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Abstract

This paper shows that regime-switching sunspot equilibria eas-
ily arise in a one-sector growth model with aggregate decreasing re-
turns and arbitrarily small externalities. We construct a regime-
switching sunspot equilibrium under the assumption that the util-
ity function of consumption is linear. We also construct a stochas-
tic optimal growth model whose optimal process turns out to be a
regime-switching sunspot equilibrium of the original economy under
the assumption that there is no capital externality. We illustrate our
results with numerical examples.
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1 Introduction

In macroeconomics, sunspot equilibria are often associated with local inde-
terminacy, or the existence of a locally stable steady state. In the context of
growth models, the phenomenon of local indeterminacy has been well known
since Benhabib and Farmer (1994) and Farmer and Guo (1994). While earlier
results required unduly large degrees of increasing returns and externalitiesE]
local indeterminacy has been established for various settings under less ob-
jectionable assumptions, such as decreasing returns to labor (e.g., Pelloni and
Waldmann, 1998), moderate externalities (Dufourt et al., 2015), aggregate
constant returns to scale (e.g., Benhabib et al., 2000; Mino, 2001), and ar-
bitrarily small increasing returns and externalities (e.g., Kamihigashi, 2002;
Pintus, 2006).

This paper seeks to point out the possibility of an additional mechanism
that gives rise to sunspot equilibria in an economy with aggregate decreasing
returns to scale and arbitrarily small externalities. The combination on which
we focus, aggregate decreasing returns to scale in tandem with arbitrarily
small externalities, sets a stage almost indistinguishable from the standard
neoclassical setting, posing a challenge to proponents of sunspot equilibria.

Instead of small fluctuations around a locally indeterminate steady state,
we consider large fluctuations caused by a regime-switching sunspot process.
Assuming that the sunspot process is a two-state Markov chain, we construct
regime-switching sunspot equilibria in which labor supply is positive in one
state and zero in the other.

Although this type of regime-switching sunspot equilibrium is rather ex-
treme and may not match many of the empirical regularities discussed in the
local indeterminacy literature, there are merits to studying such equilibria in
addition to local sunspot equilibria driven by local indeterminacy. First, local
sunspot equilibria can explain only small fluctuations around a steady state,
whereas economic events of great magnitude—such as the Great Depression
of the early 20th century, Japan’s “lost decades” since the early 1990s, and
the Global Financial Crisis of 2007-2008—are characterized by large down-
falls. Our model can at least generate large and sudden downfalls from a
steady state. Second, our analysis suggests that regime-switching sunspot
equilibria of the type considered in this paper are widespread in models with

1See Benhabib and Farmer (1999) for a survey of earlier results. See Grandmont (1989,
1991) for a discussion of the relations between the local stability properties of a steady
state and the possibility of sunspot equilibria.



externalities, and can even coexist with local sunspot equilibria. Our ap-
proach thus complements, rather than substitutes, the more common local
indeterminacy approach. It would be possible, in fact, to construct a model
in which two types of sunspot shocks are present and both small and large
fluctuations are endogenously generated. While the construction of such a
model would be beyond the scope of this paper, our analysis can form a basis
for further development in this direction.

We present two main results in this paper. First, assuming that the util-
ity function of consumption is linear, we establish the existence of a regime-
switching sunspot equilibrium by recursively solving the Euler condition for
capital and the first-order condition for labor supply, and then verifying the
associated transversality condition. These conditions are easy to verify espe-
cially when the utility of consumption is linear, as none of the three afore-
mentioned conditions depend on consumption in such a scenario. Second,
assuming an absence of capital externalities, we establish the existence of a
regime-switching sunspot equilibrium by constructing a stochastic optimal
growth model whose optimal process turns out to be a sunspot equilibrium
of the original economy. This latter result is somewhat similar to the ob-
servational equivalence result shown by Kamihigashi (1996). In contrast to
Kamihigashi (1996), however, we only use the three aforementioned condi-
tions to verify that an optimal process for the stochastic optimal growth
model can be interpreted as a sunspot equilibrium. Both results are illus-
trated with numerical examples.

In addition to the results on local indeterminacy previously mentioned,
this paper is also related to results on global indeterminacy (e.g., Drugeon
and Venditti, 2001; Coury and Wen, 2009) and regime-switching sunspot
equilibria (e.g., Drugeon and Wigniolle, 1996; Dos Santos Ferreira and Lloyd-
Braga, 2008)E| While our findings show the existence of regime-switching
sunspot equilibria based on global indeterminacy, they differ from the ex-
isting literature in that our model deviates only slightly from the standard
neoclassical setting under our assumptions of aggregate decreasing returns
and small externalitiesP] Our model can also be viewed as a variant of the
Farmer-Guo (1994) model with aggregate decreasing returns and small ex-
ternalities.

2See Clain-Chamosset-Yvrard and Kamihigashi (2015) for an example of a regime-
switching sunspot equilibrium in a two-country model with asset bubbles.

3Kamihigashi (2015) shows that multiple steady states are possible even without ex-
ternalities.



The remainder of this paper is organized as follows. In the next section we
present the model along with basic definitions and assumptions. In Section
we show a standard result that offers a sufficient set of conditions for a feasible
process to be an equilibrium. In Section [4] we present our main results along
with numerical examples. In Section [5| we conclude the paper by discussing
possible extensions. Longer proofs are relegated to the appendices.

2 The Model

We consider an economy with many agents, each of whom solves the following
maximization problem:

0
max B ule) — wing)] 2.1)

{et,ne ko172, =0
s.t. Vte ZJra ¢t + kt+1 = f(ktvnt7 Kt7 Nt) + (1 - 5)kt7 (22)
Ct, kt-‘rl = 07 ng € [07 1]7 (23>

where ¢; is consumption, n; is labor supply, k; is the capital stock at the
beginning of period ¢, N, is aggregate labor supply, and K, is the aggregate
capital stock. The utility function u of consumption, the disutility function
w of labor supply, and the production function f are specified below. The
discount factor § and the depreciation rate § satisfy

B,5¢e(0,1). (2.4)

In the above maximization problem, the initial capital stock ky > 0 and the
stochastic processes {K;}2, and {N;}72, are taken as given. In equilibrium,
however, we have

Vt € Z+, Kt = kta Nt = T¢. (25)

To formally define an equilibrium of this economy, we first define a pre-
equilibrium as a five-dimensional stochastic process {c;, ny, ki, Ny, K }2, such
that {c;, ng, kit1}i°, solves the maximization problem (2.1)—(2.3) given kg > 0
and {Ny, K:}2,. We define an equilibrium as a three-dimensional stochas-
tic process {ct, nt, ki}i2o such that the five-dimensional stochastic process
{ce, ne, ke, ng, ke 32, is a pre-equilibrium. We also define a feasible process as



a three-dimensional stochastic process {c;, ns, ki}2, satisfying (2.2)), (2.3)),
and ([23).

We specify the functions u, w, and f as follows:

77 —1
= 2.6
u(e) = ., (26)
n+l
= 5 2-7
w(n) =02 (27)
flk,n, K, N) = 0k“n’ K*NP. (2.8)
We impose the following restrictions on the parameters:
o€ [0,1], (2.9)
0,a,p,m >0, (2.10)
@757 20, (2.11)
at+a+p+p< 1l (2.12)

If 0 = 1, then it is understood that u(c) = Inc. Since o € [0,1] by (2.9),
u is bounded below unless ¢ = 1. The inequality in means that
the production function exhibits decreasing returns to scale at the aggregate
levelﬁ In what follows, we use the nonparametric forms u, w, and f and the

parametric forms given by f above interchangeably.

Let k be the unique strictly positive capital stock & > 0 such that Okote =
0k. The capital stock k is the maximum sustainable capital stock. It has the
property that for any feasible process {c:, ne, ki }72, we have

Vi e Z., Kk <max{ko,k}. (2.13)

All equilibria are therefore bounded.

3 Saufficient Optimality Conditions
It follows from that

Vk,n >0, fi(k,nk 0)= fo(k,n k0)=0, (3.1)

4In the decentralized version of the model, profits are given to consumers, who are the
owners of the firms.



where f;(,-, -, ) is the derivative of f with respect to the ith argument. To
simplify notation, we define the following for ¢ = 1, 2:

filk,n) = fi(k,n,k,n). (3.2)
For k,n = 0 we also define
g(k,n) = f(k,n,k,n) + Ck, (3.3)

where ( =1 — 0.
The first-order condition for labor supply n; in period t is given by

=0 ifn e (0,1),

0 ifne =1, (3.4)
0 ifn,=0.

u'(cr) falke, ny) — w'(ng) < =
<

Note from that n; = 0 is always a solution to (3.4). This observation
forms the basis for our construction of sunspot equilibria. On the other hand,
as long as ky, K;, Ny > 0, it is always optimal to choose a strictly positive
labor supply since fo(k,0, K, N) = oo for any k, K, N > 0.

The stochastic Euler condition for the capital stock k;,; at the beginning
of period t + 1 can be written as

— () + BE (coq1) [ f1(Keg1, nes1) + (] (3.5)
=0 if k1€ (0, g(ke, ne)),
> if k1 = glke, ), (3.6)

< it by 1 = 0.

We also need to consider corner solutions since one of the results shown
in the next section assumes that the utility function of consumption is lin-
ear. Yet as long as labor supply in period ¢t + 1 is strictly positive with
strictly positive probability, there is a solution to with ki1 > 0, be-
cause limy o f1(k,n) = oo for any n > 0.

The transversality condition is

lim ﬁTEU,(CT)kT_;,_l = 0. (37)
T—0o0

Kamihigashi (2003, 2005) provides more details on transversality conditions
for stochastic problems.



We see from the following result that the above first-order conditions
in conjunction with the transversality condition are sufficient for a feasible
process to be an equilibrium. The proof is a stochastic version of the standard
sufficiency argument; see Brock (1982) for a similar stochastic argument.

Lemma 3.1. A feasible process {ci, ny, ki}i2 is an equilibrium if it satisfies
and forallteZ, and .
Proof. See Appendix [A] O

4 Sunspot Equilibria

4.1 Common Structure

We consider a special type of sunspot equilibrium by taking a regime-switching
sunspot process {s;} as given. In particular, we assume that there are two
sunspot states, 0 and 1, and that {s;} is a two-state Markov chain with
transition matrix

[poo pm] , (4.1)

Pio Pn

where p;; is the probability that s;41 = j given s, = i for 4,5 € {0,1}. To
simplify the analysis, we assume that p;; > 0 for all ¢, j € {0,1}. Since (4.1
is a transition matrix, we have

Poo + Por = Pro +pu = L. (4.2)

In what follows, all stochastic processes (sequences) are assumed to be adapted
to the o-field generated by the Markov chain {s;};2,. This simply means
that any variable indexed by t is a function of the history of sunspot states
S0, 81, - - -, S¢ up to period t. Since {s;} is a sunspot process, it has no direct
influence on the fundamentals of the economy. An equilibrium {c;, n¢, k;} is a
sunspot equilibrium if it depends on the sunspot process {s;} in a nontrivial
way.

To see the possibility of a sunspot equilibrium, suppose that we have the
following in the maximization problem f:

if s, =1
N, >0 1if s , (4.3)
=0 ifs, =0.



Then, provided that k; = K; > 0 for all t € Z.,, we must have

” >0 %fstzl, (4.4)
=0 ifs4=0.

For the rest of the paper, we assume that k; = K; > 0 for all t € Z, , focusing

on regime-switching sunspot equilibria satisfying (4.3) and (4.4]).
Under (4.3) the first-order condition ({3.4) for n; can be written as

=0 ifn;e(0,1),

2 0 lf ng = 1,

s$s=0 = n=0. (4.6)

ss=1 = U(c)falky,ng) —w'(ny) { (4.5)

In (4.5)) we have no need to consider the case n, = 0 since fo(k,0,k, N) = o0

for any k, N > 0 by (2.8), (2.10)), and (2.12), as mentioned above. If, on the
other hand, s; = 0, then N; = 0 by (4.3), and n; = 0 since fy(k,n,k,0) =0
for any £ > 0 and n > 0.

4.2 Linear Utility of Consumption

One way to show the existence of a sunspot equilibrium is to use Lemma
to explicitly construct a sunspot equilibrium {c;, ng, k;} satisfying (4.4]).
To do so, we need to verify the Euler condition and the transversality
condition in addition to and . While this is not easy to
do in general, we can explicitly construct a sunspot equilibrium using these
conditions if we assume that the utility function of consumption is linear,
and hence that none of the conditions depend on consumption (except for
feasibility). We consider this special case in the following result.

Proposition 4.1. If o = 0, then a sunspot equilibrium satisfying exists.
Proof. See Appendix [B] ]

The sunspot equilibrium constructed in the proof of Proposition is
generated by the following system of equations:

ny = m(ke, st), (4.7)
kt+1 = min{g(psd)? g(ktv nt)}7 .
Cy = g(kt; nt) - kt+1, (4-9)



where m(+,-) and ¢(+) are given by and (B.14), respectively, in Appendix
, and ps,1 = po1 or p11 depending on s; = 0 or 1. Given k; > 0 and s; € {0, 1},
n; is determined by , kiy1 is determined by , and ¢; is determined
by . With a new sunspot variable s;.; drawn according to , Nyyq 1S
determined by again, and so one.

Figure (1| depicts the functions in — with the following parameter

values:

B=09, n=1, ~v=01, py=02 ppy=08, (4.10)
§=005 6=3, p=055 p=0.03, (4.11)
c=0, a=035 a=0.02 (4.12)

Figure [2| shows sample paths for sunspot states, capital, labor, and consump-
tion generated by 7. The sample path for labor supply n; closely
follows the pattern of sunspot states s;, as expected from (4.4)). The sample
paths for capital and consumption inherit the same pattern to a large extent.

We also find a feature specific to consumption, which rises to its highest
level when the sunspot state changes from 1 to 0 after remaining in the state
of 1 for a few periods. This is expected from the consumption function in
Figure[I] Note that this function is increasing in k; but unlike the labor and
capital functions, decreasing in s; in the sense that consumption is higher
when s; = 0 than when s; = 1.

4.3 Stochastic Optimal Growth

One can conjecture that the foregoing feature of the consumption function
may not necessarily arise from the presence of externalities, but rather as a
consequence of optimal behavior. In this subsection we consider a stochas-
tic optimal growth model without externalities and with regime-switching
productivity coefficients. We show that the dynamics of this model are very
similar to those of the previous model. The purpose of this subsection is to
suggest the presence of a close connection between the two types of models
to facilitate the analysis of regime-switching sunspot equilibria in the next
subsection.



1.0 —_ stzl

5, =0

0.6 T

Labor (n,)

0.2 .

0.0 .

0O 2 4 6 8 10 12 14 16 18
Capital (k,)

18 I I I I I I I I

5, =0

14

12
10

Capital (k,, )

o N M O

10 12 14 16 18
Capital (k,)

14 T T T T T T T T
12
10

5, =0

Consumption (c,)

o N A O

0O 2 4 6 8 10 12 14 16 18
Capital (k,)

Figure 1: Regime-switching sunspot equilibria under (4.7)—(4.9) with param-
eter values given by (4.10)—(4.12))
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Figure 2: Sample paths for sunspot states, capital, labor, and consumption

generated by (4.7)—(4.9) with parameter values given by (4.10])—(4.12).
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Consider the following stochastic optimal growth model:

8}
max E Tu(e,) — w(n 4.13
X ;)5 [ufcr) — w(ng)] (4.13)
s.t. Vte ZJ” C¢ + ktJrl = St(k't)aJra(nt)erﬁ + (1 — 5)kt, (414)

Ct, kt+1 = O, ng € [07 1]7 (415)

where {s;} is the same two-state Markov process following (4.1)). In this sub-
section, we define s; not as a sunspot shock, but as a stochastic productivity
coefficient that directly affects production. When s, = 1, the aggregate pro-
duction function in the maximization problem above is unchanged from that
in the previous subsection, but the externalities are internalized here. Since
output is zero whenever s; = 0, the problem inherits the pattern of .
Figure |3| depicts the optimal policy functions for the stochastic optimal

growth model (4.13)—(4.15) under (4.10)—(4.12)). We obtain these functions
from (4.7)—(4.9) by setting

a=037, p=058 a=p=0 (4.16)
in ([@7)-(@9).

Note that the consumption function in Figure [3] is decreasing in s, like
the consumption function in Figure [T} in fact, consumption with s, = 1 is
even lower than in Figure [Il We can explain this by referring to the capital
function in Figure [3 which shows that more capital is accumulated in the
stochastic optimal growth model f than in the original economy
with externalities under 74.12. The functions in Figure [3| serve as
an example of a stochastic optimal growth model in which consumption is
decreasing in productivity, while capital and labor are increasing in produc-
tivity. This contrasts sharply with the Brock-Mirman (1972) model with i.i.d.
productivity shocks, where consumption is always increasing in productivity;
see Kamihigashi (2008, Theorem 2.1).

Figure [ shows sample paths generated by these optimal policy functions
with productivity states identical to the sunspot states in Figure The
capital and consumption paths are also similar to those in Figure [2] but the
capital path and peaks in consumption are both overall higher.

4.4 No Capital Externality

Our analysis in the previous two subsections suggests that the sunspot equi-
libria of the original economy are closely connected to the optimal process

11
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of a stochastic optimal growth model. While this connection between the
models is not trivial to show in general, we can establish it fairly easily in
the absence of capital externalities. The proof of the following result utilizes
the connection.

Proposition 4.2. Ifa = 0, then a sunspot equilibrium satisfying exists.
Proof. See Appendix [C| ]

The condition @ = 0 in the above proposition means that there is no
capital externality. In the proof of Proposition [£.2] we consider the following
stochastic optimal growth model:

(D p—

ptp
max E lu(e) — —w(n 4.17
{et,ne,ker1}37—, ;}6 [ ( t) p ( t):| ( )
st V20, ot ki = s0(k) ()" + Ch, (4.18)

Cy, kt+1 = O, ng € [O, 1], (419)

where {s;};°, is the same two-state Markov chain following (4.1). In the
proof, we show that the Euler condition for k;,q, the first order condition
for n;, and the transversality condition are necessary for optimality, and are
equivalent to the sufficient optimality conditions for the original economy
f with @ = 0. We can thus establish the existence of a sunspot
equilibrium by showing the existence of an optimal process for the above
stochastic optimal growth model.

The Bellman equation for (4.17)—(4.19)) can be written as

43

v(ky) = max {u(ct) = %w(nt) + BEtv(ktH)} (4.20)
Ct, M, Rt +1

s.t. Ct + kt+1 = stﬁ(kt)o‘(nt)pw + <l€t, (421)

ke =0, mnelo,1]. (4.22)

From the proof of Proposition [£.2] we can interpret the optimal policy func-
tions for the above Bellman equation as constituting a regime-switching
sunspot equilibrium. To illustrate these functions, we use the same parame-

ter values used in (4.10) and (4.11)), but replace the values of o, a, and @ as
follows:

c=099, a=037, a=0. (4.23)
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With the above parameter values, the utility function u is almost logarithmic,
and the aggregate production function f(k,n,k,n) remains unchanged from
that in (4.11)).

Figure [5| shows the optimal policy functions for the Bellman equation
(4.20)—(4.22) under the above parameter values. These functions are com-
puted by numerically solving the Bellman equation using modified policy
iteration (e.g., Puterman, 2005) with 5,000 equally spaced grid points.

Figure [6] shows sample paths for sunspot states, labor, capital, and con-
sumption generated by the functions in Figure Compared to those in
Figure [2 the sample paths in Figure [6] appear less extreme due to the con-
cavity of the utility function u. Capital accumulates while the sunspot state
is 1, and decumulates while it is 0. Consumption follows almost exactly the
same pattern as capital, while labor supply moves in the opposite directions
when s; = 1, as expected from the labor and consumption functions in Figure

Bl

5 Concluding Comments

In this paper we have shown that regime-switching sunspot equilibria eas-
ily arise in a one-sector growth model with aggregate decreasing returns
and arbitrarily small externalities. We have explicitly constructed a regime-
switching sunspot equilibrium under the assumption that the utility func-
tion of consumption is linear. We have also constructed a stochastic opti-
mal growth model whose optimal process turns out to be a regime-switching
sunspot equilibrium of the original economy under the assumption that there
is no capital externality.

Although our results assume aggregate decreasing returns to scale, the
existence of regime-switching sunspot equilibria can easily be shown for mod-
els with increasing returns and large externalities, at least when the utility
function is linear, as in Subsection .2l On the other hand, the proof of
Proposition relies on the assumption of decreasing returns; it could be
non-trivial to extend the proof to the case of increasing returns.

To conclude this paper, we discuss possible ways to extend our analy-
sis. First, we can use a similar approach to construct more realistic sunspot
equilibria than the rather extreme equilibria considered in this paper, where
labor supply and output are both zero when the sunspot state is zero. Con-
sider, for example, a one-sector growth model with externalities in which the

15
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first-order condition for labor supply has multiple solutions. Such a model
can easily be produced if we are allowed to assume externalities of a gen-
eral form. With such a model, we can construct a sunspot equilibrium that
switches between the multiple solutions of the first-order condition for labor
supply according to the sunspot state.

Second, although we have focused on sunspot equilibria, we can also
construct deterministic equilibria that exhibit chaotic dynamics. We can
take, for example, a deterministic sequence of states s, each assigned a value
of either 0 or 1, and solve the deterministic version of the maximization
problem ((£.17)—([.19). The resulting optimal path then follows the pattern of
the sequence {s;}. We can think of this as an example of symbolic dynamics;
see Kamihigashi (1999) for economic applications of symbolic dynamics.

Finally, in Proposition we have only considered the case without cap-
ital externality. While it seems difficult to extend the same approach to
models with capital externalities (as long as the capital depreciation rate is
less than one), there is a way to deal with such models. In particular, if we
allow for nonlinear discounting along the lines of Kamihigashi (2002), we can
construct a stochastic optimal growth model whose optimal process turns
out to be a sunspot equilibrium of the original economy.

Appendix A Proof of Lemma |3.1

Let {cf,nf, k12, be a feasible process satisfying (3.4)-(3.7) (with ¢}, n¥, kf
replacing ¢;, ny, k¢). To simplify notation, for ¢ € Z, and i = 1,2 we define

f(t) :f(kfvnfﬂkfvn?)v (A1>
fl(t) = fl(kf,nf,kf,nf) (A'2)

We are to show that for any feasible process {c;, n¢, ki }2, we have

EY B'lulc) —w(ng)] = E Y 8u(c}) — w(ng)] <0. (A.3)

18



To this end, let {c;,ny, ki}i2, be a feasible process. Fix T € N, for the
moment. Let

AT—EZBt u(cy) — w(ng)] EZBt u(c}) —w(ny)] (A.4)
t=0

<E) B (ef) (e — ef) = (nf) (ne — )}, (A.5)

where u'(c}) is the right derivative of w at 0 if ¢f = 0, and similarly for
w'(ny). We have

v < B Y B () (e, K onf) — f(2)
+ C(/ft — k) = (keex = k)] = w'(nf) (e — nf))} (A.6)
EZﬁt )+ ) (ke — k)

+ {u () fo(t) = w'(nf)} (e = ni) = u'(cf) (kipa — Kiyy)]- (AT)
Recalling the first-order condition (3.4)) for n;, we see that for all t € Z. ,

{w' () fa(t) = w'(nf)}(ny — nf) < 0. (A.8)
Substituting into (A.7]) we obtain

EZﬁt )+ )k — k) — () (kr — ki) (A.9)

=E Z B =/ (cf) + Bu'(cf ) (frlt + 1) + Ol (key — k') (A.10)
- BTEU (c7)(kry1 — kT yy) (A.11)
= Z BI[—(c}) + BEA (o) (it + 1) + O (hesr — kfy)  (A12)

- ﬁTEU (cr) (kg1 — kT 41), (A.13)

where the last equality holds by the law of iterated expectations. Recalling
the Euler condition (3.5)) for k;y1, we see that for all t € Z.,

[—u'(c}) + BEwW (ci ) (fi(t + 1) + Q) (keyr — ki) < 0. (A.14)
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Substituting into (A.13]) we obtain
Mg < ~FT B ores — Kr) (A.15)
< BTEV ek, — 0, (A.16)

where the second inequality holds since k7,1 = 0, and the convergence holds
by the transversality condition (3.7). This completes the proof of Lemma
3.1

Appendix B Proof of Proposition
Suppose that o = 0. Then conditions (4.5)) and (4.6)) can be written as
—0 ifnge(0,1),
2 0 lf ng = 1,
s$s=0 = mny=0. (B.2)
The Euler condition for k.1, (3.5)), can be written as
=1 if ke € (0, g(ke, 1)),

1 lf kt+1 = g(kta 'I’Lt)7 (B3)

BE[af(ki1)* " (1) +¢] § =
< 1 lf kt+1 - O
The transversality condition ({3.7) reduces to

lim 37 Ekr = 0. (B.4)

T—w

Note that (B.1)) and (B.2) can be combined into

ny = m(ky, s¢) = s, min { [%e(kt)am] e , 1} . (B.5)

Substituting into the left-hand side of (B.3]) we obtain
B (ki) (n40)""7 + (]
= E[a0(kir1) T m(ki, s001)”7 + (] (B.7)

_ pglh(kt+1) + C lf St = 0,
prih(ke) + ¢ if sy = 1,

—~
N
D

~—

(B.8)
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h(k) = a0k Im(k, 1)°+P (B.9)
ptp B _
= min {046 [p@] e k(a+awi)1(j:—1;+p+p,oz9ko‘+o‘1} : (B.10)
n

Both expressions in the curly brackets are strictly decreasing in k by
and (2.12) (note that (a+a—-1)H+)+p+p<a+a—-1+p+p<1
by (2.12 - Thus h(-) is strictly decreasing, which implies that the inverse
h~1() exists. Indeed for z > 0 we have

+1—p—>p

o L T DA77 JUN
) — mind | 2 [_] el (BUL
(z) min [oz@ [p@] ] 1 a0 ( )

Note that

llgl(r)l h(k) = co. (B.12)

Substituting (B.6)—(B.8) into (B.3)) we obtain

=1 if k1 € (0, (ke ne)),
Z 1 lf kt+1 = g(k‘t,nt), (B13)
<1 if kt+1 = 07

B[pstlh(kt'i‘l) + d

where pg,1 = po1 or p11 depending on s; = 0 or 1. For p > 0 define
[ 1=5¢
qlp) =h! ( > . B.14
() B (B.14)
Note from (B.12)) that we can rule out the case k;y; = 0 in (B.13]). Hence we

can write (B.13)) as

kt+1 = min{Q(pSt1)7 g(kt7 nt)} (B15>

We construct a process {cq, ny, ki }i2 o recursively as follows: given k; > 0
and s; € {0, 1}, let

ny = m(ky, S¢). (B.16)
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Determine k;.1 by (B.15)). Let
ci = g(ke,ne) — ki (B.17)

Draw s;;; according to (4.1). Determine n;,; by (B.16), and so on. By
construction, this process is feasible and satisfies —B.3. It also satisfies
(B.4) by (2.13). Thus it is a sunspot equilibrium. The conclusion of the
proposition now follows.

C Proof of Proposition 4.2

Suppose that @ = 0. Consider the stochastic optimal growth model (4.17)—
(4.19). The Euler condition for k;; is written as

- u'(ct) + ﬁEtu/(CtH)[3t+1049(kt+1)a71(nt+1)p+ﬁ + C]
=0 if ktJfl € (07 g(kb nt)),
if kyyp = g(k’m nt), (C‘D

=
< lf kt+1 == O

This is equivalent to the equilibrium Euler condition (3.5) for k;,; for the
original economy ([2.1)—(2.3)) with @ = 0 and (4.3)). The first-order condition

for n; for the above stochastic optimal growth model is given by

=0 ifn e (0,1),
0 ifn =1, (C.2)

W (c)se(p + P)O(ke) ()PP~ — %ww >
S O lf ng = 0,

which simplifies to

=0 ifn e (0,1),
0 ifn, =0.

u' (ce) 500 (k) ()71 — w' (ny)

N WV

This is equivalent to with @ = 0 and . The transversality condition
for the above problem is identical to .

Conditions and are necessary for optimality by standard argu-
ments. The transversality condition is also necessary by the argument
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of Kamihigashi (2005, Section 6)E| Given that the sunspot variable s; is
discrete, we can easily establish the existence of an optimal process for the

optimal stochastic growth model (4.17)—(4.19)) by a standard argument (e.g.,
Ekeland and Sheinkman, 1986). Let {c;, ns, ki}72, be an optimal process for

(4.17)—(4.19). Then by the above argument, the process satisfies (3.4)—(3.7)).

Thus by Lemma [3.1], the process is an equilibrium of the original economy
(2.1)—(2.3). Since it depends on s; in a nontrivial way, it is a sunspot equi-
librium.
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