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SUMMARY .Issues regarding missing data are critical in observational and experimental re-
search, as they induce loss of information and biased result. Recently, for datasets with mixed
continuous and discrete variables in various study areas, multiple imputation by chained equa-
tion (MICE) has been more widely used, although MICE may yield severely biased estimates.
We propose a new semiparametric Bayes multiple imputation approach that can deal with
continuous and discrete variables. This enables us to overcome the shortcomings of multiple
imputation by MICE; they must satisfy strong conditions (known as compatibility) to guar-
antee that obtained estimators are consistent. Our exhaustive simulation studies show that
the coverage probability of 95 % interval calculated using MICE can be less than 1 %, while
the MSE of the proposed one can be less than one-fiftieth. We also applied our method to the
Alzheimer’s Disease Neuroimaging Initiative (ADNI) dataset, and the results are consistent
with those of the previous research works that used panel data other than ADNI database,
whereas the existing methods such as MICE, resulted in entirely inconsistent results.
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1. Introduction

Issues regarding missing data are critical in observational and experimental research, as they
induce loss of information and biased result, and at times, lead to wrong decisions. The
National Research Council (2010) published a report including recommendations on treating
missing data in medical science research. According to the recommendation, researchers
should employ as many confounders as possible in order to obtain valid estimates from
analysis such as logistic regressions or Cox proportional hazards model. However, when they
employ more covariates, the number of observations with at least one missing component
increase. Also, if a researcher is interested in using a regression model containing missing
components in covariates, a complete case analysis results in biased estimates even when the
missing mechanism is missing at random (MAR) (Ibrahim et al., 2005).

In this case, if conditional distributions of incompletely observed covariates, given com-
pletely observed covariates, are correctly specified, we can obtain consistent estimators using
the expectation-maximization (EM) algorithm or Bayesian estimation with the Markov chain
Monte Carlo (MCMC) method. However, it is usually difficult to specify such a distribution
because both incompletely and completely observed covariates generally have large dimen-
sions, and the distributional form is not expressed by well-known distributional families owing
to the mixed-scale variables.

For datasets with mixed continuous and discrete variables in various study areas, multiple
imputation by chained equation (MICE), in which missing variables are iteratively imputed
based on full conditional specification (FCS), has been cited numerous times by researchers
from several fields including medical statistics (van Buuren, 2007, White et al., 2011,Paton
et al., 2014). This is because the researchers, especially the imputers, are not required to
construct an explicit joint multivariate model with mixed-scale variables (continuous, categor-
ical, ordinal, and so on). More specifically, the MICE-FCS approach specifies a multivariate

imputation model using a sequence of seemingly "appropriate" univariate regression models



corresponding to the types of missing variables; namely, one only needs to assign a univariate
linear regression with a normally distributed error term for an incomplete continuous vari-
able, a logistic regression for an incomplete binary variable, an ordered logistic regression
for an incomplete ordinal variable, and so on. Moreover, researchers can easily implement
MICE-FCS using several existing statistical software packages, such as the mice package in
R and S-plus, proc mi with the FCS option in SAS, and mi impute in STATA.

In spite of the widespread use of MICE-FCS, recent studies showed that it leads to
severely biased estimates in various setups. Liu et al. (2014) proved that using MICE-FCS
does not guarantee that the asymptotic distribution is equivalent with the existing Bayesian
MI estimator when the families of the conditional models are "incompatible" (see Section
4 in Liu et al. (2014)). In fact, simulation studies by Bartlett et al. (2015) showed that
MICE yields biased estimates when treating incompatible conditional models. Unfortunately,
violation of the compatibility assumption is not uncommon (the example of the violation of
the compatibility assumption is provided in section 2.1). Therefore, although MICE-FCS is

simple and convenient to use, it can provide statistically valid estimates in very limited cases.

1.1  Motivating example

We briefly introduce a motivating example of a real world dataset in which it is very
hard to properly impute the missing components using FCS approach. The data used in this
article were obtained from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) database
(adni.loni.usc.edu). The ADNI was launched in 2003 as a public-private partnership, led by
Principal Investigator Michael W. Weiner, MD. The primary goal of ADNI has been to test
whether serial magnetic resonance imaging (MRI), positron emission tomography (PET),
other biological markers, and clinical and neuropsychological assessment can be combined to
measure the progression of mild cognitive impairment (MCI) and early Alzheimer’s disease
(AD). For up-to-date information, see www.adni-info.org.

Jack et al. (2010) used data from the ANDI to study baseline predictors that contribute



to the progression of AD. Figure 1 shows the distributions of amyloid 51 —42 (ABET A;_42),
tau (total tau protein), and p-tau (phosphorylated tau protein; P-taul81p) of MCI at baseline
subjects, and Jack et al. (2010) show that they are associated with time to conversion to AD.
Since the participants were not forced to contribute to the CSF measurement, around 50% of
the data for ABET A;_4s, tau, and p-tau are missing. Jack et al. (2010) employed the Cox
proportional hazards model, in which the covariates include ABET A;_45, tau, and p-tau.
The analysis was restricted to 218 samples whose ABET A;_4, were available, nevertheless
the dataset contains approximately 400 subjects. If the researchers try to address the missing
components using the MI method, EM algorithm, or Bayesian estimation with the MCMC

technique, they must correctly specify the complex joint distribution of the covariates.
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Fig.1. Histograms of observed ABET Ay 45 (Amyloid beta 1-42), tau (total tau protein), and
p-tau (phosphorylated tau protein). The bold lines represent the kernel densities of the data.

Figure 1 shows that they are not normally distributed and seem to be skewed, following
a fat-tailed distribution. Accordingly, specifying the covariate distribution seems to be very
difficult in such cases. Bartlett et al. (2015) employed the SMC-FCS approach to impute the
missing covariates and estimated the Cox regression. They added information pertaining to
the family history of Alzheimer’s patients, namely, whether the subject’s father and mother
had AD or not. However, their results seem to be biased owing to the violation of the model

compatibility assumption required be the FCS approaches; several covariates do not follow



normal distributions, as seen from Figure 1. Also, more than two binary missing covariates
are employed. As shown in Section 2, the FCS approaches results in biased estimates when
missing covariates include two or more binary variables because of the model incompatibility.
Therefore, it is evident that the existing FCS approaches should not be applied to these kinds

of datasets, which are often found in the real world.

1.2 New contribution

In this paper, we propose a new flexible semiparametric Bayesian framework for MI, which
is capable of treating mixed-scale incomplete variables. The model formulation is different
from that seen in the existing literature in two ways.

First, we express the full model as the product of the covariate distribution (conditional
distribution of incompletely observed covariates given completely observed covariates) and
the substantive model (the regression model researchers are interested in). We assume the
parametric model to the substantive model since the researchers conducting applied research
are generally concerned with the parameters of the functions in the substantive model, which
should be built upon the existing theories or previous literature in the field of study. Exam-
ples of the parametric substantive model are the Cox regression and the logistic regression in
epidemiological and clinical research. On the other hand, with regard to the covariate distri-
bution, we specify a joint distribution of the missing variables using the probit stick-breaking
process mixture (PSBPM) model proposed by Chung and Dunson (2009), whose model spec-
ification is based on the Dirichlet process mixture (DPM) model. Ibrahim et al. (2005)
also pointed out that one of the caveats of treating missing covariates lies in specifying the
parametric model of the covariate distribution. However, it is nearly impossible to correctly
prespecify the covariate distribution based on existing theories or some inferences, because
the relationships of the missing variable and the complete variables are often "multivariate-to-
multivariate", they can be non-linear relationships, or they may be non-normally distributed.

Therefore, we employ the nonparametric Bayesian specification; specifically, we use PSBPM



modeling instead of DPM since the stick-breaking weights can vary depending on the pre-
dictors. Since our approach do not rely on FCS approach, we do not have to consider the
compatibility assumption holding. Murray and Reiter (2016) proposed fully nonparametric
multiple imputation method using DPM model with local dependence. However, they do not
consider the existence of the substantive model, hence their main scope of the inference is
the means or the variances of the imputed variables, and it cannot estimate the interested
parameters of the substantive model.

Second, we express mixed-scale variables through the transformation of the latent con-
tinuous variables for probit modeling. This underlying continuous variables approach is used
in the context of the DPM model, as in Kottas et al. (2005) for ordinal variables; in Canale
and Dunson (2011) for count variables; and in Kim and Ratchford (2013) for ordinal vari-
ables. This approach enables us to deal in a straightforward manner with many types of
variables in the joint covariate distribution without specifying the complicated conditional

joint distribution of mixed-scale variables.

1.3 Organization

The rest of the paper is organized as follows. In the next section, we propose and formulate
a semiparametric Bayesian multiple imputation (SB-MI) algorithm that can overcome the
drawbacks of the existing methods. In Section 3, we describe the model specification, impu-
tation procedure and posterior computation of the proposed model in detail. The simulation
studies illustrating the performance of the proposed method compared with the MICE-FCS,
SMC-FCS, and missForest approaches are presented in Section 4. In Section 5, we apply
our proposed method to the real dataset described in the motivating example in Section
1.1. Section 6 concludes after providing a short discussion. The detailed descriptions of the
simulation design appear in the Appendix A. We are preparing an R package to implement
our algorithm. In advance, computer code in Matlab are provided, and may result in minor

variations, all of which will be resolved and covered by the R package.



2. Model setup

In this paper, we consider a dataset consisting of N (i = 1,..., N) cases, where the interest
of the researchers lies in a model with outcomes y : 7 X 1, completely observed covariates
v : p x 1, and incompletely observed covariates w : ¢ x 1. Let a®®® and a™* be the observed
and missing subsets of variable a € (y, v, w) in the dataset, respectively. Let r be the vector
of observation indicators whose element equals 1 if the corresponding element of the dataset
is observed and 0 otherwise. Throughout this paper, we consider that the data are MAR,

os)  Additionally, we assume that all the observations are

that is, p(r|a®, a™*) = p(r|a
independent and identically distributed.

Let 9, be the parameter vectors of the substantive model p(y|w, v,¥;). Note that the
researcher’s prime target of inference lies in 9,, even in the context of missing data analysis.

We propose a SB-MI algorithm expressed by the following imputation model as the product

of two submodels:

p(y,'w|v) O(p(y"w,’l),’l?s)p(’wl’l),’ﬁm) (1)

where p(w|v, ¥,,) represents the covariate distribution with parameters of lower interest 19,,,
and p(y|w, v, ¥;) represents the substantive model with parameters of higher interest ;. We
assume the parametric model for the substantive model p(y|w, v,1;) since the researchers’
concern generally lies in the parameters of the substantive model 9. Additionally, the sub-
stantive model should be built upon the existing knowledge corresponding to the purpose
of the study. Accordingly, the researcher may assume a linear regression with an interac-
tion term, a Cox regression, or a logistic regression for p(y|w, v,9¥;). While we assume a
parametric structure for the substantive model, we do consider Bayesian nonparametric form
rather than a parametric form for the covariate distribution p(w|wv,9,,), because researchers
generally have no interest in 1,, and parametric modeling of a large number of covariates

can result in misspecification bias (Chib, 2007). Moreover, we express mixed-scale variables
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through the transformation of latent continuous variables for probit modeling in order to
deal with many types of continuous and discrete variables in the joint covariate distribu-
tion in a straightforward manner. This transformation enables us to avoid considering the

compatibility assumption, which is required in MICE-FCS or SMC-FCS.

2.1 FExisting method

In this situation, 9, can be estimated by the existing MI methodology, EM algorithm, or
Bayesian MCMC estimation. For example, MI uses the MCMC approach, and researchers
iteratively draw the parameter of the joint model v from p(v|a), and then draw a™* from
p(a™®|a®®, 1) D times. However, as is the case with the maximum likelihood estimation of
the EM algorithm or the Bayesian MCMC estimation, it is difficult to correctly specify the
joint distribution of all the variables that have missing elements p(a™?*|a®®, ), especially
when both continuous and discrete variables are missing.

The MICE-FCS method has become a more widely used methodology as researchers seek
to avoid the difficulty in specifying the conditional joint distribution p(a™?*|a®®,)). The
MICE-FCS approach specifies a multivariate covariate distribution by a sequence of univari-
ate regressions for each missing variable. More specifically, MICE-FCS iterates drawing

from p(ep;|a) and @™ from p(af*®

S| @™ ap;) for each @', where a

i ; denoting the

—i
components of a with a; removed. Because of the simplicity of its covariate distribution
specification, MICE is popularly used to deal with missing data.

In spite of the widespread use of MICE-FCS due to its convenience, it was recently
proved that the asymptotic distribution drawn using MICE-FCS is not equivalent to the
existing Bayesian simulation in several settings. Liu et al. (2014) showed that the MICE-
FCS algorithm does not guarantee that the asymptotic distributions are consistent with
the existing Bayesian joint model MI estimator when the family of conditional models and

their joint distributions are incompatible. According to Liu et al. (2014), the compatibility

assumption is satisfied when a parameter set of conditional models fj(a;-mﬂa’f;s, a’, p,) is



represented by surjective mapping of a collection of the joint model p(a™*, a®®*|1)) parameter
1, that is, g;(¢) = 1; and hence p(a]**|a™F, a®, 1) = f;(al*|a™*, a® 1p;); otherwise
they are said to be incompatible. Put simply, compatibility purports that the parameters
of the conditional distribution can be expressed by the parameters of the joint distribution
of the model. Liu et al. (2014) also showed that the MICE-FCS algorithm generates a
consistent estimator using Rubin’s rules, but the variance of the parameters cannot be applied
to Rubin’s rules if the family of the conditional models is semicompatible as a special case of
incompatibility. On the other hand, if the model is compatible, MICE-FCS is asymptotically
equivalent to the existing Bayesian simulation; hence, one can apply Rubin’s rule to calculate
the mean and variance of the parameters of interest.

In what kinds of cases this compatibility assumption holds? If the all variables in the
datasets are consist only of continuous variables that follow an i.i.d. multivariate normal dis-
tribution and the conditional models are linear regressions with normally distributed error
terms, the conditionals and joint model are compatible, and the estimators of MICE-FCS
are applicable to Rubin’s rules. If one variable is binary variable and the rest are continuous,
one can also apply Rubin’s rules to the substantive model described in the form of a linear
regression with normally distributed error terms. However, when the researcher is interested
in binary outcome modeling with a logistic regression, wherein there exist binary covariates
in the datasets, and even if all the other covariates are continuous, the conditionals and sub-
stantive model (logistic model specification) are incompatible, and the MICE-FCS estimators
are not equivalent to those corresponding to Gibbs sampling. In epidemiological and clinical
research, researchers often assume non-linear models such as the Cox proportional hazards
model, regression models with quadratic terms, or regression models with interaction terms.
Yet, unfortunately, these are examples of model incompatibility. In addition, the conditionals
of MICE-FCS are under the immediate control of the researcher, and hence, the joint distri-

bution is only implicitly known and may not exist (van Buuren, 2012). Therefore, although



MICE-FCS is simple and convenient, the estimators are valid in a very limited number of
cases only.

Bartlett et al. (2015) recently developed SMC-FCS in order to relax the compatibility
assumption, which assigns the imputer compatibility of the joint distribution of covariates
only and not all the variables. However, it has hardly solved the problem of the compatibility
assumption holding because the number of covariates is generally larger than the outcome
variable. For example, if the missing covariates contain two or more binary variables, a
parameter set of conditional models cannot be represented by onto mapping of a collection
of joint model parameters. Hence, the model compatibility assumption among covariates is
violated, and the estimates from the SMC-FCS do not guarantee the consistency. Addition-
ally, if some covariates do not follow a normal or Bernoulli distribution (say, they follow a
log-normal distribution or a mixture of normal distributions), the compatibility assumption
of joint distribution among covariates required in the SMC-FCS method cannot be generally

satisfied, as seen in the motivating example in Section 1.1.

3. Semiparametric Bayes multiple imputation
3.1  Semiparametric model formulation

As stated in Equation (1), we propose a SB-MI algorithm, expressed by imputaion model
p(y, w|v) as the product of two submodels p(y|w, v, ¥,)p(w|v,9,,). Assuming the indepen-

dence of the priors p(9,,) and p(¥Y;), the posteriors are

p(ﬂm, ﬂs!y, v, 'w) (08 p<19m)p(195>p(y|'w7 v, ﬂs)p(wh}, ﬁm)

¥,, and 9, can be drawn from p(d,,)p(w|v,d,,) and p(I;)p(y|w, v,9;), respectively. Given
these parameters, the missing values are drawn from the density proportional to p(y, w|v).
The specification of the substantive model p(y|w, v,1,) varies by the purpose of the

analysis and the properties of the outcome y. One may specify the linear regression to the



continuous outcome or the logistic regression to the discrete outcome. Besides, one must
employ specified model forms on p(y|w, v,1;), such as the Cox proportional hazards model
or quadratic models. Our proposed methodology, in any case, can properly estimate 9 even

when MICE-FCS or SMC-FCS cannot because of model incompatibility.

3.2 Covariate distribution

On the other hand, we have to specify the complicated covariate distribution p(w|v,9,,).
Usually, w will include continuous and discrete variables. In order to deal with mixed-
scale covariates, we employ a transformation of the latent continuous variables for probit
modeling. Thus, we rewrite w as w = (w.., wq, w,) where w,. denotes the continuous variable
component, wy denotes the ordered variable component with Qu(= 1, ..., 44, ..., Q4) orders,
and w,, denotes the nominal variable component with Q,(= 0, ..., ¢y, ..., @) choices. To deal

with discrete variables simply, we introduce continuous latent variables u, and u,, where

Wq = q4 iqud_1<ud§qu

0 if max (u,) <0

¢n if max (u,) = Upg, >0

We assume the following structure on the covariate distribution.

w; = f(vi) +m;

with w; = g(w?), where w* = (w,, ug, w,) and g(-) represents the function converting the
latent continuous variables w; to w;. This enables us to deal with many types of continuous
and discrete variables in the covariate distribution in a straightforward manner.

More concretely, we employ DPM modeling to represent the covariate distribution. DPM

modeling is frequently utilized in applied statistical modeling when researchers intend to
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avoid making assumptions about parameter distribution within the Bayesian framework.
For example, Hirano (2002) developed autoregressive models with individual effects where
the disturbances are not restricted to a parametric class. Rodriuez et al. (2009) used DPM to
develop a Bayesian semiparametric approach for functional data analysis. Kunihama et al.
(2016) developed a nonparametric Bayes model with DPM to incorporate sample survey
weights. The theoretical properties of DPM were investigated by Shen et al. (2013).
According to Sethuraman (1994), the Dirichlet process as a prior for a random distribution
G can be represented by the stick-breaking process. Let &;,&,, ... be an independent draw
from a beta distribution Be(1,~). If G follows the Dirichlet process prior with concentration

parameter vy and base distribution Gy, that is, G ~ DP(v,Gy), G can be represented as

G=> by, 0~ Go

=1

where k; = & ], (1 —&,) and 6y is a point mass at 0 (refer to Walker et al. (1999) for a
detailed description of DPM).

Although DPM is used to flexibly express a variety of parameters or distributions, they
are greatly restricted because probability weight r; is a constant (Dunson et al., 2007).
If the stick-breaking weights m; are constant and independent of predictor x;, as in DPM
and other nonparametric Bayesian models, the mean regression structure is reduced to a
linear one, namely, Y ;°, 7Tl,8lT$i = BTwi, where 3 = (221 mB;‘F). Therefore, in this paper,
we apply the PSBPM model proposed by Chung and Dunson (2009) since the algorithm
allows for greater flexibility through predictor-dependent stick-breaking weights m; (x;). In
addition, PSBPM results in a conjugate structure, and hence simpler posterior calculation.
The statistical properties of PSBPM are described in Pati et al. (2013). For example, Hoshino
(2013) proposed a semiparametric Bayesian model for causal inference where the parameters

of no interest for researchers are modeled using PSBPM.
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We apply PSBPM modeling to the covariate distribution specification. The resulting

regression function of w* on v can be represented as

f(wilv:) =Y m(v)N(Tv;, &)

=1

with the probability weights

m(v) = (& (v) [[ {1 - @&, (v))}.

h<l

where ®(-) is the cumulative distribution function of the standard normal distribution. To
make the probability weights m;(v) vary with covariates v, we let &;(v) = oy + fi(v), ay ~
N(tg:1)s pg ~ N(pio,,02,) and we introduce the following regression function as in Chung

@0

and Dunson (2009):
q
filv) ==ty ok — Qi
k=1

My 1

dar (Qur), where N (s, 0¢;) 1y denotes a normal
distribution with mean j;; and variance o, truncated to the set U and Qf = are discrete

points over a reasonable range of the k-th covariate vy.

3.3 Imputation and analysis procedure

Data imputation and analysis procedures are as follows.

1. Assign each case i to any class [ of the Dirichlet mixture.

2. Generate ©”) from the posterior distribution based on the likelihood of p(w|v,d,,)

calculated on the complete case dataset or pseudo-complete dataset.
3. If w is missing, generate the missing component of w proportional to p(y, w|v).

4. If y is missing, generate the missing component of y from p(y|w, v, 192"*1)). If case 1

12



has missingness both on w; and y,, generate y, from p(y|w, v, 19‘(:'*1)), where missing

w; is imputed in step 3.

5. Given the pseudo-complete dataset, generate 192” from the posterior distribution based

on the likelihood of p(y|w, v, ¥y).

3.4 Posterior computation of the proposed model

Let K; be the indicator denoting where case ¢ belongs, and K; = [ if case ¢ belongs to
class . Recall that 9, and 9, are the parameter vectors for the covariate distribution p(w|v)
and the substantive model p(y|w,v), respectively. This yields the following hierarchical

representation of the finite-dimensional PSBPM model:

Y;|wi, vi, 95 ~ p(y;|wi, vi, 9s),
Wil vi, O, K ~ p (wi|vi, O, Ki),
K(p~ 3 m(nlg)o() (i=1,...N).
¢ ~p(PtiTy),
By~ p(Fs]79,), O ~ p (I T0,,)
T~ p(T),
where ¢* = (i, ¢yy, ..., bry, Qu1, o, Q) and 7 = (75, 75 75 ).

The blocked Gibbs sampler (Ishwaran and James, 2011) is applied to the posterior com-
putation of the PSBPM parameters 1,,. The blocked Gibbs sampler is very similar to the
Gibbs sampler except for the assignment of samples to each class. Since we employ PSBPM
modeling, we can directly apply the estimation algorithm of Chung and Dunson (2009) for
the simulation of ,,. Each case i is assigned to one of L class in the blocked Gibbs sampling,
where L denotes the maximum number or truncation of classes. As stated above, w may
include continuous and discrete variables. We employ the transformation of the latent con-

tinuous variables w* for probit modeling through a function g such that w = g(w*). Given

13



the draw of 19,,,, the missing components of y and w are imputed, and then, the substantive

model parameter ¥, is simulated. We obtain the detailed posterior computation using the

MCMC estimation as follows.
1. Update K; (i =1,...,N)
To assign samples to each class, generate K; by ZlL:l 710 (), where m; is

mi(vi) N (Tyv;, 1)
L
25:1 mi(v:)) N(Lrvi, 1)

Ty =

with m(v;) =

D(&;(vi)) [Tney {1 — P(&n(v2))}-

2. Update Z}

We introduce latent variable Z}, where Z; = 1(Z}; > 0) and

k=1

q
N (ozl — Z@/}lk lvie — Qugl 1) 1p- forl < K;.

k=1

q
N (Oél — Zwlk ‘Uz’k — Qlkl y 1) ]-]R+ fOI' l = Kz

*
Zil ~

3. Update oy(l =1,...,L — 1)

Draw «; from the following normal distribution.

Yk Wit 1
oy~ N 5 )
N, + 1 N, + 1
where N; = SN 1(K; > 1) and Wi = Z5 + 320y [vie — Qua-

4. Update ¢, (I=1,... L —1, k=1,...,q)

14



Draw ;;, from the following left-truncated normal distribution.

b~ N 08 Mo, D ircist ik — Qe U 1 )
Ik~ 5 5
O T ekt Vi — Qi o, + 2 it Ve — Sl

where Uj = oy — Z; — Zgzl,s;ék Vs [vis — Q-

5. Update Qu(l=1,...L—1,k=1,...,q)

Draw €2, from the following probability.

1 q
M H N (Z;};al_ Z ¢15|Uis_le|_¢lk |Uik—QItm|71>

Pr (Q = 0,) = —— ! =T '
M, 1
ﬁ H N (Z:}, o) — Z wls |Uis - le| - 77[Jlk |vik - sz‘ ) 1)
m=1 "k K>l s=1,s7#k

6. Update 9,,(= T}, ®))

Draw 9,,(= I';, ®;) from the following multivariate normal and inverted Wishart dis-

tribution.

Ijrest ~ N <vec(f),‘1)l ® (V?Vl)_l) ,

®)frest ~ IW (fo+N,Gy' + (W] =T, V)T (W] —T\V))),

where T' = (VlTVl)_1 VIwW, V= (d], ., v%)T, wW* = (wi?, .., 'wj‘VT)T, and V; and
W denote the subset of V and W* whose case i belong to class I. fo and G denotes

the parameter of the prior distribution of T';; Ty ~ IW (fo, Gy').

7. Update p,

15



Draw p,, from the following normal distribution
L-1
fy ~ N <(L —1+0.2)7" [Z o + aafﬂaol (L —1+ aa§)1> .
=1

8. Update the missing components

Draw the missing component of w from a density proportional to p(y, w|v). Since it
is difficult to draw the missing w, we employ the Metropolis-Hastings algorithm and
use p(w|v,¥,,) as a proposal density in order to draw a candidate of w;, w§. Note
that the candidates are obtained after the transformation w = g(w*). We accept the

candidates with the following probability:

min (M 1) | @)

p(ylw,v,9;)’

If any component of y is missing, we draw y™* from

p(y"™|w, v,9,)

9. Update 9

Draw 19, from the density proportional to
p(9s)p(y|w, v,9s)

For example, if we are interested in inferring the binary logistic regression coefficients,

the acceptance probability in Equation (2) can be written as

min ({expﬂ“%ﬂ/ 1+ exp(TTz)] } {1/ [1 + exp(TT29)]} 1)
{eXP(FTmi)/ [1 + eXp(FT:Bi)] }y,- {1/ [1 + eXp(FTmi)} }1—yi ’
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. . T . .
where T is a vector of coefficients, x; = (wiT, ’UZT) , and x¢ is the vector x; whose missing

components are replaced by the candidate value.

4. Simulation study

We conduct the following four simulation studies in order to illustrate the performance of
the proposed method when MICE-FCS cannot draw from a Bayesian joint model: (4) lin-
ear regression with a quadratic term, (i7) linear regression with an interaction term, (i)
proportional hazards model with a binary covariate, and (iv) logistic regression with a bi-
nary covariate. Through the simulation study, we consider the case N = 400, and 30% of
the incomplete covariates are set to be missing. We generate the missing values based on
p(r|y, w,v) = p(r|y). We compare the following imputation methods with SB-MI: MICE-
FCS, SMC-FCS, and missForest.

Stekhoven and Buhlmann (2012) proposed the missForest algorithm, which imputes miss-
ing values from the random forest predictors and they are reported to provide lower impu-
tation errors than the FCS method (Liao et al., 2014,Waljee et al., 2013). The detailed
simulation design, results, and detailed discussion appear in Appendix A.

This section summarizes the results of simulation study (iv). We specify the substantive

model of the logistic function as follows:
lOglt(y = 1) = F() + F1w1 + F2w2 + F3’U

with 'y =1, 'y = 2, I';, = =2, and I's = 3. In this simulation, we consider three scenarios
where the missing covariates follow (a) a multivariate normal distribution, (b) a multivariate
log-normal distribution, and (¢) a multivariate normal mixture distribution. We consider a
case where one of the incompletely observed covariates w; is binary, where w;; = 1 if the
latent variable, which is simulated based on above three process, w;; > 0 and w;; = 0 if the

latent variable w}; < 0. The detailed data generating process is described in Appendix A.
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Table 1. Simulation results of case (iv) - Logistic regression with binary covariates

Complete Case MICE-FCS SMC-FCS missForest SB-MI
TRUE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d.) Cov MSE
(a) Normal
To=1 1.023 (0.286) 0.950 0.086 0.767 (0.257) 0.830 0.313 0.721 (0.260) 0.793 0.243 0.600 (0.240) 0.582 0.235 1.027 (0.223) 0.966 0.053
n=2 2.058 (0.517) 0.955 0.283 1.929 (0.485) 0.959 0.286 2.180 (0.502) 0.943 0.300 2.529 (0.449) 0.694 0.664 1.965 (0.414) 0.945 0.066
Ta=-2 -2.081 (0.391) 0.946 0.165 -1.944 (0.355) 0.960 0.212 -2.161 (0.368) 0.944 0.169 -2.452 (0.349) 0.681 0.413 -1.989 (0.294) 0.941 0.056
T:=3 3.127 (0.500) 0.952 0.265 3.118 (0.412) 0979 0.254 3.388 (0.443) 0911 0.365 3.542 (0.410) 0.718 0.530 2.985 (0.353) 0.935 0.078
MSE ratio 0.750 1.000 1.011 1.728 0.237
(b) Log-normal
To=1 1.026 (0.312) 0.950 0.098 0.554 (0.302) 0.673 0.492 0.873 (0.309) 0.917 0.259 1.070 (0.299) 0.930 0.105 1.024 (0.259) 0.964 0.062
Ti=2 2.055 (0.401) 0.954 0.167 1.748 (0.385) 0.885 0.350 2.195 (0.397) 0.960 0.293 2.224 (0.376) 0.890 0.218 1.980 (0.341) 0.961 0.065
Ta=-2 -2.056 (0.297) 0.952 0.091 -1.706 (0.276) 0.774 0.275 -2.190 (0.287) 0.928 0.297 -2.268 (0.276) 0.844 0.156 -2.006 (0.228) 0.962 0.066
T:=3 3.090 (0.386) 0.947 0.157 2.794 (0.353) 0.896 0.264 3.356 (0.370) 0913 0414 3.194 (0.345) 0.909 0.167 3.019 (0.302) 0.940 0.081
MSE ratio 0371 1.000 0914 0.467 0.198

(c) Mixture of normals

To=1 1.035 (0.487) 0.951 0.254 0.805 (0.324) 0.884 0.281 1.021 (0.471) 0.942 0.251 0.681 (0.442) 0.863 0.326 1.023 (0.235) 0.943  0.046
Ti=2 2.143 (0.886) 0.935 0.915 2.143 (0.582) 0.962 0.395 1.983 (0.851) 0.943 0.794 2.675 (0.826) 0.857 1319 1.978 (0.439) 0.955 0.082
Ta=-2 -2.105 (0.404) 0.947 0.192 -2.125 (0.396) 0.969 0.266 -2.137 (0.380) 0.912 0.181 -2.384 (0.357) 0.793 0.321 -1.989 (0.299) 0.956 0.069
T:=3 3.151 (0.515) 0.950 0.312 3379 (0.451) 0.934 0.329 3.388 (0.465) 0.890 0.398 3.393 (0.431) 0.852 0.393 2.997 (0.354) 0.947 0.067
MSE ratio 1318 1.000 1.279 1.859 0.208

Empirical mean, standard deviation, coverage of nominal 95% Cls, and mean squared error of the estimates, andsum of MSE Ratio of MICE-FCS basis from 1000 simulations are described.
CC, complete case analysis; MICE-FCS, multiple imputation by chained equation - fully conditionalspecication; SMC-FCS, substantive model compatible - fully conditional specication; SB-
MI, semiparametric Bayesian multiple imputation (Proposed)

Table 1 describes the results of the simulation, including the empirical mean, standard
deviation, the coverage of nominal 95% confidence intervals (CIs) of the estimate, and the
mean squared error (MSE) from the true value of I'. The last row for each scenario shows
each sum of the MSE ratio for MICE-FCS. With Scenario (a), namely, the normally dis-
tributed covariates, SB-MI gives the most accurate estimates, with an empirical CI coverage
of approximately 0.95. However, MICE-FCS, SMC-FCS, and missForest result in biased
estimates, and their CI coverages are also considerably poor for all I's. With Scenario (b),
namely, the log-normally distributed missing covariates, MICE-FCS and SMC-FCS continue
to be biased with incorrect empirical CI coverage. missForest provides relatively good esti-
mates in terms of MSE, but, once again, the Cls are poor. SB-MI gives relatively correct
estimates, with the CI coverage closer to 0.95 compared with MICE-FCS, SMC-FCS, and
missForest. In Scenario (¢), namely, the mixture of normally distributed covariates, MICE-
FCS, SMC-FCS, and missForest once again result in biased estimates, and end with poor
empirical CI coverages for some I's. On the other hand, MSE of SB-MI provides the best
result among the three, and the CI coverages are very close to 0.95 for all I's.

Figure 2 compares the results of MSE and the coverage of nominal 95% CIs. We observe
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that the proposed method gives the smallest MSE and the best coverage.

1.5

MSE
1.0
Cov

0.5

T T
CcC MICE-FCS SMC-FCS missForest SB-MI

Fig.2. The thinner lines with markers and the thicker lines correspond to the left vertical axis
(MSE) and the right vertical axis (Cov), respectively. The solid, dashed, and dotted lines represent
the results of the following scenarios, respectively: (a) multivariate normal distribution, (b) mul-
tivariate log-normal distribution, and (¢) multivariate normal mixture distribution. CC: complete
case analysis, MICE-FCS: multiple imputation by chained equation-fully conditional specification,
SMC-FCS: substantive model compatible-fully conditional specification, SB-MI: semiparametric

Bayes-multiple imputation (proposed method).

For the other three simulations, the summarized main results are as follows. First, in terms
of the MSE, the proposed method gives estimates equivalent to those found with SMC-FCS
when the latter gives consistent estimates, but MICE-FCS results in biased estimates because
of the violation of the model compatibility assumption. The coverage of nominal 95% CIs for
the proposed method is very close to that of SMC-FCS. Note that missForest shows unbiased
estimates in some situations, but produces underestimated standard deviations, and hence,

poor Cls. This indicates that missForest is occasionally good at inferring unbiased estimates,
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but it should not be applied in fields such as medical or epidemiologyical research, where the
results of statistical significance (or hypothesis testing) are crucial.

Second, the proposed method shows smaller MSEs when the model compatibility as-
sumptions of MICE-FCS and SMC-FCS are not satisfied. Our simulation study includes
the missing covariate that follows a log-normal or mixture of normal distribution. Although
MICE-FCS and SMC-FCS result in larger MSEs in these simulation settings, our proposed
method gives considerably smaller MSEs. Even in these situations, the coverage of the Cls
is better compared to that under the imputation methods. This indicates that the proposed
method can deal with more complicated covariate distributions that the researcher cannot
prespecify. Therefore, these results suggest that SB-MI approach is very practical for treating

missing datasets in the real world.

5. Real data analysis

In this section, we apply our proposed algorithm to the real dataset with missing compo-
nents. The data used in this implementation are sourced from the ADNI dataset described
in the motivating example in Section 1.1. The substantive model in this example is the Cox
proportional hazards model, which helps us study the time to conversion to AD. The samples
comprise 382 observations of MCI in baseline subjects who had at least one follow-up after
the first diagnosis. Of these subjects, 167 participants converted to AD during the data pe-
riod. The dataset contains missing covariates ABET A;_43, the square of ABET A;_4s, tau,
p-tau, the dummy variable of whether or not the subject’s mother had AD, and the dummy
variable of whether or not the subject’s father had AD. The dataset also contains the com-
pletely observed dummy variable APOE4, which equals 1 if the subject has the APOE4 gene,
and 0 otherwise. Jack et al. (2010) found evidence that ABET A;_4, is positively associated,
p-tau is positively associated after controlling the effect of tau, and APOE4 is positively

associated with the hazard of converting to AD. Bartlett et al. (2015) showed that contrary
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to expectations, "mother had AD" and "father had AD" are negatively associated with the
hazard of converting to AD. We should note that ABET A;_45 of 190 observations, tau of 193
observations, p-tau of 189 observations, "mother had AD" of 77 observations, and "father
had AD" of 93 observations are missing.

We employ a gamma process prior to the cumulative baseline hazard proposed by Kalbfleisch
(1978), namely, Hy ~ GP(coH*,cp). We specify the hyperparameters to be ¢y = 0.01, and
H* follows an exponential distribution with parameter A. Note that Kalbfleisch (1978) and
Sinha et al. (2003) showed that the estimates from the gamma process prior to the cumu-
lative baseline hazard are equivalent to the non-Bayesian estimates based on Cox’s partial
likelihood (Cox, 1975) when ¢y — 0 (see Chen et al. (2006) for a detailed description of the
MCMC method for a Bayesian Cox regression).

Table 2 shows the results of the coefficients estimated using the Cox proportional hazards
model. A positive coefficient indicates that the variable is associated with hazard of the
subject converting to AD. We compare these results with those obtained using the other
imputation methods, namely, MICE-FCS, SMC-FCS, and missForest. Note that the results
of MICE-FCS and SMC-FCS can be biased because the model compatibility assumption
is violated, as noted in Section 2. The estimated results of our proposed method (SB-MI)
are different from those of MICE-FCS, SMC-FCS, missForest, as well as the complete case
analysis in some ways. The results of SB-MI suggest that the effect of increasing ABET Ay _49
to the hazard of conversion is non-linear as in Bartlett et al. (2015), whereas the coefficient
of ABET A;_4 is not statistically significant for the estimates of the complete case samples,
MICE-FCS, SMC-FCS, and missForest at the 5% level. The coefficients of ABET Aq_4
and (ABETA;_4)? from MICE-FCS are statistically significant at the 10% and 5% level,
respectively, but they show signs opposite to those of SB-MI. In addition, the estimated
coefficient of p-tau from SB-MI is much larger and closer to that of the complete case analysis

compared to the other methods. Like the other existing methods, the hazard of the presence
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of parents who had AD is not statistically significant. The presence of the APOE4 gene,
which is suspected to be associated with the development of AD, is positively associated with
the hazard of converting to AD for SB-MI. This relationship cannot be found when we use
complete case samples only. In addition, compared with the complete case analysis, several
coefficients from SB-MI are statistically significant because they avoid the restrictions posed
by the complete case sample. We conduct a logistic regression and find that data availability
of each biomarker is not related to time to conversion to AD at the 1% level, which suggests
that the missing of the data do not depend on the outcome, and assuming unbiased results
from the complete case analysis is reasonable. However, the analysis based on the restricted

sample fails to detect statistically significant variables related to the hazard of converting to

AD.
Table 2. Estimated results of Cox proportional hazard model
CcC MICE-FCS SMC-FCS missForest SB-MI
(n=139) (n=382) (n=382) (n=382) (n=382)
Coef. (s.d.) Coef. (s.d.) Coef. (s.d.) Coef. (s.d.) Coef. (s.d.)

ABETA .2 (ng/mL) 0228  (0.178) 0048 (0.029) * 0203 (0.162) 0012 (0.128) 0191  (0.092) **
(ABETA.2)* (ng¥mlL?) -0.009  (0.005) * 0.001 (0.000) ** -0.008 (0.005) * -0.002 (0.004) -0.009  (0.005) *
tau (pg/mL) -0.028 (0.032) -0.065 (0.020) ** -0.025 (0.027) -0.023 (0.024) -0.013 (0.011)
p-tau (pg/mL) 0.282 (0.105) *** 0.241 (0.067) ** 0.131 (0.076) * 0.163 (0.087) * 0.250 (0.094)  H**
Mother had AD -0.259  (0.293) -0.187 (0.187) -0.125 (0.194) -0.130 (0.188) -0.098 (0.214)
Father had AD -0.194  (0.485) 0.028 (0.241) -0.126  (0.285) -0.202 (0.301) -0.053 (0.343)
APOE4 positive 0.001 (0.289) 0.642 (0.176)  *** 0.333 (0.195) * 0.455 (0.177) ** 0.455 (0.178)  ***

*, ** and *** represent statistical significance at 10%, 5%, and 1% level, respectively. CC, complete case analysis; MICE-FCS, multiple imputation by chained equation - fully
conditionalspecication; SMC-FCS, substantive model compatible - fully conditional specication; SB-MI, semiparametric Bayesian multiple imputation (proposed)

On the other hand, the results from SB-MI are consistent with the findings of previous
studies, such as Hansson et al. (2006) and Okello et al. (2009), in terms of their signs. These
studies employed separate longitudinal datasets and not the ADNI dataset. In conclusion, our
method is very practical when applied to a real dataset, which often contains non-normally

distributed and mixed-scale missing variables.

6. Discussion and conclusions

In this study, we proposed a SB-MI approach for regression models with missing mixed

continuous and discrete covariates, in which the substantive model of the researcher’s interest
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is a parametric formulation, and the covariate distributions are nonparametric formulations
employing PSBPM modeling.

If the covariate model can be correctly specified, the EM algorithm or Bayesian MCMC
approach can estimate unbiased results. However, prespecifying a covariate distribution is
generally impossible, especially in cases where the missing variables are continuous and dis-
crete. The FCS approach including MICE and SMC has been widely used because researchers
are not required to specify the covariate distribution among mixed-scale variables. However,
these methods yield severely biased estimates if the compatibility assumption of the model
is violated.

On the other hand, the SB-MI framework, which is proposed in this paper, is capable
of easily dealing with incompletely observed mixed-scale variables in the covariate distrib-
ution without using FCS. Therefore, we do not have to consider whether the compatibility
assumption holds, and thus, we can assume a non-linear regression, such as a linear regres-
sion with quadratic terms, Cox proportional hazards model, or logistic regression model on
the substantive model even when the variables include discrete and non-normal continuous
variables. The simulation studies show that the proposed method gives the best estimator in
terms of MSE in cases where MICE-FCS and SMC-FCS result in biased estimates due to the
violation of the model compatibility assumption. Furthermore, the proposed model is more
robust when the distributions of the missing variables are non-normal. Since it is usual that
some variables do not follow the normal distribution, and hence, the compatibility assump-
tion is not satisfied, the results suggest that the SB-MI approach is very practical. Although
missForest, which accommodates the random forest approach, can sometimes give estimates
closer to the "true" value compared to the proposed and existing methods, it underestimates
the variance of the estimates, resulting in poor Cls. Consequently, it should not be applied
to fields where the results of statistical significance (or hypothesis testing) are concern to

researchers. The results of the real data analysis show that our proposed method can pro-
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vide new insights that cannot be obtained from existing and/or and statistically improper
methods.

Further study is needed to improve the efficiency of the SB-MI algorithm. Since our
inference is based on the MCMC algorithm, the computation time required to obtain valid
estimates is higher than that of the existing imputation method. In addition, our model can
be extended to missing not at random (MNAR) by adding a submodel of the missing mecha-
nism to our semiparametric specification using PSBPM modeling. However, it is very difficult
to correctly specify the missing mechanism even if we assume a nonparametric formulation.

Consequently, we did not consider the missing mechanism to be MNAR.
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APPENDIX A

Detailed simulation design and results

In this appendix, we describe the simulation study mentioned in Section 4 in detail. We illus-
trate the performance of the proposed method in cases where MICE-FCS cannot draw from
a Bayesian joint model. The situations considered are (i) linear regression with a quadratic
term, (i7) linear regression with an interaction term, (ii¢) the Cox proportional hazards mod-
els, and (iv) logistic regression with a binary covariate. Throughout the simulation studies,
we consider the situation outcomes of the substantive model y to be univariate. For simplic-
ity, we also assume y contains no missing components; however, imputing from the predictive
distribution (as in Step 8 in the MCMC algorithm in Section 3) allows us to address the case
y contains missing components in a straightforward manner.

We consider the following throughout the simulation study: N = 400, the number of
completely observed covariates v (¢ = 1), and the number of incompletely observed covari-
ates w (p = 2). In order to compare the performance with MICE-FCS and SMC-FCS even
when the normality assumptions are violated, we consider three cases, where the covari-
ates ®; = (w;1,w;2,v;1) have a different data generating process from (a) a multivariate
normal distribution, (b) a multivariate log-normal distribution, or (¢) a multivariate normal
mixture distribution. For (a), namely, the multivariate normal distribution, x; is generated
as MV N(0,3%;) for i = 1,..., N, where X, denotes the covariance structure with diagonal
elements set to 1, and the pairwise off diagonal elements corr(z;., x; ) (r = 1,2,3) are set
to p‘w””“/'. p, is simulated from the uniform distribution over the interval [0.2,0.8]. For
(b), namely, the multivariate log-normal distribution, the missing variable w; is simulated by
exponentiating a draw from case (a). For (c), namely, the multivariate normal mixture distri-
bution, @; is generated from MV N (0.5, 1) with probability 0.5 and from MV N(—0.5,%2)
with probability 0.5, where Ei and Ei are independently drawn in the same way as 3.

We also assume the MAR missing mechanism. The elements of y are transformed to



Nij = U j—logit*(y;) (j = 1,2), where U, ; are i.i.d. uniform distributions over the interval
[0,1], and the corresponding case of w;; to the highest (x/2)% of each \;; and ;> are
converted to be missing. We consistently set x = 30. For each simulation study setting, the

~ MLE MLE ~ MLE
missing components of w; ; are first imputed by w; ~ N(I', ~ v;, ®, ), where I}, and

<i>lMLE represents the maximum likelihood estimators of the complete case analysis.

We adopt the same default choices for hyperparameters as in Chung and Dunson (2009),
namely, L = 20, u,, =0, aio =1, py, =0, 012/% = 100, and Q5 . are 50 equally spaced grid
points in (—3.5, 3.5), except for exponentiated w; ; in each simulation Scenario (b), where
are 50 equally spaced grid points in (0, 10).

In order to confirm the performance of the proposed SB-MI under different model se-
tups, we compare it with the MICE-FCS, SMC-FCS, and missForest algorithms. For FCS
imputation approaches, we simulate 100 imputed datasets, and the estimates are computed

using Rubin’s rules. We employ, as FCS, a linear regression covariate model for continuous

incomplete covariates and a logistic regression for binary ones.

A1l. Linear regression with quadratic term
Al.1  Simulation setup

First, we simulate the case where the substantive model is a linear regression with nor-
mally distributed error terms, in which the covariates include a quadratic effect term. In
this setting, the standard covariate model specification of MICE-FCS is incompatible. We

specify the substantive model as follows:

Yy = FU + F1w1 + F2w2 —+ Fgwg -+ F4U

with[p=1,T;=1,Ty=—-1,T3=1,Ty =1, and € ~ iid N(0,0.5). These true coefficients
are chosen as we consider a U-shaped association between the outcome y and missing variable

w through the quadratic covariate effects.



In this simulation setup, the acceptance probability of the missing components discussed

in Equation (2) can be written as

exp {—ﬁ(yi - I‘wa)Z}

, 1
exp { - oL (i - T",)?}

min

where T' = (T, 1,9, T3, T9)T, &, = (1, wy;, woy, w3, vy;), and x¢ is the vector x; whose
missing components are replaced by the candidate value. The missing values of w? are

passively imputed as the squared of the imputed values of ws,.

A1.2 Results

Table A1l describes the results of the simulation, namely, the empirical mean, standard
deviation, the coverage of nominal 95% CIs of the estimate, and the MSE from the true
value of I'. The last row in each scenario shows each sum of the MSE ratio for MICE-FCS.
With Scenario (a), namely, normally distributed covariates, SMC-FCS, missForest, and SB-
MI give smaller MSEs for all I's. Also, the CI coverage of SMC-FCS and SB-MI is very close
to 0.95, although missForest results in poor Cls. However, since the imputaion model is not
compatible with the substantive model, as expected, MICE-FCS results in biased estimates,
not only for the quadratic term coefficient I'3 but also for the other coefficients. CI coverages
are also slightly poor for all I's. With Scenario (b), namely, log-normally distributed missing
covariates, MICE-FCS, once again, results in severely biased estimates and poor empirical
CI coverages. SMC-FCS gives comparatively correct estimates and CI coverage. missForest
and SB-MI provide better estimates from the viewpoint of error from the true value, but the
CI coverages of missForest are far from 0.95. Estimates of I'y by SMC-FCS are more variable
than those of SB-MI. With Scenario (c), namely, mixture of normally distributed covariates,
MICE-FCS results in very biased estimates, and the Cls shows coverage of only 0.17 — 0.82.

SMC-FCS also provides slightly biased results for some I's since the specified distributions



for the covariates are incorrect. CI coverages are also smaller than 0.95 for several I's. SB-MI
gives the smallest MSE and CI coverages are very close to 0.95 for all I's. This indicates that

the SB-MI is more robust to the complicated missing mechanism than SMC-FCS as well as

MICE-FCS.
Table Al. Simulation results of case (i) - Linear regression with quadratic term

Complete Case MICE-FCS SMC-FCS missForest SB-MI
TRUE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mcan (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE
(a) Normal
To=1 1.465 (0.086) 0.136 0.346 1.075 (0.106) 0.862 0.023 1.000 (0.084) 0.948 0.010 0.973  (0.079) 0.858 0.010 1.029 (0.099) 0.940 0.011
rn=1 0.848 (0.083) 0.583  0.040 0.914 (0.116) 0.899 0.028 1.001 (0.089) 0.961 0.010 1.045 (0.085) 0.801 0.016 0.987 (0.098) 0.955 0.010
I2=-1 -0.838 (0.091) 0.618 0.050 -0.812 (0.142) 0.733  0.061 -0.999 (0.099) 0.959 0.013 -1.017 (0.096) 0.904 0.017 -0.990 (0.106) 0.963 0.014
=1 0.908 (0.044) 0.557 0.015 0.866 (0.072) 0.555 0.032 1.000 (0.049) 0.952 0.005 1.023  (0.047) 0919 0.004 0.989 (0.077) 0.962 0.006
Ma=1 0.845 (0.083) 0.599 0.042 0.930 (0.107) 0.913 0.021 0.999 (0.083) 0.953 0.010 0.996 (0.080) 0.886 0.011 0.992 (0.098) 0.948 0.010
MSE ratio 2.970 1.000 0.290 0.352 0.308
(b) Log-normal
To=1 1.515 (0.123) 0.235 0.455 1.707 (0.515) 0.781 1.092 1.013  (0.158) 0.916 0.194 1.003  (0.126) 0.941 0.020 1.002  (0.195) 0.963 0.037
=1 0.966 (0.035) 0.841 0.004 1.362  (0.242) 0.766 0.305 0.999 (0.045) 0.919 0.046 1.000 (0.039) 0.936 0.002 0.997 (0.096) 0.950 0.034

T2=-1 -1.111 (0.077) 0.721 0.030 -2.042 (0.480) 0.658 2.090 -0.970 (0.110) 0.926 0.027 -1.008 (0.086) 0.938 0.012 -0.993 (0.177) 0.963 0.021
=1 1.007 (0.006) 0.791 0.000 1.032 (0.034) 0.764 0.003 0.998 (0.009) 0.938 0.000 1.001 (0.007) 0.937 0.000 1.000 (0.050) 0.935 0.001
Ta=1 0.867 (0.082) 0.688 0.037 1733 (0.438) 0.822 1.129 1.007 (0.101) 0.933 0.157 1.010 (0.080) 0.904 0.012 0.998 (0.127) 0.950 0.010

MSE ratio 0.114 1.000 0.092 0.010 0.022

(c) Mixture of normals

To=1 1319 (0.107) 0.437 0.213 2730 (0.412) 0.352 4.476 0.881 (0.158) 0.867 0.038 0.801 (0.109) 0.452 0.062 1.001 (0.107) 0.941 0.026
rn=1 0.902 (0.077) 0.806 0.025 0.470 (0.381) 0.791 0.492 0.986 (0.117) 0.938 0.019 1.106 (0.084) 0.603 0.028 0.995 (0.108) 0.949 0.018
I2=-1 -0.850 (0.093) 0.711 0.051 0.060 (0.354) 0.500 1.646 -1.108 (0.130) 0.852 0.030 -1.154 (0.096) 0.526 0.041 -0.994 (0.117) 0.958 0.021
=1 0.983 (0.013) 0.801 0.001 0.585 (0.070) 0.186 0.230 1.001 (0.028) 0.955 0.001 1.010 (0.015) 0.812 0.000 0.999 (0.082) 0.962 0.001
ra=1 0.906 (0.077) 0.800 0.023 0.690 (0.304) 0.818 0.211 1.164 (0.106) 0.697 0.042 1.093  (0.078) 0.613 0.023 0.999 (0.102) 0.951 0.015
MSE ratio 0.044 1.000 0.018 0.022 0.012

Empirical mean, standard deviation, coverage of nominal 95% Cls, and mean squared error of the estimates, andsum of MSE Ratio of MICE-FCS basis from 1000 simulations are described. CC,
complete case analysis; MICE-FCS, multiple imputation by chained equation - fully conditionalspecication; SMC-FCS, substantive model compatible - fully conditional specication; SB-MI,
semiparametric Bayesian multiple imputation (Proposed)

A2. Linear regression with an interaction term
A2.1  Simulation setup

Next, we simulate the case where the substantive model is a linear regression with nor-
mally distributed error terms and the covariates include the cross-term effect. In this setting,
the standard covariate model specification of MICE-FCS is incompatible. We consider the
case where one of the incompletely observed covariates w; is binary, where w;; = 1 if the
latent variable (which is simulated in each three case) w;; > 0 and w;; = 0 if the latent
variable w;; < 0. Since w; is a binary, we do not exponentiate wy, in the study for Scenario

(b). We specify the substantive model as follows.

y =T+ Tw + Dowy + D'swywg + Tyvy + €
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with[p=1,T1=1,Ts=1,T3=1,T4 =1, and € ~ iid N(0,0.5).
In this simulation setup, the acceptance probability of the missing components discussed

in Equation (2) can be written as

exp {5 (3 — T7a5)?}

, 1
exp {—ﬁ(yi — FTCI?i)2}

min

where T' = ([, 'y, T, T3, T4)7, @ = (1, w1y, way, wijws;, v1;), and ¢ is the vector z; whose

missing components are replaced by the candidate value.

A2.2 Results

Table A2 describes the results of the simulation, including the empirical mean, standard
deviation, the coverage of nominal 95% CIs of the estimate, and the MSE from the true value
of I'. The last row of each scenario describes each sum of the MSE ratio for MICE-FCS.
With Scenario (a), namely, the normally distributed covariates, SMC-FCS and SB-MI give
the correct estimates. Both show empirical CI coverages of approximately 0.95. The MSEs are
also similar to each other. Since the imputation model is incompatible with the substantive
model, as expected, MICE-FCS, once again, results in biased estimates, and CI coverages
are also considerably poor for all I's. With Scenario (b), namely, the log-normally distributed
missing covariates, MICE-FCS continues to be biased with incorrect empirical CI coverage.
SMC-FCS gives biased estimates, with CI coverage of only 0.46 — 0.89. However, SB-MI
provides the estimate closest to the "true" value, the CI coverage being very close to 0.95.
SB-MI seems to be more robust in situations where the distribution is skewed. With Scenario
(c), namely, the mixture of normally distributed covariates, MICE-FCS again continues to
give biased estimates ending in poor empirical CI coverages because of model incompatibility.
SMC-FCS also provide slightly biased results for some I's since the specified distributions for

the covariates are incorrect. CI coverages are also slightly smaller than 0.95 for several I's. On



the other hand, SB-MI gives estimates closely match the "true" value, and the CI coverages
are also very close to 0.95 for all I's. The estimates from missForest show somewhat larger
MSEs. The results of the simulation for case (ii) indicates that the proposed SB-MI method
is more robust than SMC-FCS and MICE-FCS in situations where the normality assumption

is violated.

Table A2. Simulation results of case (ii) - Linear regression with interaction term

Complete Case MICE-FCS SMC-FCS missForest SB-MI

TRUE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE

(a) Normal
To=1 1.283 (0.085) 0.379 0.162 1.389 (0.109) 0.277 0.268 0.999 (0.087) 0.938 0.011 1.012 (0.078) 0.881 0.014 1.000 (0.074) 0.938 0.006
=1 0.900 (0.120) 0.901 0.033 0.872 (0.153) 0.886 0.053 1.002 (0.130) 0.950 0.025 1.007 (0.113) 0.849 0.038 1.014 (0.110) 0.943 0.011

=1 0.864 (0.105) 0.781 0.046 0.822 (0.133) 0.736  0.068 1.001 (0.101) 0.951 0.015 1.122 (0.091) 0.589 0.035 1.005 (0.087) 0.954 0.010
=1 0.917 (0.067) 0.809 0.018 1.056 (0.167) 0.920 0.046 1.000 (0.066) 0.956 0.007 0.971 (0.061) 0.842 0.008 0.986 (0.059) 0.932 0.015
Ta=1 1.036 (0.132) 0.932 0.033 0.892 (0.085) 0.755 0.026 0.997 (0.132) 0.949 0.023 0.883 (0.118) 0.709 0.054 0.996 (0.113) 0.935 0.010
MSE ratio 0.633 1.000 0.178 0.322 0.112

(b) Log-normal
To=1 1.445 (0.126) 0.357 0.398 1.601 (0.152) 0271 0.636 1.282 (0.116) 0.456 0.127 0.976 (0.110) 0.913 0.028 1.022 (0.066) 0.916 0.012

Ii=1 0.673 (0.159) 0.601 0.226 0.559 (0.192) 0.513 0.353 0.756 (0.163) 0.710 0.114 1.039 (0.147) 0.869 0.071 0.989 (0.091) 0.930 0.015
=1 0.904 (0.080) 0.824 0.028 0.872 (0.096) 0.767 0.042 0.841 (0.081) 0.608 0.060 1.020 (0.079) 0912 0.017 0.985 (0.043) 0.933 0.006
=1 0.898 (0.065) 0.728 0.025 1.119 (0.101) 0.807 0.041 0.974 (0.069) 0.892 0.013 0.997 (0.059) 0.854 0.007 1.013 (0.047) 0.925 0.006
Ta=1 1.090 (0.084) 0.837 0.027 0.871 (0.078) 0.684 0.036 1.156 (0.086) 0.650 0.058 0.979 (0.083) 0.889 0.018 0.995 (0.036) 0.945 0.004
MSE ratio 0.635 1.000 0.336 0.127 0.038

(¢) Mixture of normals

To=1 1.201 (0.167) 0.851 0.122 1.310 (0.146) 0.561 0.188 0.929 (0.176) 0.932 0.056 1.113 (0.149) 0.884 0.057 0.999 (0.076) 0.955 0.006
Ti=1 0.835 (0.220) 0910 0.119 0.859 (0.200) 0.900 0.081 1.046 (0.240) 0.948 0.093 0.912 (0.203) 0.904 0.087 1.019 (0.112) 0.935 0.013
T2=1 1.002 (0.086) 0.959 0.010 0.880 (0.125) 0.849 0.041 0.986 (0.081) 0.948 0.010 1.105 (0.069) 0.553 0.023 1.003 (0.081) 0.955 0.007
Ts=1 0.996 (0.063) 0.963 0.006 1.095 (0.165) 0.903 0.048 0.970 (0.062) 0.919 0.007 0.966 (0.052) 0.757 0.006 0.986 (0.082) 0.928 0.011
Ta=1 0.989 (0.101) 0.953 0.014 0.923 (0.092) 0.883 0.019 1.052 (0.100) 0.940 0.027 0.920 (0.087) 0.812 0.021 0.993 (0.055) 0.929 0.004
MSE ratio 0.720 1.000 0.509 0.517 0.111

Empirical mean, standard deviation, coverage of nominal 95% Cls, and mean squared error of the estimates, andsum of MSE Ratio of MICE-FCS basis from 1000 simulations are described.
CC, complete case analysis; MICE-FCS, multiple imputation by chained equation - fully conditionalspecication; SMC-FCS, substantive model compatible - fully conditional specication; SB-
MI, semiparametric Bayesian multiple imputation (proposed)

A3. Proportional hazards models
A3.1  Simulation setup

Next, we simulate a case where the substantive model is the proportional hazards models.
In this setting, the standard covariate model specification of MICE-FCS is incompatible. We
consider the case where one of the incompletely observed covariates w; is binary, where
w;; = 1 if the latent variable (which is simulated in each three case) w;; > 0 and w;; = 0 if
the latent variable w;; < 0. Since w; is binary, we do not exponentiate w;; in the study for

Scenario (b). We specify the substantive model of the hazard function as follows:
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h(t|w,v) = 0.002 exp(T'ywy + Fowy + T'5v1)

with I'y = 1, I'y = 2, and I's = 4. We generate censoring times from an exponential distribu-
tion with hazard A = 0.002.
In this simulation setup, we assume a Weibull distribution for the hazard function, and the

acceptance probability of the missing components discussed in Equation (2) can be written

as
_ [exp{d[T"x¢ + log(Aa) + (o — 1) log(At)] — exp (T x¢) (M)} .
min :
exp {d [I"x; +log(Aa) + (a — 1) log(At)] — exp (T7x;) (At)*}
where T' = ([, [y, T,[3)7, @ = (wyy, wy, vy), and x¢ is the vector x; whose missing

components are replaced by the candidate value.

A3.2  Results

Table A3 shows the simulation results, including the empirical mean, standard deviation,
coverage of nominal 95% CIs of the estimate, and MSE from the true value of T are described.
The last row of each scenario in Table A3 provides each sum of the MSE ratio on MICE-FCS.
With Scenario (a), namely, normally distributed covariates, SMC-FCS and SB-MI result in
estimates with the smallest MSE for all I's. Also, the CI coverage in both case is very
close to 0.95. The MSE of SB-MI is somewhat smaller than that of SMC-FCS. On the other
hand, MICE-FCS results in biased estimates for all the coefficients owing to the violation of
model compatibility. Hence, CI coverages are also poor for all I's. missForest gives relatively
smaller MSEs, but the empirical coverages are very poor. With Scenario (b), namely, log-
normally distributed missing covariates, MICE-FCS again shows severely biased estimates
and poor empirical coverages. SMC-FCS gives biased estimates, and the CI coverages of I's
are much lower than 0.95. These biased results arise from the model incompatibility on FCS.
missForest, once again, shows poor empirical coverages. Of all these results, SB-MI gives the

most valid estimates, with the CI coverage being closest to 0.95. The MSEs from SB-MI are



much smaller than those from SMC-FCS. With Scenario (c¢), namely, a mixture of normally
distributed covariates, where FCS does not satisfy the model compatibility assumption, the

results are similar to Scenario (b).

Table A3. Simulation results of case (iii) - Proportional hazards models

Complete Case MICE-FCS SMC-FCS missForest SB-MI
TRUE Mean (s.d.) Cov MSE Mean (s.d.) Cov MSE Mean (s.d.) Cov MSE Mean (s.d) Cov MSE Mean (s.d) Cov MSE
(a) Normal
To=1 1.045 (0.201) 0.942 0.043 0.772 (0.205) 0.818 0.085 1.022 (0.188) 0.948 0.036 0.904 (0.169) 0.856 0.051 1.026 (0.157) 0.948 0.023
n=2 2.195 (0.182) 0.929 0.243 1.298 (0.215) 0.166 0.512 2.035 (0.162) 0.949 0.029 2.024 (0.144) 0.887 0.032 1.976 (0.132) 0.949 0.024
I.=4 4.188 (0.295) 0.920 0.123 3.176 (0.257) 0.185 0.752 4.070 (0.254) 0.936 0.079 3.739 (0.207) 0.672 0.150 3.966 (0.137) 0.936 0.021
MSE ratio 0.304 1.000 0.107 0.173 0.051
(b) Log-normal
To=1 1.050 (0.171) 0.939 0.034 0.730 (0.176) 0.653 0.107 0.872 (0.163) 0.933 0.189 0.815 (0.145) 0.690 0.069 1.032 (0.172) 0.932 0.016
=2 2203 (0.148) 0918 0.632 0.700 (0.142) 0.050 1.718 1.744 (0.134) 0.542 0.201 1.815 (0.102) 0.576 0.111 1.980 (0.049) 0.941 0.013
=4 4.292 (0.259) 0910 0.152 2.372 (0.182) 0.100 2.725 3.674 (0.227) 0.634 0.199 3.247 (0.167) 0.152 0.736 4.022 (0.153) 0.940 0.047
MSE ratio 0.180 1.000 0.129 0.201 0.017
(c) Mixture of normals
To=1 1.029 (0.517) 0.953 0.277 1122 (0.292) 0.977 0.075 1.062 (0.481) 0.944 0.259 0.835 (0.468) 0.918 0.260 1.038 (0.162) 0.940 0.031
=2 2.105 (0.263) 0.940 0.083 1.015 (0.205) 0.010 0.985 1.879 (0.214) 0.901 0.161 2.132 (0.182) 0.896 0.058 1.944 (0.126) 0.933 0.023
Ta=4 4213 (0.426) 0941 0.189 3.434 (0.248) 0414 0396 4.210 (0.319) 0.929 0.207 3.547 (0.241) 0.512 0.183 3.945 (0.130) 0.930 0.015
MSE ratio 0.377 1.000 0.430 0.344 0.048

Empirical mean, standard deviation, coverage of nominal 95% CIs, and mean squared error of the estimates, andsum of MSE Ratio of MICE-FCS basis from 1000 simulations are described. CC,
complete case analysis; MICE-FCS, multiple imputation by chained equation - fully conditionalspecication; SMC-FCS, substantive model compatible - fully conditional specication; SB-MI,
semiparametric Bayesian multiple imputation (Proposed)

A4. Logistic regression with a binary covariate
A4.1  Simulation setup

Last, we simulate the case where the substantive model is a logistic regression with a
binary outcome, in which the incomplete covariates include a binary variable. In this setting,
the standard covariate model specification of MICE-FCS is incompatible and incapable of
drawing from a Bayesian joint model. We consider the case where one of the incompletely
observed covariates w; is binary, where w;; = 1 if the latent variable (which is simulated in
each three case) wz 1 > 0 and w; ; = 0 if the latent variable wf’l < 0. Since w; is binary, we do
not exponentiate wy, in the study for Scenario (b). In addition, the outcome y is also binary;
hence, the substantive model is a logistic regression. We specify the substantive model as
follows:

logit(y = 1) = T + Tywy + Towy + T3vy + €

with FO = ]., Fl = 2, FQ = —2, and F3 = 3.



In this simulation setup, the acceptance probability of the missing components discussed

in Equation (2) can be written as

min ({exp(I‘Tg;g)/ [1 + eXP(FTmf)] }yi {1/ [1 + exp(FT{Ef)] }l_yi 1)
{exp(T7@;)/ [1+exp(T72,)]}" {1/ [1 +exp(T=,)]} "

where T' = (T, T'1,T9,T3)T, @ = (1, w1, wy,v1;), and x¢ is the vector x; whose missing

components are replaced by the candidate value.

A4.2  Results

The results and discussions are described in the main paper and Table 1. In this sup-
plementary material, we additionally provide Figure Al. Figure A1l presents the boxplot of
biases in the estimates of coefficient I'y compared with those of the "true" value I'y = 1.
Figure 3 indicates that the simulation using the proposed SB-MI method gives estimates

most similar to the complete data for all scenarios.
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(c) Mixture of normals

Fig.Al. The solid horizontal line is the “true” coefficient value I'y= 1, and the dashed hori-
zontal lines show empirical standard error 1. The boxes span the range from the 25th to the
75th percentiles, and the whiskers extend to an area no more than 1.5 times the range from the
25th to the 75th percentiles from the box. The circles above and below the whiskers represent
outliers. CC: complete case analysis, MICE-FCS: multiple imputation by chained equation-fully
conditional specification, SMC-FCS: substantive model compatible-fully conditional specification,
SB-MI: semiparametric Bayes-multiple imputation (proposed method).
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