-order condition is
0{—d — cx¢ + Blvgra(mi—1 + 7) — vi1(0)]} = (1= 0)c{k + 2 + Blve41(0) — Ve (my—1)]}

& cx(my—1) = F(1—=0)clvpr1(mi—1) —vi41(0)]+ BO[vesr (my—1+7) —ve41(0) | = [(1 —0) ck+6d]
= BOvi1(my_1 + 1)+ B(1 — O)cvg 1 (my_q1) — B[(1 — 0)e + 0]v(0) — [(1 — 0)ck + 6d]

Let the total production at period t as X;.

Z
Xt = CMH(O)/ xt(mt_l)ht_l(mt_l)dmt_l

_ <a6H(0)

Z
p ) 9/ V1 (Mmy—1 + 7) g1 (my—1)dmy_4
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+ (M) (1- Q)C/ZZUt.t,_l(mt—l)ht—l(mt—l)dmt_l

C

_aBH(O)[L - H(0)

{B[(1 = 0)c+ 0]v(0) + [(1 — 0)ck + 0d]}

Now, we want to show that X, is larger than the steady-state amount of production, X =
X;_1 = X;y41. By the linear utility and cost functions, it implies the welfare improvement by
the short-run monetary policy.

X - x,., = 0 {[9 +(1—6)] / o vt+1(mt+1)ht+1(mt+1)dmt} |

C

_apH(0)[1 - H(0)]

c

{B1(1 = 0)c+ 0]v(0) + [(1 — 0)ck + 6d]}

Then, the condition X; > X is equivalent to
Z

Z
9/ Vg1 (My—1 + 7)1 (my—1)dmy—y + (1 — 9)0/ Vg1 (my—1) ey (my—y)dmy_y

Z+T
> [0+ (1 —0)c] / Vg1 (M1 hapr (M1 )dmy

z

By the transition of the money holding distribution,

Z+T
/ Ut+1(mt+1)ht+1(mt+1)dmt+1
4

Z Z+T
=[1— aH(0)] / V1 (mg—1 )Ry (me—q)dmy—1 + aH(O)/ V1 (my—1)he—1(m — 7)

24T

=[1—aH(0)] / V1 (my—1 )Ry (me—q)dmy—1 + aH(O)/ Vi1 (my—1 + 7)hi—1(m)

Therefore,

X, >X &

{016+ (1 - 0)daH(0)) / Vet (Mecs + ey ()
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>{W+u—ﬂwu—aﬂwn—u—ﬂm{/UHMmﬁmpmm

& {O[l—aH(0)—(1—0)caH(0)} [ / Vet (M1 + 7)hy1 (m) — / th(mt_l)ht_l(m)] -0

z

(27)

Since the value function is strictly increasing in Pay-All equilibrium, v;_1(m;_1 + 7) >
vg_1(my_1) for all m;_y. Hence, the second term is positive. The sign of the production

change depends on the first-term.
X, > X

& 01 — aH(0)] > (1 - 0)caH(0)

oofi- e (1-5)

‘ﬁﬂl—@]>(1‘mﬂm1—@

S 028(1 —c) —0(1 — B)e > (1 —0)(1 - pB)c?
0281 —c) > (1 —B)? +0(1—B)c(l —c)
& 0?B(1—c) > (1 —B)cle+06(1 —c)]

This condition holds for sufficiently large 3.

Intuitively, the policy raises the production by changing each seller’s future welfare.
The money holding distribution will be diverged at ¢t + 1. Sellers at ¢ — 1 will hold m €
[z+7,Z + 7] at t + 1. They are larger than the average in the steady state after ¢ + 1. It
makes more incentive for production in Nash bargaining since the seller’s threat point value
Blv(0) — v(m + 7)] decreases.

Interestingly, this positive welfare improvement is indeterminate. The welfare improve-
ment depends on the second term of Equation (27). Hence, the quantitative difference hinges
on the shape of the value function vyy1(m). Therefore, the individual-level indeterminacy
leads to the aggregate level indeterminacy in the welfare improvement by the distributional

monetary policy.

22



8 Conclusion

This paper shows that a class of standard search and bargaining models of money has
analytical characterizations of equilibrium aggregate variables, i.e., the welfare, the measure
of non-money holders, and the other aggregate variables are uniquely expressed by given
parameters. Due to the analytical characterization, the standard comparative statics can
be applied and the effects of policies can be well investigated. The model has two notable
features. First, it does not have centralized markets, as in Lagos and Wright (2005), so
that only the effect of policies on the decentralize market can be extracted. Second, the
assumption of large households, as in Shi (1997), is not made so that the effect of parameters
and policies on money holdings distributions can be investigated.

A long-run and a short-run distributional monetary policies are investigated. In the long-
run policy, the government levies a per-unit tax (subsidy) depending on the amount of goods,
and distributes (collects) money depending on after-trade money holdings in each period,
where they are chosen so that the government budget is balanced. Intuitively, it modifies
the intra-temporal condition of Nash bargaining changing the effective bargaining power and
moves the equilibrium toward the Hosios condition on the efficiency. In the short-run policy,
the government injects the same amount of money to all agents only in one period. Then the
same amount is subtracted in the next period. Intuitively, the policy raises the production
by changing the future welfare of each seller, and it leads to a short-run improvement in the
total welfare.

In the literature, long-term changes in the amount of money, such as the Friedman rule,
are often investigated. This type of policy is not covered in this paper, because our existence
proof cannot be applied to such policies. In the existence proof, we need an upper bound and
a lower bound of the support of money holdings distributions. However, in such policies,
they converge to infinity or to zero. Of course, an analysis of this type of policies is an

important future research topic.
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Appendix

The proof of Lemma 4

]vmwzu—ﬂww+wmw+mwm—UWM}

= {(1 —f]){((lo)— 90)}/2 U(m)dH:/z (1—0)c{k +z(m) + Blv(0) —v(m)]}dH (A.1)

By (6),

v(0) = a/ [—d — cx(m) + pv(m)|dH + fv(0) — a/ pu(0)dH

=a [ {=d—cz(m)+ Blv(m) —v(0]) }dH + fv(0)

&= [<1 — 5)9} v(0) = 6’/ {—=d —cx(m) + plv(m) —v(0]) }dH (A.2)

Integrating the FOC of Nash bargaining solution, (4), derives

/’u—ewm+xmw+mwm—vmmuH

=/‘ﬂ—d—mmw+Mmewmme (A.3)

Substitute Equation (A.1) and (A.2) into (A.3), then

230 [ o[22

which leads to the Lemma .
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The proof of Lemma 5

By (5),

1-F =a x(m v(0) —v(m
(W) o(m) = afk + x(m) + B[u(0) — v(m))]}

& ((1};(05))0) v(m) = afck + cx(m) + Bev(0) — Bev(m)}

& alck + Bev(0) — Bev(m)] — ((1H_(()ﬂ))c) v(m) = a[—cx(m) + fev(m)]

= ald —d — cx(m) + pv(m) — B(1 — ¢)v(m)]
= a|—d — cx(m) + Pv(m)] + a[d — S(1 — c)v(m)]

Then,

al—d — cx(m) + fv(m)]

= ack + afcv(0) — ((1[_]_(05))0) v(m) —ad+ af(l — c)v(m))
= {aﬁ(l —c) — (1};(06))6] v(m) + afck — d + Bev(0)]. (A.4)

By integrating both sides of (A.4), we get

a/ [—d — cx(m) + pv(m)|dH

= {aﬁ(l —c) — (1]1;(5)6] /Z v(m)dH + a1 — H(0)][ck — d 4+ Bcv(0)].
By (6),

{1 =0 +afll - H(0)]5}0(0)

= {aﬁ(l —c) — (1};(06))6] /Z v(m)dH + a1l — H(0)][ck — d + Becv(0)].

& {1l=F+afl = HO)(1 = ¢)B}v(0)
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= {aﬂ(l —c) — (1H—(Oﬁ))c] /Z v(m)dH + a1l — H(0)](ck — d).

By Lemma 4,

{1 =08+ afl = H(0)I(1 = ¢)B}v(0)

(1-— ﬁ)c] [QH(O)U(O)
H(0) (1-0)c

_ {aﬂ(l —o) - ]—i—a[l — H(0)](ck — d).

Then,
{1—=5+a[l —H(0)](1 —c)8}1 - 6)cv(0)

= [aB(1 —c)H(0) — (1 — B)c] Bv(0) + a[1 — H(0)](1 — O)c(ck — d).

Thus
0(0) = ac(l = H(0))(1 —0)(ck —d)
T c(1-8)+aB(1—-0)(1—c)— (aB(l —c)(c+0—ch)H(0)
Substituting H(0) = a/(é,le_(fz‘;) into the denominator of the above, we obtain

C

1—0)(cf+ 0apB —c— chap)

o1 = ) + (1= B)(1 = ¢) = S(1= B)(c+0— o) =

0 0
Since
B+ 0aB —c—chaf
1 - H(0) = aBO(1 —c) ’
we obtain
ck —d
"0 =59

The proof of Proposition 1

The steps of the proof

1. Assuming the pay-all property, we derive some properties of the Nash bargaining so-
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lution.
2. We present a candidate for (v, H).

3. We derive the conditions which guarantee the pay-all property. It can be seen that a
continuum of endogenously determined variables, including (v, H), satisfy the condi-

tions.

4. We show that the conditions in Step 3 are satisfied under the assumptions in Proposi-

tion 2,

5. Finally, we show the existence of equilibria. That is, (i) (v, H) in Step 2 is an equi-
librium, i,e., H is stationary and v satisfies Bellman equation, and (ii) there exist

parameters satisfying the assumptions in Proposition 2,

Step 1: Some properties of the Nash bargaining solution under the pay-all property

This step derives some properties the Nash bargaining solution in the case that a meeting
of a buyer holding m,;, and a seller holding m,, where the buyer pays all m; and the amount
of goods traded in the bargaining is positive. Note that in this step we do not assume the
linearity of v. The results will be used in the follwoing Steps. In these steps, the off-path

meetings will be also investigated, where agents hold non-equilibrium amount of money,

Lemma A.1. Suppose the pay-all property is satisfied, i.e., x(mg, my, H) > 0 and q(mg, my, H) =

my, then
ca(mg, my, H) = (1=0)cBv(my) —v(my—q)]+0B[v(ms+q) —v(m)] = [(1—0)ck+0d]. (A.5)
Moreover, the seller’s surplus is
(1 = 0){Blv(ms + q) — v(my)] — cBlv(my) — v(my — q)] + (ck — d)]}. (A6)

and the buyer’s surplus is

(0/c){ Blo(ms + q) — v(ms)] — cBlo(ms) — v(my — q)] + (ck — d) } (A7)
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Proof. The first-order condition with respect to a is
—(1=0)clk + 2 + Bv(my — @) — v(my))] + 0[—d — cz + B(v(ms + q) — v(m,))] = 0.
Thus
cx = (1 = 0)c[B(v(my) — v(my — q))] + 0B[v(ms + q) — v(m,)] — [(1 = O)ck + 6d]
Using the above, the seller’s surplus is
—d — cx + B(v(ms + q) — v(ms))

= —d—(1=0)cBlv(ms) —v(my—q)]=0B[v(ms+q)—v(my)]+[(1-0) ck+0d]+Bv(ms+q) —v(m;)]
= (L= 0){Blv(ms + q) — v(my)] — cBlu(my) — v(my, — q)] + (ck — d)] }.
Similarly, the buyer’s surplus is
k+x+ B(o(my — q) — v(my))
= k+(1=0)B[v(ms) —v(my—q)|+(0/c) Blv(ms+q)—v(ms)| = [(1=0)k+(0/c)d]+B (v (ms—q) —v(ms))
= (0/c)Blv(ms + q) — v(ms)] = 0B[v(my) — v(my — q)] + 0k — (0/c)d

= (0/c){Blv(ms + q) — v(ms)] — cBlv(my) — v(my — q)] + ck — d}f

Step 2: The candidates for an equilibrium value function and an equilibrium money holding

distribution

First, note that v(0) = gc(’i—:(i) and H(0) = % are already given. The candidate for
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an equilibrium value function is as follows:

v(0) + am if m < m*,
v(m) = (A.8)
v(0)+ F+bm if m>m*,

where a, b, F, and m* are parameters.

The candidate for a equilibrium money holding distribution satisfies Equation (14):

the support of the distribution H is {0} U [z, Z].

In the following steps, it will be shown that H, z, and Z can be freely chosen, i.e., indeter-

minate, if they satisfy (1), (2), and Equation (15)

m*<z<Z<1-—m"

Next, we derive the relationship between the slopes a and b, The slope a is the marginal
life-time utility of money for sellers, and b is that for buyers. We show that a < b. A seller
needs to wait at least one period for being a buyer and purchasing goods; hence, the gain

from holding money is discounted by the time preference.

Lemma A.2. The coefficients a and b satisfy

a = xb, (A.9)

af(1-0)[1-H(0)]

aon-mo gy < 1

where x = B

Proof. Consider a meeting in which a seller holds m, < m* and a buyer holds m; € [z, Z].
Note that from (15), the money holding of the seller after the trade does not exceeds the
maximum money holding 1. By (A.6),

v(ms) = a/ ; 7][—d — ca(ms, my, H) + B(o(ms +my) — v(ms))h(my)dmy, + Bo(m)
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Thus

ams = «a(l —0) fmbe[gf] Blv(ms +my) — cv(my)|h(my)dmy, + (1 — 0)[h(Z) — h(2)][—Bv(ms) + cBv(0)
= a(l=0) [, .7 Bv(0) + F + b(ms + my) — c[v(0) + F + by }h(mp)dimy,
—a(l = 0)[1 — H(0)][aBms + (Bc — 1)v(0) 4+ ck — d] + Bams + Pv(0)
= a(l—=0)[1—-H(0)](1—1¢)Bv0)+ F]+ a(l —0)[1 — H(0)]Bbms + (1 — 0)(1 — ¢)Bb(M /)
—a(l = 0)[1 — H(0)](afms + (Bc— 1)v(0) + ck — d) + fams + Bv(0)

Comparing the coefficients of mg in the LHS and the RHS yields

a=a(l—0)[1— H(0)B(b - a) + Ba.

Step 3: The conditions on the parameters which guarantee the pay-all property We first

present a sufficient condition that there is no trade if my + q(mg, my, H) < m* or ms > m*.

Lemma A.3. Suppose
b(l —m™) < d. (A.10)

Then the bargaining can reach the agreement if only if mg < m* < mg + q(ms, my, H).

Proof. Suppose ms; < m* < ms + q(ms, my, H) does not hold and the bargaining reaches
the agreement with x(my, ms) > 0 and q(mg, my, H). The seller’s surplus does not contain
F. Then the maximum increase in the discounted utility by earning money is am*, b(Z) or
b(1 —m*). By a < band (15), b(1 —m*) is the largest among them. Then, the maximum

amount of the surplus does not exceed
—d+b(1 —m"),

which is negative under (A.10). Note that —d is the cost of production in the case of
x = 0. [
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We next present a condition that the all-pay property holds in a bargaining between a seller

without money and a buyer with m;, > m*.

Lemma A.4. If

(1 =0)c+0|BF > (1 —0)ck + 6d, (A.11)

then x(mg,mp, H) > 0 and q(ms, mp, H) = my hold in the bargaining between a seller with

ms = 0 and a buyer with my, > m”*.

Proof. 1t x(mg,mp, H) = 0 in the Nash bargaining, then ¢(mg, my, H) = 0, i.e., no trade,
and thus the surpluses of the agents are zero. As shown below, they can be positive and the
buyer and the seller trade.

If z(mg, my, H) > 0, then by Lemma (A.1), g(ms, my, H) = my. Indeed, z(mg, my, H) >
0 will be shown below, and the surpluses are positive.

From Lemma (A.1),

cx = (1—=0)cB(F +bmy) +05(F +bmy) — [(1 — 0)ck + 6d]
= [(1—=0)c+0]B(F + bmy) — [(1 — 0)ck + 6d].

From (A.11), this is positive and thus z(mg, my, H) > 0.

(1 —=0)c+0|B(F +bm™) > [(1 —0)ck + 6d]

The seller’s surplus is positive, because

—d —cx + B(v(my) — v(0))

=(1-0){(1 —¢)B[F +b(my, —m")] + (ck —d)} >0

holds by m; > m*. Since the seller’s surplus is positive, so is the buyer’s one. Thus

x(ms, mp, H) > 0 and q(mg, my, H) = m; hold. O
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Next, we show that the pay-all property holds in the bargaining between a seller with m, <

m* and a buyer with m;, € [z, Z].

Lemma A.5. If (A.11) and

(1= 0)c+0)BF < (1—0)ck+0d+ (1 —0)(2— c)aBm* — [(1—0)c+01b3(Z —m*) (A.12)

Hold, then, in the bargaining between a seller with ms < m* and a buyer with my, € [z, Z],

x(mg,mp, H) > 0 and q(mg, my, H) = my, hold.

Proof. 1f x(ms,mp, H) = 0 in the Nash bargaining, then ¢(mg, my, H) = 0, i.e., no trade,
and thus the surpluses of the agents are zero. As shown below, they can be positive and the
buyer and the seller trade.

If ¢ satisfies ms+q < m*, then from Lemma (A.3), it can not be g(ms, my, H). Therefore,
below we consider the case ms+q > m*. As for a buyer, we consider the cases (i) my—q < m*
and (ii) my — ¢ > m*.

Case (i): If 2(ms, mp, H) > 0, then from Lemma (A.1), g(ms, my, H) = my holds. Indeed,

x(mg, my, H) > 0 will be shown below, and the surpluses are positive. From Lemma (A.1),

cx = (1—=0)cB(F+bmy) + 08 [F + b(my, +m,) — amg| — [(1 — 0)ck + 6d]
= [(1 =0)c+0]B(F + bmy) +0(b — a)Bm, — [(1 — 0)ck + 0d]

hold. From (A.11), this is positive, and thus xz(ms, my, H) > 0.

The seller’s surplus is

—d—catBo(my+my) —Bu(my)) = (1=6) [(1 = ¢)B(F + bmy) + (b — a)Bm, + (ck — d)] > 0.
(A.13)

Similarly, the buyer’s surplus is positive.
Case (ii): In this case, ¢ < my — m* and ms + ¢ > m*. Note that the buyer’s surplus

does not contain —F'. The seller’s surplus is

—d — cx + Bv(ms + q) — fv(my) = —d — cx + affmgs + BF + Sb(ms + q)
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< —d+ BF + (b— a)Bms+ bB(my, —m™) (A.14)

Below. we show that the surplus in (A.14) is smaller than that in (A.13), i.e., Case (ii) does

not occur in the bargaining. The inequality is expressed as:
—d+BF+(b—a)Bms+bB(my—m*) < (1—0) [(1 — ¢)B(F + bmy,) + (b — a)fms + (ck — d)].

Since the RHS is equal to

(1-0)(1—c¢)BF+(1—-0)(1—c)bfmy+ (1 —0)(b—a)Bms+ (1 —0)(ck —d),
The above inequality is equivalent to

(1 —=0)c+0|F < (1 —0)ck + 6d+bm* — (b — a)Bms — [(1 — 0)c+ 0]bBmy,. (A.15)
Since mg < m*,

(1 —=0)c+0|F < (1 —0)ck+0d+bpm* —0(b—a)Bm” — [(1 — 0)c + 0]bfm, (A.16)
is a sufficient condition for (A.15). Since my, < Z,

(1= 0)c+0]BF < (1 —0)ck +0d+ [a+ (1 —0)b]Bm* — [(1 — 0)c+ 0]b3Z
is a sufficient condition for (A.16), and it is equivalent to

[(1—0)c+0]8F < (1—0)ck+0d+apm*+[(1—0)(1—c)—0]bm* —[(1—0)c+0]b3(Z —m*).
(A.17)

Since b > a,
[(1-0)c+0]BF < (1—0)ck+0d+apm*+[(1—0)(1—c)—0lafm* —[(1—0)c+0]b3(Z —m*)

is a sufficient condition for (A.17), and it is equivalent to (A.12). O
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Step 4: The conditions in the Lemmas

Lemma A.6. Under the assumptions in Proposition 1, there exists a continuum of (z, Z, H,m*, M, a,b, F)

satisfying the following conditions in the previous Lemmas:
e b>0
o (15):m"<z<Z<1l-m*

e H is a Borel measure on R satisfying that the support is {0}U[z, Z], [ dH =1—H(0),
and [ mdH = M

e (A10): b(1—m*) <d
o (A11): [(1 =0)c+0)BF > (1 —0)ck + 0d
o (A12): [(1=0)c+0)BF < (1—0)ck+0d+(1—0)(2—c)apm* —[(1—0)c+0]b3(Z —m*)

Proof. For simplicity, we denote x(m) = (0, m, H). Assuming x(m) > 0, we first calculate

F'. From the first order condition,

(1-0)c
6

~d = ea(m) + 8(utm) ~ 0(0) = () e o 4 6(0(0) = ol

On the other hand,

0(0) = af/[~d— cz(m)+ Bu(m)ldH + (1 - a(1 - H(0)))Bv(0)
= o [“[~d — cz(m) + B(v(m) — v(0))]dH + Bu(0).

Thus, from (5),

1
=15

a/ (—d — cax(m) + Bv(m) — v(0))dH

(% - (f)%C) / *10(0) + F + bmlas
—0)

(7

Cc

> {Mb+[1— H(0)][v(0) + F]}.

y
e
o
=
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Thus

OH(0) — (1 —0)c[1 — H(0)
& [1—H(0)]F=< (0) ((1_9))6[ ])’U(O)—Mb
holds. Define ¢ = %. Then, from the above,

F=0-1v0) - (=)

and thus

— (¢ =1 v(0) - F].

For some € > 0, (A.11) can be rewritten as

(1 —=0)c+0|pF = (1 —0)ck +0d +¢.

Substituting Equation (A.19) into (A.18) derives

b

For a sufficiently small § > 0, let m* =

We can choose M satisfying

[1—H)z<M<[1-H(0)]Z.

1 — H(0) (1= 0)ck+0d+e
| DO - T e
5-0.Z=3

_ 6 ,_1_ 2 7 et —
5:2=5—%. Then Z —m* =

(A.18)

(A.19)

(A.20)

25,

(A.21)

Then there exists a measure H on [z, Z] satisfying fZZ dH = M and ff dH =1— H(0).
Next, we show that there exists b > 0 satisfying (A.12). Let

X

ap(l —0)[1 — H(0)]

af(l=0)[1 - H(O)]+1-5
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Then the sum of the last two terms in the right hand side of (A.12) is denoted by LTT:

LTT = (1-0)(2—c)xpm*db—[(1—0)c+0|(Z —m*)b
= (1-0)2—-xB(G-0)b—[(1—0)c+0]3(25)b
= (1=0)2—)xB5 — [(1=0)(2—)xB+[(1 =)+ 65 (3)] ob.

Note that the conditions(A.11) and (A.12) are.
(1 —=0)c+0|BF = (1 —0)ck + 0d + ¢,
(1—=0)c+0|pF < (1 —0)ck+60d+ LTT
If, for some € > 0 and v > 1,
b
(1 =0)2—c)xB3 =, (A.22)

then both conditions hold for sufficiently small § > 0. Solving (A.22) for € and substituting
it to (A.20) yields

_ 1—H(0)
M

b (¢ —1)(0) -

(1= 0)ck +0d+ (1 —60)(2 — )X <%>
(1 —-0)c+0]p :

Thus

() (aae) @)
1 —AIZ(O) [(¢ —1)(0) - [((11—_99);5:9?;}

For b > 0, » must be larger than one and

(1—0)ck +6d
(1 —=0)c+ 0]

(¢ —1)v(0) >

38



Finally, b(1 — m*) < d holds for a 7 close to one and a sufficiently small § > 0 if

1-H(0 1—0)ck+0d
12 (6 = 1)v(0) — ke

1—H(0) (1-6)(2—c) ] < 2d.
_ —6)(2—0)x
[1 + ( M ) <2[(1—9)c+0] ﬂ

Step 5: The existence of equilibria

Below, we show that the linear value function considered in Proposition 1 satisfies the
Bellman equation (5) and (6), (Lemmas A.8 and A.9) and the money holdings distribution
presented in the previous step is stationary. (Lemma A.7) That is, there exist equilibria. Note
that there exist a continuum of pay-all equilibria, since (z, Z, H, m*, M, a, b, F) satisfying the
conditions in Lemma A.6 is also a continuum.

In the following three Lemmas, we assume the assumptions in Proposition 1, and thus

all the Lemmas in the previous Steps can be used.

Lemma A.7. Under the assumptions in Proposition 1, (m*,z, Z, H) given in the previous

step s stationary.

Proof. In the distribution H, some agents do not have money, and the other agents have
money in [z, Z]. From Lemma A.3, a buyer without money does not trade. Similarly, a
seller with money in [z, Z] does not trade. Thus, on an equilibrium path, a trade occurs
only in the case that a seller does not have money and a buyer has money m; € [z, Z]. From
Lemma A .4, the pay-all property holds and, after the trade, the seller has money my, € [z, Z]
and the buyer does not have money. Therefore, the money holdings distribution remains the

same. OJ

Lemma A.8. Under the assumptions in Proposition 1, the linear value function defined as

FEquation (13) is consistent with Equation (5).

Proof. We substitute Equation (13) to the right-hand side of Equation (5) and then check

it is actually v(m). For convinience, Equation (5) is
v(m) = aH(0)[k + z(m) + fv(0)] + [1 — aH(0)]Bv(m)

= aH(0){k + z(m) + Slv(0) — v(m)]} + fv(m)
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Consider the buyer’s surplus from the bargaining, k + x(m) + S[v(0) — v(m)]. Under pay-all
equilibrium, the buyer pays m. By Equation (A.7), this buyer’s surplus is

k-t x(m) + Blo(0) — v(m)] = *{Blu(m) — v(0)] — cBlo(m) — v(0)] + ck — d)

[B(F +bm) + cB(F + bm) + ck — d|

(1 —=¢)B(F +bm) + (ck — d)].

Ol Ol

Then, the right-hand-side of Equation (5) is

aH(0){k + z(m) + B[v(0) — v(m)]} + Sv(m)

W H(0) (9> (1= )B(F + bm) + (ck — d)] + Bu(m).

c

by Lemma 3,

ALY,
=« (m) - (1 =¢)B(F +bm) + (ck — d)] + fv(m)

ck —d
B(l—c)

=(1-8) (F+bm+ )+6v(m),

by Lemma 5,
= (1 — B) [F + bm + v(0)] + Bu(m),
= (L= B)v(m) + fo(m),

which is Equation (5). O

Lemma A.9. Under the assumptions in Proposition 1, the linear value function defined as

Equation (13) is consistent with Equation (6).

Proof. Before the derivation of Equation (13), we first consider the seller’s surplus. By
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Equation (A.6),
= —d — cx(m) + Blv(m) — v(0)]

= (1= 0){Blv(m) — v(0)] = eBlv(m) — v(0)] + (ck — d)]},

given Equation (13),
=(1-0)[(1—c¢)B(F +bm)+ ck — d],

=(1-0)[(1—-¢)B8w(0)+ F+bm)—(1-c)pv(0)+ ck — d,

by Lemma 5,
=(1-0)[(1 —¢)Bv(m) — (ck — d) + ck — d|,

= (L=0)(1 —c)Bu(m). (A.23)

Now we show the consistency. Note that Equation (6) is

v(0) = a/ [—d — cx(m) + Bv(m)|dH + {1 — a[l — H(0)]}Bv(0).

z

Here, we substitute Equation (A.23) to the right-hand side of Equation (6) and derive v(0).
The right-hand side is equivalent to

Z

o / (—d — ca(m) + Bo(m)|dH + Bv(0) — / v (0)dH

z

_ a/ (—d — cx(m) + Blo(m) — v(0)]}dH + Bv(0).

By Equation (A.23), it is equivalent to

_ a/ (1= 0)(1 = &)Bu(m)dH + Bv(0).

z
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by Lemma 4,

—a(l-0)(1—-0)B {%} + Bv(0)
_ [@ <1 - C) OH (0) + 1} Bv(0),

by Lemma 5,

B2 e

181
-5 +1]@<o>

= v(0).
This is the left-hand side of Equation (6). O

Finally, ¢ = 0.3,d = 0.7,k = 40, = 0.8,8 = 0.9.0 = 0.9, and M = 0.5 satisfy the

conditions in the proposition.
The proof of Lemma 7

By the government budget constraint (23), (25) is rewritten as

v(0) = a/ (—d— cx(m) + B{v(0) +F+bg[m—tm(m)]})dH+ {1—al = H(0)]}pv(0)

:a/ {—d—cx(m)Jrﬁ[v(O)JrFergm]}dH—a/ Bbgta(m)dH + {1 —a[l — H(0)]}8v(0)
:a/ {—d— ca(m) + B[v(0) + F + bgm] }dH — ab(g — 1)M + {1 — a[1 — H(0)]}50(0)
:a/ {—d—cx(m)+6[v(0)+F+bgm]}dH—aBb(g—l)/ mdH-+{1—a[1—H(0)]}8v(0)

= oz/ {—d — cx(m) + Blv(0) + F + bm] }dH + {1 — a1 — H(0)]}5v(0)
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_ oz/ [—d — ce(m) + fo(m)]dH + {1 — o[l — H(0)]}50(0)

The proof of Proposition 3

First, We will derive key equations.
Lemma A.10.

Proof. Shown below. O

The seller’s population H(0) depends on g and ¢, that is, the policy alters the distri-
bution of money holdings. By changing the seller’s marginal welfare, the policy affects the
relative surplus in (24). Then, the associated distribution is also reshaped so as to keep the

stationarity.
Lemma A.11.

fjv(m)dH B 0
HO)w(0) — (1—6)(c+ Bgt) (A.25)

Proof. Shown below. []

This Lemma shows that the shift in bargaining surplus also affects the ratio of discounted

values between the two groups. The numerator, fZZ v(m)dH, and the denominator, H(0)v(0),

represents the aggregate discounted sum of utilities of buyers and sellers, repsectively. The

long-run policy with g > 1 and ¢ > 0 shifts welfare from buyers to sellers.
Lemma A.12.

ck —d
v(0) = m (A.26)

Proof. Shown below. m

The proof of Lemma A.10
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First, we derive the consumption elasticity of discounted value &(m) =

(c+ (1= 0)8gt)a’ = (95 + (1 — B)cB + (1 — 6) B2t/ !,

BO(1 —c)

& &m) = c+ (1 —0)Bgt!

+ 0

Since the buyer’s value function is unchanged, we can also derive £(m) as in (7). Therefore,

po(1 —¢) _ _1-p
c+(1—9)ﬂgtv’+6—€(m)—

which leads to the expression of H(0).

The proof of Lemma A.11

From (5)

{(1 — )1 = 0)c)

a2 o) = (1= O)clh+ (o) + Blu(0) = wlm)]}

N [“_fg(lo)‘ ec)]/sz(m):/ZZ(l—Q)c{k+$(m)+/6[U(O)—U(m>]}

By (6),

v(0) = a/ [—d — cx(m) + pv(m)]dH + fv(0) — a/ pu(0)dH

Z

=a | {—d—cx(m)+ Blv(m)—v(0])}dH + Bv(0)

-

|2

—~

1-53)0

} v(0) = 9/ {—=d — cx(m) + Blv(m) — v(0]) }dH
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Integrating the FOC of Nash bargaining solution, (24), derives

/ (1= 0)(c+ Bgte!) [k + 2(m) + B[p(0) — v(m))|dH

— [ 6=~ calm) + Blotm) ~ v(O))dHE (4.29)

Substitute Equation (A.27) and (A.28) into (A.29), then

[(1 _(52[((10)_ O , Bgtv’(lm—lﬁ)é)l - 9)@} /sz(m)dH _ [(1 —aﬁ)e] o(0),

which leads to the Lemma .

The proof of Lemma A.12

By (5),

1_ﬁ = xrim (% —vlm
() o) = ali - 2(m) + 500) = o))

=3 <(1H_(OB))C) v(m) = afck + cx(m) + Bev(0) — Bev(m)}

& alck + Bev(0) — Bev(m)] — <(1H_(Oﬂ))c) v(m) = af—cx(m)]
= ald —d — cx(m) + Pv(m) — fv(m)]
= a[—d — cz(m) + fv(m)] + ofd — Bv(m))]

Then,

a[—d — cx(m) + fv(m)]
= ack + afcv(0) — ((1 — 5)6) v(m) —ad + af(l — c)v(m))

= {aﬁ(l —c) — (1H—(OB))C] v(m) + afck — d + Bev(0)]. (A.30)
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By integrating both sides of (A.30), we get

a/ [—d — cx(m) + Pv(m)|dH

(1—-p)e
H(0)

= [osa -0 - | [ otmar -+ alt = ek~ d+ eato)),
By (6),
{1- 5 +all - HO)5}(0)

o |
& {1-F+all - ( J(1 = ¢)B}v(0)
o |

/ v(m)dH + a1 — H(0)][ck — d 4 Bcv(0)].

C

:[aﬁl—c / v(m)dH + all — H(0)](ck — d).

Let

/
X = (1 | ey ) .
c
Then by Lemma A.11,

{1=06+afl = H(0)I(1 = ¢)B}v(0)

— [a@a —¢)— (1H_( g)c] [?fﬁoggjgg] +afl — H(0)](ck — d)

6v(0)
(1—-0)cX

zmml—de%%l—@d[

Then,

] + a[l — H(0)](ck — d).

o {1-B+a[l — HO)(1 - )81 - 0)eXu(0)

= [aB(1 —c)H(0) — (1 — B)c] 6v(0) + a[l — H(0)](1 — )cX (ck — d).

Solving the above with respect to v(0), we obtain
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_ d—ck
v(0) = Xea (0 - 1) grpn-roese )Xo D FrasEo De-nn (H(0) —1).

Substituting H(0) = (1_6)2[%((11:(35%/), the RHS of the above is equal to

X c(d—ck)(c—cB+Gv' B—0aB—Gv' B2—Gv'0B+chaf+Gv' 052)
B(c—1)(ch+Xc2—XcO—c0B—Xc2B+Gv'08+X c0B—Gv' 082+ X c2008+Gv' X cf—X claf—Gv' X cf2—Gv' X chB+Gv’ X ch52)

Substituting X =1+ %”/, into

(c—cB+Gv' —0af—Gv' 2 —Gv'§B+-chaf+Gv'052)
(ch+Xc2—Xc0—cB8—Xc2B+Gv'0B+X cB—Gv' 062+ X c20a8+Gv' X cB—X chaf—Gv' X cf2—Gv' X cB+Gv' X chB?)

we obtain

c—cB+Gv' B—0af—Gv' B2 —Gv' §8+cof+Gv 052 _ 1
(c+Gv'B) (c—cB+Gv' f—0aB—Guv' B2—Gv'0B+caS+Gv'062) ~ c+Gv'B

Therefore,

o Xec(ck—d)
v(0) = sgerevd

Since X = (1 + @),

k—d
v(0) = L(%C(l—cg'

The proof of Proposition 3

Define the total welfare as W = H(0)v(0) + f?v(m)dﬂ. Then, from Lemma A.11 and

Lemma A.12, it can be rewritten as
W =QH(0)v(0), (A.31)

B 0
where ) = <1 + m)

Then,
oW 0Q OH(0) 0v(0)
O = SEHO)(0) + “2 2 Qu(0) + 2 QH(0) (A.32)

From the definition of @),

00 —8pc

ot (1-0)(c+ Gy (A.33)
From Lemma A.10,

0H(0) _ (1 -p)(1 - 0)pG" A

ot afi(1l —c)
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From (A.26),

0v(0)
ot

= 0. (A.35)

Below, we obtain %—Vf. From (A.33), (A.34), and (A.35),

0Q 8H(0) (0) _ BGY (1-B) (G B(1-6)2(2¢+Gv' B)+c((c—1)6% —2¢0+c))
2 H(0)o(0) + Qu(0 )+ o QH(0) = ab(1—c)(1—0)(c+GV B)?

(A.36)
This is positive, if and only if
GU'B (1 —0)* (2c+Gv'B) +c((c—1) 6% — 26 + ¢) > 0. (A.37)

Considering (A.37)= 0 as an equatlon with respect to 6, it has two solutions -

c+BGv’
ct+/c+BGY" "

the coefficient of 62 is negative.

Suppose G’ > 0. Then 2¥ > 0, if and only if % <0< %, since
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