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Abstract

We consider infinite-horizon deterministic dynamic programming
problems in discrete time. We show that the value function is al-
ways a fixed point of a modified version of the Bellman operator. We
also show that value iteration monotonically converges to the value
function if the initial function is dominated by the value function,
is mapped upward by the modified Bellman operator, and satisfies
a transversality-like condition. These results require no assumption
except for the general framework of infinite-horizon deterministic dy-
namic programming.
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1 Introduction

Infinite-horizon dynamic programming in discrete time is a major tool in var-
ious areas of engineering, operations research, and economics. Of particular
importance in dynamic programming is the convergence of the value itera-
tion algorithm to the (true) value function. While this convergence is fairly
easy to establish for models with bounded returns [1], unbounded returns
are common in practice, especially in economic models. Accordingly, various
results on the convergence of value iteration have been established for such
models under numerous technical—especially topological—assumptions; see
[2-7] for deterministic problems. Stochastic models require additional as-
sumptions concerning measurability (e.g., [8, 9]); it is beyond the scope of
this paper to discuss stochastic models in detail.

Recently, an order-theoretic approach that does not require topology was
developed and applied to deterministic dynamic programming [10-12]. This
approach can be viewed as an extension of the earlier order-theoretic ap-
proach of [13, Chapter 5]. One of the results based on the new approach is
the following [10, Theorem 2.2]: value iteration monotonically converges to
the value function if the initial function is dominated by the value function,
is mapped upward by the Bellman operator, and satisfies a transversality-like
condition.

This result requires only two assumptions in addition to the general frame-
work of infinite-horizon deterministic dynamic programming. First, the con-
straint correspondence is nonempty-valued. Second, the value function never
equals +o00. The second assumption ensures that the Bellman operator is
well defined for any function dominated by the value function, but can be
nontrivial to verify since the value function is a priori unknown.

In this paper we establish a more general result that does not require
even the above two assumptions. We call this result a monotone convergence
principle since it requires no assumption except for the general framework
itself. To show this principle, we follow the approach of [14] in modifying
the Bellman operator in such a way that it is well defined for any function.
We show that the value function is a fixed point of this modified Bellman
operator. The monotone convergence principle is that value iteration mono-
tonically converges to the value function if the initial function is dominated
by the value function, is mapped upward by the modified Bellman operator,
and satisfies the same transversality-like condition as in the result of [10,
Theorem 2.2].



The rest of the paper is organized as follows. In the next section we set
out the general framework, and show that the value function is always a fixed
point of this operator. In Section 3 we present the monotone convergence
principle discussed above. We prove both results in Section 4.

2 Dynamic Programming

Our setup closely follows those of [10, 14]. Let X be a set, and let I be a
correspondence from X to X. Let D be the graph of I':

D={(z,y) e X x X :yel(x)}. (1)

Let w : D — [—00,00). A sequence {x;:}:°, in X is called a feasible path if
xpp1 € D(xy) for all t € Zy. A sequence {z:}7°, in X is called a feasible path
from xy if the sequence {x;}$°, is feasible. Let II and II(xy) denote the set
of feasible paths and that of feasible paths from x(, respectively:

T = {{a}iZ) € X* :Vt € Zy w41 € D)}, (2)
M(zo) = {{z:}iZ € X= :{m}Zp € I}, mpe X (3)

Throughout the paper, we follow the convention that
sup ) = —oc. (4)

Let 5 > 0. The value function v* : X — [—o00,o0] is defined by

v (xo) = sup Zﬂ w(y, Tpr), 9 € X, (5)

{xt}t 161_[ mo) TTOO

where L € {lim, lim} with lim = lim inf and lim = limsup. Though L can be
lim or lim, its definition is fixed for the rest of the paper. Since u(z,y) < oo
for all (z,y) € D, the right-hand side of (5) is well defined for any feasible
path. This together with (4) means that v* is always well defined.

Let W be the set of functions from X to [—oo,00]. Let V ={v € W :
Vo € X,v(z) < oo}. The Bellman operator B on V is defined by

(Bu)(x) = sup {u(z,y) + fu(y)}, zeX. (6)

y€el'(z)



Although Buv is well defined for any function v € V| it may not be well
defined for all functions in W. This is because the right-hand side of (6) is
not well defined if u(z,y) = —oo and v(y) = oo for some (z,y) € D. This
problem and its consequences are discussed in [14].

Following [14] we avoid the above problem by slightly modifying the right-
hand side of (6). For this purpose, we define

[(z)={y eT(x): u(z,y) > -0}, z€X, (7)
I = {{l't}?io cll: T%@Zﬁtu(xnl’tﬂ) > _OO} ) (8)
M(wg) = {{ze}iSy € Mlwo) : {m} o €I}, o€ X. (9)

Recalling (4) we see that

T
Vg € X, v (x9) = sup T%@Zﬁtu(xt, Ti+1)- (10)
t=0

{wi}2, €ll(zo)

We define the modified Bellman operator B on W by

(Bu)(z) = sup {u(z,y) + Pu(y)}, =€ X (11)

yel'(x)

The right-hand side above is well defined for any v € W and x € X since
for any y € I'(x) we have u(z,y) € (—o0,00), which implies that the sum
u(z,y) + Po(y) is well defined even if v(y) = —oo or +o0o. The following
result shows that B is an extension of B to W.

Lemma 2.1. For any v € V we have Bv = Bv.
Proof. Let veV and z € X. We claim that
¥y € D(2) \[(x), u(z,y) + Bo(y) = —oc. (12)

To see this, let y € T'(z) \ I'(z). Then u(x,y) = —oco. Since v € V, we have
v(y) < —oo. Hence u(z,y) + fo(y) = —oo; thus (12) follows.



To simplify notation, let g(z,y) = u(x,y) + fv(y) for y € I'(x). We have

(Bv maX{ sup g(z,y), sup g(x,y)} (13)
yel(z) yel (z)\I['(x)
=max< sup g(zx,y), (14)
yel'(z)
= sup g(z,y) v)(x), (15)
yel(x)

where (14) uses (12). Since x was arbitrary, it follows that Bv = Bu. O

A function v € W satisfying Bv = v is called a fized point of B. A fixed
point of B is defined similarly. We have the following result.

Theorem 2.1. Any ﬁ:’Eed point of B in'V is a fized point of B. Furthermore,
v* is a fived point of B.

Proof. See Section 4. O

The first statement above is immediate from Lemma 2.1. The second
statement uses the argument of [14, Theorem 1]. Since f3 is only required to
be nonnegative, Theorem 2.1 applies to undiscounted problems of the type

studied by [15, 16].
3 Monotone Convergence Principle
We define the partial order < on W as follows:
v<w & VrelX, v(r) <w(z). (16)
It is easy to see that B is order-preserving in the sense that for any v, w € W,
v<w = Buv< Buw. (17)

Given a sequence {vy, }neny in W and a function v € W, we say that {v, fnen
monotonically converges to v pointwise if {v,(z)}nen is an increasing (i.e.,
nondecreasing) sequence with lim, 1 v,(2) = v(z) € [—00, 0] for every = €
X. We are ready to sate what we call a monotone convergence principle:



Theorem 3.1. Let v € W satisfy

v, (18)
Bu. (19)

IS
IA A

IS

Then the sequence {B”y}neN monotonically converges to a fixed point v* of
B pointwise. Furthermore, if

V{z,}32, € I, lim B'v(x;) > 0, (20)

tToo
then v* = v*; i.e., {B”y}neN monotonically converges to v* pointwise.
Proof. See Section 4. m

The results of [10, Theorem 2.2] and [12, Theorems 2, 3| easily follow
from the above result; see [10, 12] for discussion of other related results in
the literature.

In Section 4 we prove Theorem 3.1 by extending the proof of [12, Theorem
3]. Unlike the latter proof, we directly show the first conclusion of Theorem
3.1 without using Kleene’s fixed point theorem. It is worth emphasizing that
Theorem 3.1 requires no additional assumption; thus it can be regarded as a
principle in deterministic dynamic programming.

4 Proofs of Theorems 2.1 and 3.1

4.1 Preliminary Result

In this subsection we state an elementary result shown in [14]. Recall from
(4) that sup A is well defined for any A C R. We emphasize that none of the
sets in the following result is required to be nonempty.

Lemma 4.1. Let Y and Z be sets. Let Q CY x Z, and let f : Q — R. For
y €Y and z € Z, define

Q,={2€7Z:(y,2) € Q}, (21)
Q. ={yeY:(y,z2) €0} (22)
Then
sup f(y,z) =supsup f(y,z) = sup sup f(y, 2). (23)
(y,2)€Q YEY z€Qy, 2€7 yeQ.



Proof. See [14, Lemma 1]. O

Essentially the same result is shown in [17, Lemma 3.2] under the addi-
tional assumption that the sets Y, Z, and () are all nonempty.

4.2 Proof of Theorem 2.1

Let v € V be a fixed point of B. Then v = Bv = Bv by Lemma 2.1. Hence
v is a fixed point of B.

To show that v* is a fixed point of B, let 2o € X. Note that {z,}3°, €
I1(zo) if and only if

u(zo, x1) > —00, T%@Zﬂtu(xt,xtﬂ) > —00. (24)
t=1

Therefore
M(zo) = {{z:}2, € X x X x -2y € D(wg), {52, € TI(z1)}. (25)

We apply Lemma 4.1 with y = x1, z = {2,}32,, @ = (), Y = I'(x0),
Z=XxXx---,and Q, =II(z;). Note from (10) that

T
v'(w) = swp {u(eo,2) + L ZﬂtU(wt,mm)} (26)
{2:}52, €M1(z0) Theo i 2
T
= Ssup sup. {U 330,$1 Z xt7$t+1 } (27)
z1€l(wo) {@e}2,€ll(21) t=1
T

= sup {u(xo,xl)—i— sup L 5u(xt,xt+1)} (28)
z1€T(z0) ()52, €ll(ar) 110 ;

= sup {u(wo, 1) + Bv*(z1)} = (Bv*)(z0), (29)
z1€f($0)

where (27) uses Lemma 4.1 and (25). Since xy was arbitrary, it follows that
Bv* = v*.

4.3 Proof of Theorem 3.1

We first prove two lemmas.



Lemma 4.2. Suppose that there exists v € W satisfying (18) and (19).
Define v* = supneN(B”Q), where the supremum is taken pointwise. Then
{B”y}neN monotonically converges to v* pointwise. Furthermore, v* is a
fized point of B.

Proof. For n € N, let v, = B"™v. It follows from (17) and (19) that {v, }nen
is an increasing sequence. Hence {v,},en monotonically converges to v*
pointwise. To see that v* is a fixed point of B, fix x € X. Note that

vi(r) = ilélND(an)(I) = sup S?F){U(% y) + Bun(y)} (30)
= S?F)Sgg{umy) + Bun(y)} (31)
= S?F){U(x,y) + v (y)} = (Bu)(x), (32)

where (31) uses Lemma 4.1. Since z € X was arbitrary, it follows that
v* = Bv*; i.e., v* is a fixed point of B. O

Lemma 4.3. Let v € W satisfy (20). Let v € W be a fized point of B with
v <wv. Then v* <wv.

]?roof. Let v € W be a fixed point of B with v < v. Let zo € X. If
I(zo) = 0, then v*(z¢) = —o0 < v(wp). For the rest of the proof, suppose
that II(zg) # 0. Let {z;}°, € II(xg). Then x;11 € I'(zy) for all t € Z,. We
have

v(xo) = S;l(p ){U(xm y) + Bo(y)} (33)
> u(xo, x1) + Bu(z1) (34)

> u(xo, 21) + Bu(ry, 22) + 20(2) (35)

: (36)

> - Bru(ws, xe1) + 5TU<$T) (37)

> 3" Bl i) + 8ulen). (38)



Let § > 0. By (20) we have BTv(xp) > —d for sufficiently large T'. For
such 7" we have

v(zo) = Y Brulry, x441) — 6. (39)

Hence we have

T-1

v(xg) > T%oo Z Bru(zs, we41) — 0. (40)

t=0

Since this holds for any {z;}2°, € II(x), applying SUP/,,}00 efi(zy) O the
right-hand side of (40) and recalling (10), we have v(x¢) > v*(zg) — 0. As ¢
was arbitrary, we obtain v(z¢) > v*(xg). Because this is true for any zy € X,
we have v > v*. O

To complete the proof of Theorem 3.1, let v € W satisfy (18) and (19).
Then by Lemma 4.2, { B"v},,cy monotonically converges to v* pointwise, and
v* is a fixed point of B. Assume (20). We have v* < v* since v < v* by (18),
B is order-preserving, and v* is a fixed point of B by Theorem 2.1. We also
have v* > v* by Lemma 4.3. Hence v* = v*.
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